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In the supplementary material, we provide the proof of the main theorem, the derivations
for the penalized EM algorithm and a sensitivity analysis of our algorithm with varying upper

bounds for the number of latent classes.

1 Proof for Theorem 3

In this section, we provide the proof of Theorem 3.

Proof. We first introduce some notations. For two sequences {ay} and {by}, we denote ay < by
if ay = O(by), and ay < by if ay < by and by < ay. We use (7%, ©°) to denote the true model
parameter and use (7°, é)o) to denote the oracle MLE obtained by assuming the number of
latent attributes, the hierarchical structure, the @)-matrix and the item-level diagnostic models
are known. Let (7%, @*) be the MLE obtained by directly optimizing log-likelihood (9) and
(7, @) be the estimator obtained by optimizing the regularized log-likelihood (10). We define
Fon = {fm : T > py, m € [M]} and ©,, = {0, : Tm > pn, § € [J], m € [M]}, the
model parameters corresponding to the selected latent classes. Let M be the upper bound
for the number of latent classes, My be the true number of latent classes, and M = }{m :
Tm > pN, M € [M ]}‘ be the estimated number of latent classes. Without loss of generality, let
7p = (7% 0p_py,). For the true item parameter matrix ©°, we defined the set of identical item
=09 1<k <ky< MO}. Similarly, for (fr,(:)) we

parameter pairs S = {(j, k1, k2) : 69 Jko?
define S = {(ja klakQ) : éj7kl = Aj}kza 1 S kl < k2 S Ma ﬁ-lﬂ > PN, ﬁ-kQ > pN} We say S’ ~ SO if

j7k1

there exists a column permutation o of © such that S, = S°.



The probability P(M # M;) can be decomposed into two parts:
P(M # M) =P(M < M) + (M > M,). (1)
Similarly, the probability P(S # S°) can be decomposed into three parts:
P(S % S°) = P(M < My) + (M > My) +P(S = S°, M = M,). (2)

In the following ,we will bound each part in (1) and (2) respectively. Therefore, we will consider
three cases below:

1. overfitted case: M > My,

2. underfitted case: M < M,

3. M = M, but S = S°.

The objective function is

l (71' o:R) AW Py
GN(T‘-a G)) - N log[pN - % Z jﬂﬂN (ej)7 (3)
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where log, | T = log 7}, - I(mp > pn) + log py - I(mp < pn). Let log, () = 224:1 log(, ] -

First consider the overfitted case where M > M. The event {GN (fr, @) > Gy (fro, @0)}
implies that
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= J1 + JQ.

For the RHS of (4), we have J; = N-AW|log pw| and Jo = —~N-AD7J0% Since AP =

~Y

0()\5\1,)| log pn|), we have RHS 2 N*1A§V | log pi|.



For the LHS of (4), we have
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where the last inequality follows from Assumption 1. When N'=%/|log(py)| = o()\s\l,)), we
have N7 = O(Nflx\g\})\ log pi|), which implies that the event described in (4) will happen with
probability tending to zero. Therefore we have IP’(M > MO) — 0 as N — oo. That is to say,
with the appropriate choice of tuning parameters, the extent that the log-penalty part favors a
smaller model would dominate the extent that the likelihood part favors a larger model in the
overfitted case.

Now consider the under-fitted case where M < My. We need to bound

IP( sup [Gy (7, ©) — Gy(7°,0%)] > o). (5)

M<Mo

We follow a similar argument to Shen et al. (2012). More specifically, since

Mo—1
IP’( sup [G(#,0) - Gu(7°,8%)] > o) <y IP’( sup [Gy(#,0) — Gy (#°,0°)] > o),
M <My m=1 M=m

(6)

we will bound each term in the RHS of (6). By the large deviation inequality in Theorem 1 of
Wong and Shen (1995), we have

p( sw [ (#.0) — ln(x",09)] > &)
02 ((#,0),(x0,00)) >3, 7
<p( sw [ (#,0) = Tl (7, 09)] >~ ) < exp(~Ne),

w2 ((#,0),(x0,00)) 22,

where h2((#,0), (7°,0%) = Y p 1y [P(R | #,0)Y2 = P(R | n°,0°)"?] is the Hellinger
distance. From the remark in Wong and Shen (1995), the inequality (7) holds for any ¢ > ey.



To use this large deviation inequality, we need to introduce the notion of bracketing Hellinger
metric entropy H(t,B,,), which characterizes the size of the local parameter space. Consider
the local parameter space B,, = {(fr,(;)) : M =m < My, hQ((ﬁ',(;)), (7°,8%) < 2¢%}, then
H(t,B,,) is defined as the logarithm of the cardinality of the t-bracketing of B,, of the smallest
size. Specifically, following the definition in Shen et al. (2012), consider a bracket covering
S(t,m) = {fl, fr,---, fL, fu} such that maxi<j<p, £} = f;Hz <t and for any f € B,,, there is
some j such that f! < f < f* almost surely. Then H (¢, B,,) is defined as log (min{m : S(t,m)}).

Following Lemma 3 in Gu and Xu (2019), for any 27%€ < ¢ < ¢, there is

H(t,B,,) < Mylog M log(2¢/t). (8)

Next we need to verify the conditions in Wong and Shen (1995). Let’s take ey = 1/ M log M /N
and verify the entropy integral condition in Theorem 1 of Wong and Shen (1995) for such ey.
The integral of bracketing Hellinger metric entropy on the interval [278¢3, v/2ex] satisfies the

following inequality

V2en V2en
/ HY2(t, B,,)dt < v/ My log M log(2¢y /t)dt
2
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log v2
<VNE.
Note that ey = o(1) as N — co.

Following the proof in Gu and Xu (2019), there exists a constant cq, for some small constant

t > ey, we have

{h2((7“r, 0), (7%, 8%)

Omin 0, @O = inf N
( ) " max (MO - M, 1)

) } >y 2t > ey
(#,8):M< My

Moreover, for M = m < My, there is h*((#, ©), (7°,0°)) > (My — m)Crpin(7°, @°). In order



to have the probability of the event (4) go to zero in the under-fitted case, the log-penalty term
should not be too large such that the likelihood part is dominated by the log-penalty term that

favors a smaller model. Here we take )\5\1,) = o(N log px|™*). Then for (6) we have

RHS of (6)
My—1
<y ]P’( sup [Gy (7, 0) — Gy(#°,0")] > o)
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Therefore we have ]P’(M < Mo) — 0 as N — oo. So far we have proved (12) in Theorem 3,
P(M # M) =P(M < My) +P(M > My) — 0.

Finally we consider the third case where M = M, but S o S° The argument is similar
to the proof of Proposition 2 in Xu and Shang (2018). We first show (7,,,®,,) converge to
(w9, @°) with rate N~Y/2. For (, ®) with (m,,,®,,) in a small neighborhood of (7", @°),

PN

(T, 0, R) AV
Gy (T, Opy) = (pNN PN Z logﬂk——ZijN
kimp>pN
:l (”pw@pz\mR)

= — O N log px|) — O TN,

converges uniformly to the same limit of Iy (7,,,®,,;R)/N by the uniform law of large number,

since )\g\l,)N*1| log pn| — 0 and )\5\2,)7']\7*1 — 0. We use Gy(7,,,®,, ) to denote the limit process,

which is the expectation of the negative log-likelihood of a single observation. By Taylor’s



expansion, we have Go(m,,,0,,) — Go(w?,0°) = O(||(m,,, ©,,)) — (w°, O° H2

For the log-likelihood function Iy(#r, ©;R) = S log (S0 #n [T, 0577 (1 — 6,,7)), we

have
%uwv, O:R) — Ly (. ©,1; R)|
%i’bg Z”kHQ S0 —log (> ﬁkf[éf,?(l—é;f“))’
i=1 kg > Jj=1
S%XN: ‘(Ek—17rk Hj 193;5( ‘91 R”)) (Zk:k::v Tk Hj 193;4:] 1 Rw )| (9)

(M — M)PN
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=0(pn) =O(N™9), d > 1, (10)
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where inequality (9) follows from an upper bound for log function. Specifically, for z > 1, we
know logz < (x — 1)/y/z, and thus for 0 < z < y, we have logy —logz < (y — x)/\/zy.
From (10), Gy (7, ©) = G (7t,y,©,y) + O(N™?) > G (w° @°) and thus Gy (7., 0,,) >
Gy (70,00 — O(N~) > G (%, ©°) —O(N1). Since N-12AY) — 0 and N-1/2AP+ — 0, then

for sufficiently small ¢, by Taylor’s expansion,

E sup Gy (s Opys R)— GO(%,@pN)—G;V(ﬂO,G)O;R)JrGO(wO,@0)) = O(CN ™).

PN’
(7o @ p ) — (w0, ©9)[|<¢

~

By Theorem 3.2.5 in Van Der Vaart and Wellner (1996), we have (7,,,0,,) — (7%, 0") =
O,(N~1/2),

We next show selection consistency of S°. If true item parameters 69, # 69, . then from
i ky and thus 9]-714;1 # 0]-7;€2
ik but 6,4, # 0,k by the Karush-Kuhn-
Tucker (KKT) conditions, we have N~'28ly(mw,0;R)/90; 1| x 0)—x.0) = N-12)0 5 o in
probability. However N~'20ly (7, ©;R)/00; k| (r 0)—(z.6) = Op(1). Therefore, if 69, = 67

J,k2?

the above convergence result, we know 0] p — 0%, and 9] ke — 09

Ji.k1

90

in probability. If true item parameters 6° i ks

we have ém = Aj7k2 in probability, which proved the selection consistency that IED(S’ = 8% — 0

as N - 00. =



2 Derivations of PEM Algorithm

In this section, we give detailed derivations of the penalized EM algorithm in Section 4.1. First
let’s introduce a new variable d = (d;i,j =1,...,J,1 < k <1 < M) to be the differences of the

item parameters for each item. Then our problem becomes

min  G(w, 0O,d)

7,0,
s.t. djkl = ejk — 9]'[ (11)
j=1,...,J, 1<k<Il<M.

By using the difference convex property of the truncated Lasso penalty, we can decompose

the objective function into two parts:
G(m,0,d) = Gi(7,0,d) — Gy(d), (12)
where

1
Gi(m,0,d) = —NQ(TF, 0|7, 0 + )\, Zlogwk + X Z Z |l (13)

j=1 1<k<I<M

J
=X Z (Idjws = 71) - (14)
J=1 1<k<I<M

Then we construct a sequence of upper approximation of G(7, ®, d) iteratively by replacing

Go(d) at iteration ¢ 4+ 1 with its piecewise affine minorization:

J
GS(d) = Go(d) + XY Y (djwa| — 1dS5)]) - 1(1dS5)] > 7)), (15)

j=1 1<k<I<M

at the current estimate ci(c), which lead to an upper convex approximation:

M
NQ(’TI', O|r©, 0) + X Z log 7y,
k=1

mZ S dgwl - 1(Jd] < 7)

j=1 1<k<I<M

G (1, 0,d) = —



7
+5\27'Z Z ]1(|d§.2)l|27').

J=1 1<k<I<M

Now we can apply ADMM. At iteration ¢ + 1, the augmented Lagrangian is

J
c 7 2
L,y(ﬂ', 0.d, y) = Gl (71' 0, d —|—Z Z Yikl: d]kl_ ik le 5 Z = ‘djkl_<9jk_9jl)‘ )

j=1 1<k<I<M
(16)

where y;i;’s are the dual variables and < is a nonnegative penalty parameter. Then ADMM

(Boyd et al., 2011) consists of the following iterations:

(c+1) argmin L. (7, e, d(c),y(c)),

™

O = argmin Lv(ﬂ'(cﬂ), 0,d", y(c)),
e

™

d“tV = argmin L, (7D @t d ¢y
d
WS = A — (05 = 05), =1 Sl Sk <1< M.
Using the scaled Lagrangian multiplier p;, = y;1/7 and defining the residual 7y = dji —
(0 — 0j1), we have:

Ykt - (djwr — (O — 051)) + %’djkl — (O3 — O3)|”

7
=Yjkl - Tjkl + 57”]2“
1

Y 2

=§(Tjkz + (U”Y)ygkz) - Zﬂ?kl
g 2 1

=5 (Tjkz + Mjkl) - %N?kl'

Then using the scaled dual variable, we can express ADMM as:

7w = argmin G (71', e, d(c)),

J
O = argmin G(C+1)<ﬂ-(6+1)’ e, d(c)) + 7 Z (d(‘?l _ (9(;) 9(0)) + :“(Z)l)
° 9 £ j J J
j=1 1<k<I<M
J
c+1) _ c+1) c+1 c+1 i (c+1) (c+1) (c)
dlet) — arggnnG + ( (+)’®(+)’d)+§Z (djkl—(ejk —Hﬂ )‘i‘,ujkl)?



/Lﬁ—IH) - :ujkl +dc+1 (9](?_1 - 0 o+ ) ] = 17 ) J? 1< k<l = M.

Specifically, we get the following updates:

(1)
N (et1) (c) .
N — ) R;;©
gletd) Dict zk / 17 where SE;M) T e i)

¥ 1— M\ B O (R; 0)

N SRy SN s~ Ry)
gleth) _ : { _ i1 Sik B log §., — Z=i=1%ik i) 160(1 — 6.
ik ar%gnn N 0g Uk N og( k)
7 5(c) ~(c)\2
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gty _ O~ =050 = s if ‘djkl| > T
jkl -

ST(O5H — 055 — i3 Aa/v), it [di] < 7, where ST(x;9) = (|| — ) 4/|2]
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A(c—s—l) o A(c (c+1) H(c+1) A(c+1)
ik Mg + d]kl - (ij - le )

Note that the objective in step (2) is convex in 6, therefore we use gradient descent to perform

the minimization.

3 PEM Algorithm with Missing Values

In this section, we present the penalized EM algorithm with missing values. Here we use a mask
matrix M € {0,1}¥*/ to indicate the locations of the missing values, where M; ; = 0 means the
1th subject’s response to the jth item is missing. The details of the algorithm is summarized in

Algorithm 1.



Algorithm 1: Penalized EM with missing data

Data: Binary response matrix R = (R; ;) v« and the mask matrix M = (M;;)nxs

indicating missing values.
Set hyperparameters A, Ao, 7, 7 and p.
Set an upper bound of the number of latent classes L.
Initialize parameters 7, ©, and the conditional expectations s.
while not converged do
In the (¢ + 1)th iteration,
for (i, k) € [N] x [L] do

( +1) ()Cp (RZ70(C>) . . J : mii
ST i‘;”lipi‘i’(Ri;e,i?))’ o(ris 0) = Ty (037 (1= Oh)' = 10)™

for k € [L] and 7Tk > p do
(c+1) _ s /NN
L Tk o 1—LA;

for (j,k) € [J] x [L] and 7" > p do

Q(ZH) = argmin = ik <
’ 01 ZZ 1 mz’j D et M
7 A(c ~(c)\2
Z sz ej('z)) + Mg'k)z)
I>k
"}/ A c+1) ()N 2
Z ]lk — Ok) + /é'lll) }
1<k

for je [J),kle[L], k<l and 7" > p, 7™V > p do

A(ct+1 n(c+1 ~(c
e _ {eﬂ(’f O = pg Al >
Ko Alc+1)  Alerl)  A(c c ’
’ ST(Q( ) - 6)3(~l+ ) Iu§kl7 )‘2/7) if |d§k:)l| <T
~(c+1 (c+1) f(c+1 ct+l
Nﬁkl )= Mgkl + dgkl (Hj(k - 01(1 ))'

C;utput: {fr, (:), .§}

N o ©p o N s (1—i)my
{ S Ry g g 2 S () log(1 — 0;1)

4 Sensitivity Analysis

In this section, we conduct the sensitivity analysis of our algorithm by investigating the effects of

different inputs of M, the upper bound of the number of latent classes, on the simulation results.

In particular, we focus on two simulation settings: (1) DINA model with linear hierarchical

structure, N = 500 and r = 0.1; (2) GDINA model with linear hierarchical structure, N = 1000

and r = 0.1. Both two settings have K = 4 latent attributes and J = 30 test items, and run

10



for 50 repetitions. We keep the parameter generation process and the hyperparameter tuning
strategy consistent with the simulation studies in the main article. In this sensitivity analysis, we
fit our proposed method with various M = {8, 12, 16, 20, 24, 32} in the two simulations settings.

~ A

The evaluation results in DINA and GDINA settings are based on metrics Acc(M), Acc(P),
Acc(€), MSE(©) and Acc(Q). Consistent with the simulation studies in the main article, the
Acc(M), Ace(P) and Acc(€) are calculated for all the cases; MSE(®) is calculated for the cases
when the number of latent classes is correctly selected; ACC(Q) is calculated for the cases when
the hierarchical structure is successfully recovered. The results are plotted in Figure 1.

From the simulation results in Figure 1, we see our proposed method is robust to the different
specifications of M, in terms of all metrics. Among cases with different M, our method achieves
a high accuracy in estimating the number of latent classes, and in recovering the partial orders,
the hierarchical structures, the item parameter matrix, and the ()-matrix. In terms of compu-

tation time, the average running time is 0.36 seconds and 1.12 seconds for DINA and GDINA,

respectively, per repetition per set of tuning hyperparameters.
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Figure 1: Sensitivity analysis results. (a) DINA results; (b) GDINA results. The red curve

captures the Acc(M), Acc(P), Acc(€), the blue curve captures MSE(©) and the purple curve
captures the Acc(Q) for various M.
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