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Supplementary Table 1: Derivatives of the univariate probability πjg,y = Φ(αjg,y+1) − Φ(αjg,y) with respect to the cutpoint αjg,k

for g = 1 . . . , G, j = 1, . . . , dg, y = 1, . . . ,K − 1, and k = 1, . . . ,K − 1.

∂πjg,y/∂αjg,k If

φ(αjg,y+1) k = y + 1

−φ(αjg,y) k = y
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Supplementary Table 2: Derivatives of the bivariate probability πj1j2g,y1,y2 = Pr(Yj1g = y1, Yj2g = y2) with respect to the cutpoint αjg,k , the copula parameter θjg for the com-

mon factor V0, and the copula parameter δjg for the group-specific factor Vg for the bi-factor copula model for g = 1 . . . , G, j, j1, j2 = 1, . . . , dg, y, y1, y2 = 1, . . . ,K −

1, and k = 1, . . . ,K − 1. Note that fYjg |Vg ;V0
(yjg|vg ; v0) =

(

CYjg |Vg ;V0

(

CYjg |V0
(ajg,y+1|v0; θjg)|vg; δjg

)

− CYjg |Vg ;V0

(

CYjg |V0
(ajg,y|v0; θjg)|vg ; δjg

)

)

where ajg,k = Φ(αjg,k),

cV0Yjg
(v0, a) = ∂2CV0Yjg

(v0, a)/∂v0∂a, Ċjg|V0
(·; θjg) = ∂Cjg|V0

(·; θjg)/∂θjg , ĊYjg |Vg ;V0
(·; δjg) = ∂CYjg |Vg ;V0

(·; δjg)/∂δjg , ḟYjg |Vjg ;V0
(yjg|vg ; v0) = ∂fYjg |Vjg ;V0

(yjg|vg ; v0)/∂δjg =

ĊYjg |Vg ;V0

(

CYjg |V0
(ajg,y+1|v0)|vg

)

− ĊYjg |Vg ;V0

(

CYjg |V0
(ajg,y |v0)|vg

)

, f̄Yjg |Vjg ;V0
(yjg|vg ; v0) = ∂fYjg |Vjg ;V0

(yjg|vg ; v0)/∂θjg = cVgYjg

(

vg , CYjg |V0
(ajg,y+1|v0)

)

ĊYjg |V0
(ajg,y+1|v0) −

cVgYjg

(

vg, CYjg |V0
(ajg,y|v0)

)

ĊYjg |V0
(ajg,y|v0).

∂πj1j2g,y1,y2
/∂αjg,k If

φ(αj1g,y1+1)
∫ 1

0

∫ 1

0
fYj2g |Vg;V0

(yj2g|vg; v0) cVgYj1g

(

vg, CYj1g|V0
(aj1g,y1+1|v0)

)

cV0Yj1g
(v0, aj1g,y1+1) dvgdv0 j = j1, k = y1 + 1

−φ(αj1g,y1
)
∫ 1

0

∫ 1

0
fYj2g|Vg ;V0

(yj2g|vg; v0) cVgYj1g

(

vg, CYj1g |V0
(aj1g,y1

|v0)
)

cV0Yj1g
(v0, aj1g,y1

) dvgdv0 j = j1, k = y1

φ(αj2g,y2+1)
∫ 1

0

∫ 1

0
fYj1g |Vg;V0

(yj1g|vg; v0) cVgYj2g

(

vg, CYj2g|V0
(aj2g,y2+1|v0)

)

cV0Yj2g
(v0, aj2g,y2+1) dvgdv0 j = j2, k = y2 + 1

−φ(αj2g,y2
)
∫ 1

0

∫ 1

0
fYj1g|Vg ;V0

(yj1g|vg; v0) cVgYj2g

(

vg, CYj2g |V0
(aj2g,y2

|v0)
)

cV0Yj2g
(v0, aj2g,y2

) dvgdv0 j = j2, k = y2

∂πj1j2g,y1,y2
/∂θjg If

∫ 1

0

∫ 1

0
fYj2g|Vg ;V0

(yj2g|vg; v0) f̄Yj1g |Vj1g;V0
(yj1g|vg; v0) dvgdv0 j = j1

∫ 1

0

∫ 1

0
fYj1g|Vg ;V0

(yj1g|vg; v0) f̄Yj2g |Vj2g;V0
(yj2g|vg; v0) dvgdv0 j = j2

∂πj1j2g,y1,y2
/∂δjg If

∫ 1

0

∫ 1

0
fYj2g|Vg ;V0

(yj2g|vg; v0) ḟYj1g |Vj1g;V0
(yj1g|vg; v0) dvgdv0 j = j1

∫ 1

0

∫ 1

0
fYj1g|Vg ;V0

(yj1g|vg; v0) ḟYj2g |Vj2g;V0
(yj2g|vg; v0) dvgdv0 j = j2

2



Supplementary Table 3: Derivatives of the bivariate probability πj1g1j2g2,y1,y2 = Pr(Yj1g1 = y1, Yj2g2 = y2) with respect to the cutpoint αjg,k , the copula parameter θjg for the

common factor V0, and the copula parameter δjg for the group-specific factor Vg for the bi-factor copula model for g = 1 . . . , G, j, j1, j2 = 1, . . . , dg, y, y1, y2 = 1, . . . , K −

1, and k = 1, . . . ,K − 1. Note that fYjg |Vg ;V0
(yjg|vg ; v0) =

(

CYjg |Vg ;V0

(

CYjg |V0
(ajg,y+1|v0; θjg)|vg; δjg

)

− CYjg |Vg ;V0

(

CYjg |V0
(ajg,y|v0; θjg)|vg ; δjg

)

)

where ajg,k = Φ(αjg,k),

cV0Yjg
(v0, a) = ∂2CV0Yjg

(v0, a)/∂v0∂a, Ċjg|V0
(·; θjg) = ∂Cjg|V0

(·; θjg)/∂θjg , ĊYjg |Vg ;V0
(·; δjg) = ∂CYjg |Vg ;V0

(·; δjg)/∂δjg , ḟYjg |Vjg ;V0
(yjg|vg ; v0) = ∂fYjg |Vjg ;V0

(yjg|vg ; v0)/∂δjg =

ĊYjg |Vg ;V0

(

CYjg |V0
(ajg,y+1|v0)|vg

)

− ĊYjg |Vg ;V0

(

CYjg |V0
(ajg,y |v0)|vg

)

, f̄Yjg |Vjg ;V0
(yjg|vg ; v0) = ∂fYjg |Vjg ;V0

(yjg|vg ; v0)/∂θjg = cVgYjg

(

vg , CYjg |V0
(ajg,y+1|v0)

)

ĊYjg |V0
(ajg,y+1|v0) −

cVgYjg

(

vg, CYjg |V0
(ajg,y|v0)

)

ĊYjg |V0
(ajg,y|v0).

∂πj1g1j2g2,y1,y2
/∂αjg,k If

φ(αj1g1,y1+1)
∫ 1

0

∫ 1

0
fYj2g2

|Vg2
;V0

(yj2g2 |vg2 ; v0) dvg2
∫ 1

0
cVg1

Yj1g1

(

vg1 , CYj1g1
|V0

(aj1g1,y1+1|v0)
)

cV0Yj1g1
(v0, aj1g1,y1+1) dvg1dv0 j = j1, g = g1, k = y1 + 1

−φ(αj1g1,y1
)
∫ 1

0

∫ 1

0
fYj2g2

|Vg2
;V0

(yj2g2 |vg2 ; v0) dvg2
∫ 1

0
cVg1

Yj1g1

(

vg1 , CYj1g1
|V0

(aj1g1,y1
|v0)

)

cV0Yj1g1
(v0, aj1g1,y1

) dvg1dv0 j = j1, g = g1, k = y1

φ(αj2g2,y2+1)
∫ 1

0

∫ 1

0
fYj1g1

|Vg1
;V0

(yj1g1 |vg1 ; v0) dvg1
∫ 1

0
cVg2

Yj2g2

(

vg2 , CYj2g2
|V0

(aj2g2,y2+1|v0)
)

cV0Yj2g2
(v0, aj2g2,y2+1) dvg2dv0 j = j2, g = g2, k = y2 + 1

−φ(αj2g2,y2
)
∫ 1

0

∫ 1

0
fYj1g1

|Vg1
;V0

(yj1g1 |vg1 ; v0) dvg1
∫ 1

0
cVg2

Yj2g2

(

vg2 , CYj2g2
|V0

(aj2g2,y2
|v0)

)

cV0Yj2g2
(v0, aj2g2,y2

) dvg2dv0 j = j2, g = g2, k = y2

∂πj1g1j2g2,y1,y2
/∂θjg If

∫ 1

0

∫ 1

0
fYj2g2

|Vg2
;V0

(yj2g2 |vg2 ; v0) dvg2
∫ 1

0
f̄Yj1g1

|Vj1g1
;V0

(yj1g1 |vg1 ; v0) dvg1dv0 j = j1, g = g1

∫ 1

0

∫ 1

0
fYj1g1

|Vg1
;V0

(yj1g1 |vg1 ; v0) dvg1
∫ 1

0
f̄Yj2g2

|Vj2g2
;V0

(yj2g2 |vg2 ; v0) dvg2dv0 j = j2, g = g2

∂πj1g1j2g2,y1,y2
/∂δjg If

∫ 1

0

∫ 1

0
fYj2g2

|Vg2
;V0

(yj2g2 |vg2 ; v0) dvg2
∫ 1

0
ḟYj1g1

|Vj1g1
;V0

(yj1g1 |vg1 ; v0) dvg1dv0 j = j1, g = g1

∫ 1

0

∫ 1

0
fYj1g1

|Vg1
;V0

(yj1g1 |vg1 ; v0) dvg1
∫ 1

0
ḟYj2g2

|Vj2g2
;V0

(yj2g2 |vg2 ; v0) dvg2dv0 j = j2, g = g2
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Supplementary Table 4: Derivatives of the bivariate probabilities πj1j2g,y1,y2 = Pr(Yj1g = y1, Yj2g = y2) with respect to the cutpoint αjg,k , the copula parameter θjg for the first-order factor

Vg , and the copula parameter δg for the the second-order factor V0 for the second-order copula model for g = 1 . . . , G, j, j1, j2 = 1, . . . , dg, y, y1, y2 = 1, . . . ,K − 1, and k = 1, . . . ,K − 1.

Note that fYjg |Vg
(yjg|vg) = CYjg |Vg

(

ajg,y+1|vg ; θjg
)

− CYjg |Vg

(

ajg,y |vg ; θjg
)

, cVgYjg
(vg, a) = ∂2CVgYjg

(vg , a)/∂vg∂a, ĊYjg |Vg
(·; θjg) = ∂CYjg |Vg

(·; θjg)/∂θjg , ḟYjg |Vjg
(yjg |vg) =

∂fYjg |Vjg
(yjg |vg)/∂θjg = ĊYjg |Vg

(

ajg,y+1|vg
)

− ĊYjg |Vg

(

ajg,y|vg
)

, ċVgV0
(vg , v0; δg) = ∂cVgV0

(vg , v0; δg)/∂δg .

∂πj1j2g,y1,y2
/∂αjg,k If

φ(αj1g,y1+1)
∫ 1

0

∫ 1

0
fYj2g|Vg

(yj2g|vg) cVgYj1g
(vg, aj1g,y1+1) cVgV0

(vg, v0) dvgdv0 j = j1, k = y1 + 1

−φ(αj1g,y1
)
∫ 1

0

∫ 1

0
fYj2g |Vg

(yj2g|vg) cVgYj1g
(vg, aj1g,y1

) cVgV0
(vg , v0) dvgdv0 j = j1, k = y1

φ(αj2g,y2+1)
∫ 1

0

∫ 1

0
fYj1g|Vg

(yj1g|vg) cVgYj2g
(vg, aj2g,y2+1) cVgV0

(vg, v0) dvgdv0 j = j2, k = y2 + 1

−φ(αj2g,y2
)
∫ 1

0

∫ 1

0
fYj1g |Vg

(yj1g|vg) cVgYj2g
(vg, aj2g,y2

) cVgV0
(vg , v0) dvgdv0 j = j2, k = y2

∂πj1j2g,y1,y2
/∂θjg If

∫ 1

0

∫ 1

0
fYj2g |Vg

(yj2g|vg) ḟYj1g |Vg
(yj1g|vg) cVgV0

(vg, v0) dvgdv0 j = j1

∫ 1

0

∫ 1

0
fYj1g |Vg

(yj1g|vg) ḟYj2g |Vg
(yj2g|vg) cVgV0

(vg, v0) dvgdv0 j = j2

∂πj1j2g,y1,y2
/∂δg

∫ 1

0

∫ 1

0
fYj1g |Vg

(yj1g|vg) fYj2g |Vg
(yj2g|vg) ċVgV0

(vg, v0) dvgdv0
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Supplementary Table 5: Derivatives of the bivariate probability πj1g1j2g2,y1,y2 = Pr(Yj1g1 = y1, Yj2g2 = y2) with respect to the cutpoint αjg,k , the copula parameter θjg for the first-order factor

Vg , and the copula parameter δg for the second-order factor V0 for the second-order copula model for g = 1 . . . , G, j, j1, j2 = 1, . . . , dg, y, y1, y2 = 1, . . . , K − 1, and k = 1, . . . ,K − 1.

Note that fYjg |Vg
(yjg|vg) = CYjg |Vg

(

ajg,y+1|vg ; θjg
)

− CYjg |Vg

(

ajg,y |vg ; θjg
)

, cVgYjg
(vg, a) = ∂2CVgYjg

(vg , a)/∂vg∂a, ĊYjg |Vg
(·; θjg) = ∂CYjg |Vg

(·; θjg)/∂θjg , ḟYjg |Vjg
(yjg |vg) =

∂fYjg |Vjg
(yjg |vg)/∂θjg = ĊYjg |Vg

(

ajg,y+1|vg
)

− ĊYjg |Vg

(

ajg,y|vg
)

, ċVgV0
(vg , v0; δg) = ∂cVgV0

(vg , v0; δg)/∂δg .

∂πj1g1j2g2,y1,y2
/∂αjg,k If

φ(αj1g1,y1+1)
∫ 1

0

∫ 1

0
fYj2g2

|Vg2
(yj2g2 |vg2 ) cVg2

V0
(vg2 , v0) dvg2

∫ 1

0
cVg1

Yj1g1
(vg1 , aj1g1,y1+1) cVg1

V0
(vg1 , v0) dvg1dv0 j = j1, g = g1, k = y1 + 1

−φ(αj1g1,y1
)
∫ 1

0

∫ 1

0
fYj2g2

|Vg2
(yj2g2 |vg2) cVg2

V0
(vg2 , v0) dvg2

∫ 1

0
cVg1

Yj1g1
(vg1 , aj1g1,y1

) cVg1
V0
(vg1 , v0) dvg1dv0 j = j1, g = g1, k = y1

φ(αj2g2,y2+1)
∫ 1

0

∫ 1

0
fYj1g1

|Vg1
(yj1g1 |vg1 ) cVg1

V0
(vg1 , v0) dvg1

∫ 1

0
cVg2

Yj2g2
(vg2 , aj2g2,y2+1) cVg2

V0
(vg2 , v0) dvg2dv0 j = j2, g = g2, k = y2 + 1

−φ(αj2g2,y2
)
∫ 1

0

∫ 1

0
fYj1g1

|Vg1
(yj1g1 |vg1) cVg1

V0
(vg1 , v0) dvg1

∫ 1

0
cVg2

Yj2g2
(vg2 , aj2g2,y2

) cVg2
V0
(vg2 , v0) dvg2dv0 j = j2, g = g2, k = y2

∂πj1g1j2g2,y1,y2
/∂θjg If

∫ 1

0

∫ 1

0
fYj2g2

|Vg2
(yj2g2 |vg2) cVg2

V0
(vg2 , v0) dvg2

∫ 1

0
ḟYj1g1

|Vg1
(yj1g1 |vg1) cVg1

V0
(vg1 , v0) dvg1dv0 j = j1, g = g1

∫ 1

0

∫ 1

0
fYj1g1

|Vg1
(yj1g1 |vg1) cVg1

V0
(vg1 , v0) dvg1

∫ 1

0
ḟYj2g2

|Vg2
(yj2g2 |vg2) cVg2

V0
(vg2 , v0) dvg2dv0 j = j2, g = g2

∂πj1g1j2g2,y1,y2
/∂δg If

∫ 1

0

∫ 1

0
fYj2g2

|Vg2
(yj2g2 |vg2) cVg2

V0
(vg2 , v0) dvg2

∫ 1

0
fYj1g1

|Vg1
(yj1g1 |vg1) ċVg1

V0
(vg1 , v0) dvg1dv0 g = g1

∫ 1

0

∫ 1

0
fYj1g1

|Vg1
(yj1g1 |vg1) cVg1

V0
(vg1 , v0) dvg1

∫ 1

0
fYj2g2

|Vg2
(yj2g2 |vg2) ċVg2

V0
(vg2 , v0) dvg2dv0 g = g2
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