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Supplementary Table 1: Derivatives of the univariate probability Tjg.y = ®(ajg,y+1) — P(etjg,y) With respect to the cutpoint ajg i
forg=1...,G, j=1,...dg, y=1,...., K—1,andk=1,..., K — 1.

aﬂjg_’y/aajgyk If
¢(O‘jg-,y+1) k=y+1
—¢(ajgy) k=y




Supplementary Table 2:  Derivatives of the bivariate probability 7j jogy1,ys = Pr(Yjig = y1,Yjg = y2) with respect to the cutpoint oy, the copula parameter 0;, for the com-
mon factor Vo, and the copula parameter 0;q for the group-specific factor Vg for the bi-factor copula model for g = 1...,G, j,j1,52 = 1,...,dq, y,y1,y2 = 1,...,K —

Landk = 1,...,K — 1. Note that fy, |v,.v,(Yjglvg;v0) = (Cng\vg;vu (Cy,,1vo (ajg,y+1lv0; 059) Vg5 0jg) — CYJ-9|Vg;vo(ng-gwu(ajg,y%%9jg)|vgé5jg)) where ajqr = P(ajg),

oy, (v0,a) = 0°Cryy;, (v0,0) [0v0da,  Cigvy (5059) = 0C;g1v (059) /0040, Cvyyivyive (58ig) = OCv, 1v,vi (5839)/08ias  fy g 1Vig:ve (Wialvgs v0) = Dy, v, v (Uiglvgs v0) /0859 =

O,y 1Ve:vo (Cy;y 1o (@g,y+1v0)|vg) — Oy, 1vyiv (Cvyy 1o (agg.[v0) [vg),

v, Vg (Vg; Cy,, 1o (@59,4[00)) Cy, v (@ig,y00).

Iy 1o Wiglvgi vo) = Ofy,,1v;, v (Wiglvg; v0) /0055 = cv,v;, (Vg Cy,y1vi (@59,5+11v0)) Cyyy v (@59, |v0) —

O} jag,ys,ya/ Og k If

N rgni1) fo Jo Fyialvevo Winglvgi v0) v,vi,0 (Vg Oy v (@ g +1]00)) €vavs,, (0, @y gy 1) dvgduo j=iuLk=y+1
~0(ugn) o Jo Fyiyalveive WinglVaiv0) v,y (Vgs Oy o 1ve (@1 g 100)) €1y, (V05 Gjigyy) dvgduo i=Jk=u
3(agnrt) fy Jo Iv,, o eivo Winglvgi v0) v, v, (Vas Oy, oo (@hagnt1100)) €0y, (V0, Qg yat1) dvgdug J=J2k=y2+1
~ B (aga) o Jo Fyiyalveive WinalVai v0) v,y (Vgs Oy 1V (Giagaye|00)) €Yoy, (V05 Gjagya) dvgduo J=Ja k=12

OT jy jagun w2/ g If

Jo o ¥iavave Wiaglvgi v0) Fyy1vy,0ive (Unglvgs vo) dvgdug J=

Io o P vave Winglvgs v0) Fys, v oo (Usaglvg: vo) dvgdug =i

OT jy o g2/ Vg If

Jo o vyyavave Wisglvgiv0) fy,1vy,0ive (Unglvgs vo) dvgdug J=

1 r1 ;
fo fo ijlg|V9;Vg(yj1g|Ug;U0) f§’j29|\/j2g;Vo(yjzg|vg§U0) dvgdug j=j2




Supplementary Table 3:  Derivatives of the bivariate probability Tj, g, jogo.y1.y2 = Pr(Yiigi = y1,Yjage = y2) with respect to the cutpoint «g 1, the copula parameter 0;q for the
common factor Vo, and the copula parameter &;q4 for the group-specific factor Vy for the bi-factor copula model for g = 1...,G, j,ji,52 = 1,...,dg, y,y1,92 = 1,...,K —
1, andk = 1,...,K — 1. Note that fng|vg;v0(ng|vg;vo) = (Cng\vg;vg (Cng‘vo(ajg,yﬂwo;ng)|vg;6jg) - Cngwg;vo(Cyj9|VU(ajg,y|v0;Ojg)|vg;5jg)) where ajgr = P(ajgk)
VoY (V0,a) = 32CVUY]-Q(U07G)/3U03@; Cigve (51059) = 0C;g1v4 (51039)/0055,  C,,1vyvi (3859) = 0Cy, 1vaivo (55659) /0859, Fr1v;,v6 Wiglvai v0) = Oy, v,y 5vi (Wsg Vg3 v0) /0855 =
Cy,yy1vaivo (Cvyy 1o (@ig,041100) [vg) — Cov,1vyive (O, 1vo (@i, |00) [0g), Py viaive (Wiglves vo) = 0y, v, 6 Wiglvgi 10) /0055 = cvyv;, (vg, Cy,,1vo (@g,541100)) Cy,, v, (@g,u41[v0) —

v, Vg (Vgs Cy,y 1o (@59,5[00)) Cy, v, (@ig,y00).

OT 1 91292912/ Ojig,k If

3(rgr i) fy fo I Vaasto (Uings V0 00) gy [ vy v 0 (V01 Cy o v (@00 0 41100)) €1y, g, (00, G1gy gy +1) g, dug i=jng=gk=y+1
~0(agrgn) fo S I Vasive Winga a3 v0) dvgs [ v, vi0, (Va1s Oy 1V (@agr g [90)) €103, 0, (V05 gy ) dvg, dvio i=jg=g1,k=u

3 iagaat1) oy Jy Frys Ve ivo Wirgn [001500) dVgs [y €viavinos (Vgas vy Vo (Giaga at1170)) €YY 00 (V0 Gaga yat1) dvg,dvig j=J2ng=gk=y2+1
~ & agags) fo o Iy 1Vasive Winan 1015 00) dvgy [ vy vinss (Vgas O 1V (@agaga [V0)) €105, 05 (V05 Gjagaya) dvg,dvi J =729 =g2.k=1y>
Oy g1j292,91,92/ 003 If

Jo Sy Y0 tVis Vo Winga Va3 00) dvgy i Fyy, o) V3100 v (Uisgn [g0 3 00) dvg,dvg i=ing=gq

fol fol ijlgl\Vgl;Vo (Yjrg1 Vg1 00) dug, fol J?szgl,l\/jﬂz;\/o (Yjag2 Vg3 v0) dvg, dvo J=1J2:9= g2

OT 51 915292,91,92/ 05ig If

fol fol IYi000 1V Vo (Ujagz [Vg23 00)  dvg, fi)l f}glglwhgl;vo (Yjrg1|vgy 5 v0) dvg, dug J=Jj,9=a

1 1 1 ; . .
Joo Jo i 0 1Ver Vo (W0 [Va1500) @ugy [o Fvs00 [Viggn Vo (Wings [Vg25 v0) dvg, v J=1J2,9=go




Supplementary Table 4:  Derivatives of the bivariate probabilities 7j,jo9,y1,yo = Pr(Yjig = v1,Yjog = y2) with respect to the cutpoint ajq , the copula parameter 054 for the first-order factor
Vy, and the copula parameter 04 for the the second-order factor Vo for the second-order copula model for g = 1...,G, j,ji1,jo = 1,...,dg, y,y1,y2 = 1,..., K — 1, andk =1,...,K — 1.

Note that fYMIVg(yJ'gWg) = C’YMIVg (ajg,y+1|”g§9jg) - C’YMIVg (ajg,y|vg§‘9j'g): CVngg('Ugva) = 82Cvgng(vg,a)/8v98a, CYjQIVg('Q‘gjg) = 8Cng|Vg('§9jg)/89jg’ ijg\\/jg(ng|vg) =

8ij9|ng (Yjglvg) /0059 = Cng\Vg (ajsl,y+1|vg) - Cng\Vg (ajg,y|vg)v

éVg Vo (Vg, Vo3 0g) = 8CVg Vo (Vg, V03 0g) /0.

87?7‘147‘2!1,1/1,1/2 /aaj!],k

If

Wyggi41) [y fy Iviyo1Ve Wiaglvg) evyvy, o (Vgs @jigyi+1) cv, vy (vg,v0) dvgdug J=ink=y+1
~0(@rg) fo Jo Fyialvs Winglg) €v,vi,s (Vgs @rgn) €vy1a(vg, o) dugdug j=Jjuk=mn

N ngas1) fo fo Tviyalve WirglVs) €v,¥s0 (Vg Giaguyns1) v, v (vg,v0) dugdug j=J2k=y2+1
~0(@agn) fo Sy Fyialvs Winglvg) €v,vi,0 (Vgs Qaga) €vy1a (Vg v0) dugdug J=Jak =y
OTj1 jag,yr,y2/ 00jg If

Jo Iy Frrov, Winalvg) Fry v, Wisglvg) v, vo(vg,v0) dvgdug i=n

Jo I3 Fve Winglvg) fy v, Winglvg) v, va (v, v0) dvgdug J=J

87?7‘147‘2!1,1/1,1/2/869

SES| .
Jo Jo ijlg\Vg(yjlg|”9) ijngVg(yjzg|Ug) ¢v, vy (vg, vo) dugdug




Supplementary Table 5: Derivatives of the bivariate probability Tj, g, jyg5,u1,y2 = PT(Yjig1 = Y1, Yiags = Y2) with respect to the cutpoint oj4 x, the copula parameter 0;, for the first-order factor
Vy, and the copula parameter &4 for the second-order factor Vy for the second-order copula model for g = 1...,G, j,j1,752 =1...,dg, yy1,92 = 1,..., K =1, andk = 1,..., K — 1.

Note that ijglvg(?Jngg) = Cy;,1v, (ajg,y+1|”g§9.jg) = Cy, v, (ajg,y|vg§‘9jg)a cv,v;, (vg,a) = 32CVgY]~g (vg,a)/0vg0a, Cv;,1v, (:054) = 8Cng|Vg(';9jg)/89jg, fng‘ng(ngwg) =
Ofv;y 1V (Wig|vg) /0059 = Cy, v, (a5g.y+11vg) — Cv;y v, (a5gwlvg)s  Evyv (vg, w03 89) = Dev, v, (vg, v03 89) /0.

OT 519172925192/ Ojg .k If

N rgrgn+1) fo So Fvianlves Winga Vgs) €viaV (Vg 00) dvgy [ €, v 0 (Vgrs Gjagr 1) €V, 10 (g, v0) dvg, dvg i=jng=g.k=y +1
~ 0 @ugin) fo Sy Frimlve, WingaVgs) €viv (Vs 00) dugy [ vy, 0 (Vgrs @jagnn) €V, Vo (Vgy » Vo) dvg, dug j=Jjng9=91,k=m

N Oagogas1) fo So Fviros Ve, Wings [01) €v, v (Vg 00) dvgy [ €, 0s (Vgas Gagayat1) vy 10 (gy s v0) dvgydug j=j2g=gnk=ys+1
~(aga) Jy Jo Fvsyos 1V Winar [Va) €V, v (V15 00) dvgy [y € vinss (Vgas Gagaiy) €V Vo (Ugas V) dugydug J=1J2,9=92,k=1y
O}y g1j2g2,91,92/ 003 If

Jo Jo PinmaVag Winga1092) €9 (Wasv0) dvgs fo Friy i 1v, Winan 01) €9, v (Vs v0) g, dug j=Jn9=o

Jo Iy £ Ve, Winan V0 €v,v6 (Vg 00) dvg, [ Fy s 1Vey Winga [Van) €V Vo (s, v0) dugydug J=1J29=92

OT 1 915292,51,y2/ Og If

Jo Jo F¥rnatVey Wizzlvsa) €, (Vgas00) dvga fy Iy, 01V Winan [Var) v, v (v, v0) dugydug 9=0

1 1 -1 .
fo fo ijlgl\Vgl (yjl.(hlvgl) CVy, Vo (vglﬂvo) dvgl jo .]%/]‘2_(72|V92 (yj292|'092) CVgo Vo (/0927/00) dvgzdvo g=92




