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Before presenting the proofs of the identifiability results, we introduce a useful technical
tool, the T-matrix of marginal response probabilities. This technical tool was proposed by
Xu and Zhang (2016) and also used in Gu and Xu (2019) to study the identifiability of the
DINA model. First, consider a general notation ® = (6;4)sxox collecting all of the item
parameters under the DINA model. The J x 2% matrix © has rows indexed by the J items
and rows by all of the [{0, 1}¥| = 2% configurations of the binary latent attribute pattern,
where the (j, a)th entry 6;, = P(R; = 1 | A = «) denotes the probability of a positive
response to the jth item given the latent attribute pattern . Then under the conjunctive
assumption of DINA, we can write 6, o as

; —_T1¥ L%k _ 1.
L—sj, i §a =Tl =1

Oja =
Jj, otherwise.

Note that given a Q-matrix, there is a one-to-one mapping between the matrix ® and the
item parameters (s,g). We next define a 27 x 2% matrix T(©) based on ©. The rows of
T(©®) are indexed by the 27 different response patterns » = (r1,...,r;)" € {0,1}’, and
columns by attribute patterns o € {0,1}#, while the (r, a)th entry of T(®), denoted by

T «(©®), represents the marginal probability that subjects with latent pattern a provide
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positive responses to the set of items {j : r; = 1}, namely
J
T,0(0) =PR =7 |0,a) =[]0},
j=1

We denote the ath column vector and the rth row vector of the T-matrix by T, (®) and

T .(©), respectively. The rth element of the 2/-dimensional vector T'(®)p is

Tr,:(@)p = Z Tr,a(®)pa = P(R =T ’ ®7p)'

ac{0,1}X

Based on the T-matrix, there is an equivalent definition of identifiability of (©,p) (equiv-
alently, identifiability of (s,g,p)). Further, the T-matrix has a nice property that will
facilitate proving the identifiability results. We summarize them in the following lemma,

whose proof can be found in Xu (2017).

Lemma 1. Consider the DINA model defined in (1).

(a) The parameters (s,g,p) are identifiable if and only if there does not exist (8,g,p) #

(s,g,p) such that

T(©)p=T(0)p.

(b) For any vector 0 = (05,...,0%)" € RY, there exists an 27 x 27 invertible matriz D(6*)

which depends only on 0% such that

T(© —6*-1,5) = D(6%) - T(O©).

Lemma 1 (a) and (b) imply that for any vector 8* = (65, ...,0%)T, there holds

T(©® — 6" -1,)p= DO )T(®)p = DO )T (O)p=T(0 — 0" -1,,)p (S.1)



The above equality will be frequently used throughout the proof of our identifiability results.
In the following proofs, we sometimes will denote ¢ := 1; — s = (1 — s1,...,1 —s;)" for
notational convenience. Using this notation, the DINA model parameters can be equivalently

expressed as (¢, g,p).

S.1 Proof of Proposition 1

We rewrite Eq. (4) in the main text below,

PR=7|sgp)= Y pa-PR=r|A=a,sg)

ac{0,1}¥

= Z pa~]P)(R:T' ’5;,A:€:,avs’g)

ac{0,1}¥

=S X pe)BR=7€s=E0s0)

acER  pe{o,1}1K:
5:,/315:,0(

where the notation R C {0, 1}* denotes a collection of representative latent attribute pat-
terns, such that {§., : a € R} contains mutually distinct ideal response vectors and also
covers all the possible ideal response vectors under the Q-matrix. Because of (4), for any
a € R, those patterns B € {0, 1}* with €. 5 = &. o can be considered to be equivalent to
under the DINA model with the considered Q-matrix. For a € R, define the equivalence

class of latent attribute patterns by

o] ={Be{0,1}": £&5=¢0}

We next show that if for some e € {0,1}, the set [@] contains multiple elements, say «
and o € [a] with a # @/, then their corresponding proportion parameters p, and pos will
always be unidentifiable, no matter what values p, and pos take. Specifically, if two sets of

parameters (s, g,p) and (8, g, p) satisfy that P(R =r | s,9,p) = P(R =r | 5,g,p) for all



r € {0,1} under a same Q-matrix, then (4) gives

S X ra)P®R=r|ta=tasg = ( 3 pu)BR=r|Ex=E050)

aER  pef{0,1}K: aER  Bef{0,1}K:
5;’[3:5:,01 5;,5:5:,01

and even if (s,g) = (8,g), the identifiability equations P(R | s,g,p) = P(R | 8,g,p) only

give the following,

Z < Z Po — Z ﬁa)P(R =T | s:,A = E:,av sag) = 0, Vr € {O, ].}J

ac€R  pe{o1}K: Be{0,1} K
5:,[3:5:,01 5:,325:,01

From the above equations, one can not identify individual parameters pg for those 3 belong-
ing to a same equivalence class [a]. Next we will show that if Q violates the Completeness
Condition (C), then some equivalence class [a] will contain multiple elements, leading to the
aforementioned non-identifiability consequence.

According to Gu and Xu (2020), the set of representative patterns R in (4) can be

obtained using the row vectors of the Q-matrix as follows,

R = {\/ q;: SC{l,...,J} is an arbitrary subset of item indices} , (S.2)
jes
where \/;_5g; =: a denotes the elementwise maximum of the set of vectors {g; : j € S}
and the kth entry of the resultant vector e is ay, = maxjes{gjr}. So V,cgq; is also a
K-dimensional binary vector and hence R = {0,1}%. In fact, R = {0,1}¥ if and only if Q
contains a submatrix I after some row permutation. To see this, consider if the row vectors
of Q do not include a certain standard basis vector e, (which has a “1” in the kth entry and
“0” otherwise), then ey does not belong to R defined in (S.2) because ej cannot be written
in the form of \/ jesq; for any subset S C [J]. Therefore, if Q violates the Completeness
Condition (C), then R is a proper subset of {0, 1}*, which implies certain attribute patterns
become equivalent under such a Q-matrix. In summary, if a Q-matrix does not contain a

submatrix I, certain proportion parameters p,’s will always be unidentifiable regardless of



the values of these po’s. This implies the failure of generic identifiability of the DINA model

parameters (s, g, p) according to Definition 2 and proves Proposition 1. O

S.2 Proof of Proposition 2

The construction for non-identifiable parameters in this setting is the same as that in the
proof of Theorem 1 in Xu and Zhang (2016). We next elaborate on this construction to
make clear the failure of generic identifiability. Since Q satisfies Condition (C), we can write

the form of Q as follows without loss of generality,

1 of
Q= :
0 Q*
where the first attribute A; is required by only one item, the first item. Next construct
two different sets of DINA model parameters (s, g, p) and (8, g, p) which lead to the same
distribution of R. In particular, if setting s; = 5; and g; = g; for all j > 2, then the
identifiability equations P(R = r | s,9,p) = P(R = r | 8,g,p) for all » € {0,1}/ will

exactly reduce to the following set of equations,

D(0,a*) T P1,0%) = D(0,a*) T P(1,0%);
Var € {0, 1}

G100, + (1 = 51)P(1,0%) = G1P0,a%) + (1 = 51)P(1,a%)-

The above system of equations involve [{g;, 51} U{Pa; a € {0,115} = 25 +2 free unknown

variables regarding (8, g, p), while there are only 2 equations, so there exist infinitely many
different solutions to (8,g,p). In particular, we can let g; = ¢; and arbitrarily set §; in
a small neighborhood of s; with §; # s;. Then correspondingly solve for the proportion

parameters p as

% _ _ _ 1-— S1
Var € {0,117 pras = —P1,a*)s  PO,ar) = P0,a) T (1 - 1) D(1,a%)-



Since 51 can vary arbitrarily in the neighborhood of s; without changing the distribution of
R, we have shown that the parameter s; is always unidentifiable in the parameter space.
The parameter g; can be similarly shown to be always unidentifiable. The fact that item
parameters (s1,g1) are always unidentifiable whatever their values are indicates the failure

of generic identifiability. This proves the conclusion of Proposition 2. ]

S.3 Proof of Theorem 1 and Theorem 4

Proof of Theorem 1. Below we rewrite the form of the Q-matrix stated in the theorem,

1 0
Q=|1 u
0 Q

By Lemma 1, if parameters (®,p) and (®,p) give rise to the same distribution of the
observed responses, then the following equality holds,

T,.0©)p="T,.(0©)p foral re{0,1}, (S.3)

9o

Note that the last J — 2 rows of Q has the first column being an all-zero column, and has
the other K — 1 columns forming a sub-matrix Q* which satisfies the C-R-D conditions.
Since the C-R-D conditions are sufficient for identifiability of DINA model parameters by
Gu and Xu (2019), the last J — 2 rows of the Q-matrix implies a nice identifiability result
for a subset of the model parameters (¢, g, p). We next elaborate on this observation.

For notational convenience, denote by P(-) the probability under the true parameters
(c,g,p), and denote by P(-) the probability under the alternative parameters (¢, g, p). For
aa* € {0,111 let (0,a*), (1,*) € {0,1}* denote two K-dimensional binary vectors.
Since Q3.7 is an all-zero vector, it is always true that 0; 1 o) = 0} (0, for 7 > 3 and

a* € {0,1}K-1 Therefore, for any response pattern r = (ry, 79, 7*) € {0,1}7, Eq. (S.3) for



r implies the following,

Z H 0; 0,04 - P(Ry > 71, Ry > 19, Aj = 2, A = )

(z,a*)€{0,1}K j>2:1;=1

Z H 0; 0,04  P(R1 > 71, Ry > 13, Ay =1, Ay = o)

a*e{0,1} -1 j>2:r;=1
+P(Ry > 11, Ry > 19, A1 =0, Agx = )]
= Z H 0;. (0,0 [P(Ry > 11, Ry > 19, Aj =1, Ayr = a)
a*e{0,1}K-1j>2:r;=1

+F(R1 Z 1, RQ Z T2, Al - 07 AQ:K = a*)]a

which can be further simplified to be

Z H 0]7(00!*' R1>7”17R2>7’2,A2K—04)

a*e{0,1}K-1j>2:r;=1

= Z H 0 (0.00) P(R1 > 11, Ro > 12, Agie = ).

a*e{0,1}K-1j>2:r;=1

(S.4)

Note that fixing an arbitrary (rq,r,) and varying »* € {0,1}/~!, the above systems of
equations (S.4) can be viewed as surrogate identifiability equations T(©*)p* = T(©")p* for
the last J—2 items in the test, where those 0; ¢ o+) =: 0 o+ serve as surrogate item parameters

= {0:o : 7 =3,...,J; a* € {0,1}7'}; and those P(Ry > ri, Ry > 1y, Apic =
a*) =: pi. serve as surrogate proportion parameters p* = {p:. : a* € {0,1}571}. An
important observation is that the parameters (©®*, p*) can be viewed as associated with the
matrix Q* under a DINA model with J — 2 items and K — 1 latent attributes. Now that
Q* satisfies the C-R-D conditions (which are sufficient for identifiability), we obtain the

following “identifiability conclusions” for the parameters (@*, p*),

‘9', 0,a*) — 9_', 0,a*) 3
3,(0,a%) 7,(0,a%) (S.5)

P(Ry > 11, Ry > 19, Ag g = ) = F(Pq > 71y, Ry > 1o, A = a®);



which hold for any j € {3,...,J} and a* € {0,1}*~1. Recall that for any item j > 3, the

parameter 0} o ) ranges over both item parameters c; and g;) when o* ranges in {0, 1L
so the first part of (S.5) implies
Cj:Ejv gj:gj7 VJE{?)?’J} (S6>

Recall the form of Q and the vector u stated in the theorem, for any a* € {0,1}*~! and
a* = u (i.e. vector a is elementwisely greater than or equal to vector u), the second part

of (S.5) implies the following must hold,

(

(0,0) = po,a*) + Par) = Do,e) + Pla*);

(1,0) = g1 Po,a*) + €1 P,a*) = 91 Do,a*) + C1 * D(1,a%);
(TlaTQ) - (S?)

0,1) = “P0,04) t €2 P1,a%) = 92 * D(0,a*) T C2 * P(1,0);

\(17 1) = 9192 P0,a*) + €12 - D1,0+) = G102 * D(0,a%) + C1C2 - P(1,a%)-
First, we transform the system of equations (S.7) to obtain

(g1 —c1) - (92 — €2) - Po,as) = (g1 — c1) - (G2 — C2) - D(0,a*);

(92 = €2) " Po,ar) + (2 — C2)  P1,ar) = (G2 — €2) * P(0,a")-

Note that the right hand sides of both the above equations are nonzero. So we can take the

ratio of the two equations to obtain

(91 —c1) - (g2 — &)
(92 — @) + (c2 — C2) * P(1.a*) /P(0,0%)

fila®) =

= g1 — C1.

So for two arbitrary patterns af, aj € {0,1}%! with a},a} = u, our above deduction

gives fi(a}) = fi(a}) = g1 — ¢1. This equality of fi(a]) and fi(ad) implies

Pa,ar) _ (02 B 62) . p(1,a;);
P0,e3) Po,a3)

(c2 —Ca) -



— (—) (p oi) P “’“5)) —0. (S.8)
Po,ey)  P0,e3)

The above equation indicates that as long as there exist one pair of patterns af, o €

{0,1}%-1 with @}, a} = u and o # a} such that

P,a0)P(0,035) — P(0,a3)P(1,3) 7é 07 (89>

then pa.as)/Po.at) 7 P(1,a3)/P0,az) and we must have c; = ¢, from (S.8). Under the assump-
tion stated in Theorem 1 that u # 1 _1, there indeed exist such two distinct vectors aj, o
satisfying af, a = w. Therefore, ¢y = ¢ (i.e., cq is identifiable) as long as p ¢ Ny, where

the set N is defined in the statement of Theorem 4:
Nr1 = {p satisfies p1,a5)P0,az) — P0,a5)P(Lay = 0 for any of # o with of, a5 = u}.
Next, we transform the system of equations (S.7) in another way to obtain
(c1 —g1) - (2= G2) " Pary = (€1 — g1) - (G2 — §2) - D(1,a%);
(92 = 2) " Po,a*) + (€2 — G2) * P(1,0%) = (C2 — G2) - D(1,0%)-
The ratio of the above two equations gives

f2<a*> — _ (Cl - gl) : (C2 — 92) _
(92 - 92) 'p(O,a*)/p(l,a*) + (02 — 02

=C — 1.
)
Again we have fo(af) = fo(ad) for any af, al = u with af # aj. Such an equality implies

DP0,a7) D(o,a3)

= (92 — G2) -

_ Po,a* Do,
(g2 — G2) - Oei) £ az)) =0.
Pa,ar) Pa,az)

9 - (92 - gZ) : <
p(l,a’l‘) p(l,a;)

Therefore, as long as p & Ng1, we also have g = o and g¢» is identifiable.
Now note that the systems of equations (S.7) are symmetric about (¢p, g1) and (cz, g2).

Since we have already obtained c; = ¢ and g, = go if p € N, r1, we also have ¢; = ¢, and



g1 = g1 if p & Ny following the same argument. Thus far we have already established ¢ = ¢
and g = g, i.e., have shown the identifiability of all the item parameters in ©.

Since the item parameters (¢, g) (equivalently, ®) are already identified, and we have
T(®)p = T(®)p = T(O)p. Since Q contains a submatrix I, the matrix 7(®) has full
column rank from a statement in Xu and Zhang (2016), and hence we obtain p = p. This
means all the parameters (s, g, p) are identifiable as long as p satisfies (S.9). More precisely,
we have that the DINA model parameters are identifiable if (s,g,p) € T \ N1 where the
set N1 is defined by (8) in the main text in Theorem 4. We rewrite the definition of N,
The above set Ng; has measure zero with respect to the Lebesgue measure defined on the
parameter space 7. This is because Ny is characterized by the zero set of a polynomial

equation about entries of p, and by basic algebraic geometry, Nz necessarily has measure

zero in the parameter space of p. This completes the proof of Theorem 1.

Proof of Theorem 4. We next examine the statistical interpretation of the null set Ng
defined in (8) where identifiability breaks down. Recall the definition of the population
proportion parameter p, = P(A = «), where A = (A4, ..., Ag) denotes a random attribute
profile. For an arbitrary attribute pattern @ = (a1, a*) where the subvector satisfies a* €

{0,1}¥~1 and a* = u, we have

P(A; = a1)P(Ag.x = )

- ( Z p(OfLﬁ)) (p(m,a*) +p(1—a1,a*))

Be{0,1}K~1
= Z P(ar, B)P(ar, ) T Z P(on, B)P(1-01, o)
Be{0, 131 Be{0,1}K-1

= ) PewPenet D, PiongPaa (because p € Npy)

Be{0,1}K-1 Be{0,1}1 K1
(X pest X Pu-as)Pene
Be{0,1}1K-1 Be{0,1}K-1

= p(al,a*) = ]P(A = Oé).

10



The third equality above follows from the fact that for p € Ng1, the pu,, g)P1-ar,ar) =
P(i—ar, B)P(ar, o) holds for any a; € {0,1} and a*,8 € {0,1}*~!. Now we obtain that if
p € Nga, then P(A = (a1, a*)) = P(4; = a1)P(Asx = a*) for any oy € {0,1} and
a* = wu. This implies if p € N1, then latent attribute A; is conditionally independent of
latent attributes As.x given As.x >~ u.

On the other hand, if latent variables A; and As.x are conditionally independent given
A, . > u, then for any a* = u we have

B A= (1, a*)) . P(Al = 1)P(A2:K = B .
Doy  PA=(0,a7) P(A =0)P(Ayx =ar) P(A =0)

pacy
G
=

~—

This means for any o # ab with af, al = u, the equality p(1,a;)/p(o,a;) — p(1,a;)/p(o,a;) =
p — p = 0 must hold, which is equivalent to P(1,anP0,05) — PO,al)P,az) =0 for any o} # o
with af, o = w. This means if A; 1l Ag.x | Aa.x > u holds, then we must have p € N,
with Mg 1 defined in (8) in Theorem 4.

Now we have proved the statement that

Ay 1L Ag i | Ao = u,

is exactly equivalent to the statement that

P € N1 = {P(1,a5)P(0,a5) — P0,ar)P(1,a5) = 0 holds for any o # a; with of, aj = u}.

This completes the proof of Theorem 4. O

11



S.4 Proof of Theorem 2 and Theorem 5

Proof of Theorem 2. We rewrite the form of Q in (6) below,

1 0 1 0 1 0
Q = 1 (A 5 Q(l) = 1 U y R Q(m) - 1 WUpm+1
0 QW 0 Q® 0 Qim+Y

Under the assumption that the first m + 1 latent attributes are each required by only two
items, we know uy 1., = 0, U2 1:(m—1) = 0, ..., w1 = 0. First consider the last J —m — 2

items corresponding to the bottom (J —m — 2) x K submatrix of Q,
(0, QU*Y) = QY

The (J —m — 2) x (K —m — 1) matrix QD satisfies the C-R-D conditions under the
assumption stated in the corollary, and that the first m+1 columns of the Q(m“) are all-zero
columns. Next we use an argument similar to the proof of Theorem 1. Consider a true set of

parameters (0, p) and an alternative set (0, p) with T(®)p = T(0)p. Then the following

equations must hold for an arbitrary fixed response pattern r = (ry,..., 712, 7%),
Z H 05 0,0 - P(Ri:(m+2) = T1:(m+2), Ami2):x = )

a*G{O,l}K*m*2 j>m~+2:r;=1
= Z H 0. 0.0 - P(Ri(mt2) = Tr(mi2), Apmrz)x = ).

are{0,1}K-m=2 j>m+2:r=1

Similar to the argument in the proof of Theorem 1, the fact that Q™ satisfies the C-R-D
conditions imply €(j-m-1).; = €-m-1).7 and G(j_p_1).7 = G(j_m—1).s>» and also imply the

following for all a* € {0, 1}K—m—2’

P(Ri(mt2) = T1mi2)s Amrayx = @) = P(Rignt2) = Timi2), Amioyx = a®).  (S.10)

12



Define surrogate (grouped) proportion parameters to be

pEZ,sz*) =P(Ami1 =2, Apnyopx =), 2=0,1; (S.11)
and define ﬁglzx*) similarly based on the alternative set of parameters (©,p). Now fixing
(11, ..., 7m) " = 0 and varying (7,11, 7m2) € {0, 1}?, the equality in (S.10) becomes

P((Rm—i—la Rm+2) 2 (Tm—i—la Tm+2)a A(m+2):K == a*)

- @((Rm—i—la Rm+2) Z (Tm-l—la Tm+2), A(m+2):K - a*)

(m—+1

This implies the following equations for any fixed a* > u ) when (741, Tmai2) Vary,

(m) (m) _ —(m) _(m) |
(0,0) = Pigary + P ary = Dioary + Pt an;

(17 0) = Gm+1- pggjl*) + Cmga pETl)l*) = Om+1" ﬁ(O,a*) + Cmt1 p(La*);
(i1 Tmt2) = (0,1) = Gm2 'ngjc),*) + Cmq2 pETC),) = Gm+2 '25(6721*) + Cmt2 " P an)

(m)

(1’ 1) = Gm+19m+2 - pgggz*) + Cm+1Cm+2 - p(l,a*)

= Im+19m+2 ﬁE;”L) + Cnt1Cmt2 pETc)x)

(S.12)

The above system of four equations are similar in form to Eq. (S.7) in the proof of Theorem
1. So following a similar argument as before, we obtain that (¢p,11,¢mi2) and (gma1, Gmo)

and all the pgzz*)’s are identifiable as long as p € T \ N,, where

N = {8 Plirng) — Doy iy = 0 for amy @ # o with o}, @ = ™V}, ($.13)

13



(m)

(z.ar) 1S @ Sum of certain

Note the definition (S.11) implies that each surrogate proportion p

individual proportion parameters in that

(m)
p(z,a*) - Z p(B,Z,OL*)
Be{0,1}m

Note that the pgj()l*) defined above exactly characterizes the joint distribution of latent
attributes A,, and A, 11).x. Now we have that the set N, defined in (S.13) corresponds to
the zero set of certain polynomials about the proportion parameters p, so N,, has Lebesgue
measure zero in the parameter space T. Therefore we have shown (¢,41, ¢mi2), (Gmat1, Gmi2),
and p(™ = (pg‘l*); (z,a*) € {0,1}5~™) are generically identifiable.

Moreover, we go back to the equality in (S.10) and define surrogate proportions alterna-

tively as

p(m) )T — IP]

(z,0%)

(Rlzm = T1:m, Am+1 =z, A(m+2):K = a*), T = 07 1;

m),r
z,0%)

and define ﬁg similarly. Fixing 1., and varying (rpi1, "me2) € {0,1}2%, Eq. (S.10) can

m)
z,o*

be written in a similar form as the four equations in (S.12), with pg ) there replaced by

pgqj();f) now. Since when p € T \ N,,, we already have the item parameters (¢, 11, Cmi2) and
(gma1, gm12) are identifiable, based on the equations about (¢p,11,C¢mi2), (gmi1, Gmrz), and

(m),r _

" are also identifiable. Now we write out the equality p =

p™" the parameters p™)

p™" by their definitions as

]P)(Rl:m > Tlm, Am+1 =%, A(m+2):K = a*) = ]P)(Rl:m > Tlm, Aerl =z, A(m+2):K = a*)>

where (z,a*) € {0,1}*~™. Therefore the above equation can be equivalently written as

follows, with the new a* defined to be (K — m)-dimensional,

P(Ri > Ty Apninx = ) = PRisn > Tim, Ay x = o). (S.14)



Comparing the above (S.14) to the previous (S.10) give an immediate similarity, with the
difference being only the changes of subscripts of R and A. Therefore, we can proceed in
the same way as before, and show the identifiability of (¢,,—1, ¢;n) and (gm—1, gm) and all the

pgna*l) when p satisfies p € T \ (N, UN,,,_1), where

N1 = {p 1 al)) EO a;)) - pé&ai‘))pgl,ag)) = 0 for any o} # aj with o, af = ™ v (0, u"*)}.

In the definition of N,,_1, we have a}, ag = u™ v (0, u™)) = 7™ v @V because the
aj, o first need to satisfy the previous requirement before (S.12) and hence aj _, a5 | =
w1 (equivalently, af, a = (0,u™)); and additionally they also need to satisfy the
new requirement o, o = u(™.

Recall the definition that & = (0, u®) is a (K —1)-dimensional vector for £ = 2, ..., m+
1, and &Y = u® is also a (K —1)-dimensional vector. Proceeding in an iterative manner as

done in the previous paragraphs, we obtain that as long as p satisfies the following condition,

then all the item parameters ¢, g and all the proportion parameters p are identifiable.

pET\{ONe},

m—+1

(0) ) 0) 0) - * * ~(t) |.

Ne= { P(apPoas) ~ PoapPey = 0 for any o, o = V u“},
t=0+1

with the definition pEQa*) =P(Ar1 = 2, Aygo)x = ),

Because of the assumption
m+1

\Va"£1 (S.15)

t=1

stated in the theorem, we claim that the set 7 \ {{J,_,N¢} is nonempty. To see this, note

that \/1211 a” £ 1] for each £ = 0,...,m follows from (S.15). This means there must
m+1 ~()

exist two distinct patterns aj , # o, with o ,, a5, = \/,Z,,, w”. Therefore as long as p

¢ ¢ ¢
satisfies pgl)a Z)pgo)% B pgo),a;,z)pgl),a;z) = 0 for each £ =0, ..., m, such p does not belong to
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Uit Ne and hence p € T \ {U,~, Ne¢}. This proves the earlier claim that the subset of the
identifiable parameters 7 \ {{J,", N} is nonempty.

Now note that the subset of the parameter space where identifiability may break down
Uity NVe is a finite union of several zero sets of polynomial equations about entries of p,
so it necessarily has Lebesgue measure zero in 7. This proves the generic identifiability of
parameters (¢, g,p) and completes the proof of Theorem 2. Furthermore, note that the N,
in the last paragraph gives the form of the non-identifiable null sets in Theorem 5. Recall

that the notation p(z) exactly corresponds to the marginal distribution of the K — ¢ latent

(z,0%)
attributes Agi1,..., Ax. So each set Ny can be equivalently written as
m+1
Ny = {Ae U Ak ’ {A(e+1):1( > \/ ﬁ(t)}}-
t=¢+1

The above set N, carries the statistical interpretation of latent conditional independence.

This completes the proof Theorem 5. O

S.5 Proof of Theorem 3 and Theorem 6

We rewrite the form of the Q-matrix in the theorem below,

1 0 O
1 0 O
01 O
Q=101 0 |=
P OOQ,
v v QF
11Q//

Denote the size of the above submatrix Q' by J; x (K — 2), then Q" has size (J —2 — J;) X
(K —2). By Remark 4, we have J—2—J; > 2. Consider two sets of DINA model parameters
(c,g,p) and (¢, g,p) that lead to the same distribution of R so we have T(®)p = T(©)p.
Theorem 4 in Xu and Zhang (2016) established that if Q satisfies Conditions (C) and (R),

then the guessing parameters associated with those items requiring more than one attribute
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(e, {g;: Y1, qjx > 1}) and all the slipping parameters (i.e., {c1, ..., cs}) are identifiable.
Since the considered Q-matrix satisfies Conditions (C) and (R) by the assumption in the
theorem, we have ¢ = ¢ and g3, ;,).; = G34.,).-

Next consider an arbitrary a* € {0,1}%72. The form of the Q-matrix implies

05 00,0) =Y, 01,04) = Vi, 1007 = 0j, 11,00, ViE{2,...,24+ i}

So for a response pattern r with r(31,).; = 0, we can write 7;..(©)p as follows,

T..(@)p
24-J1
= Z Pa P(Ri>7, Ry >1 | A= ) Hej,(0,0,a*)
ac{0,1} K j=3
a=(ay,a,a*)
2+J1
= Z Z Plar,azas) " P(Ry > 11, Ry > 1o | App = (g, a2)) H 05, 0,0,a%)-
a*e{0,1}5-2 | (a1,02)€{0,1}2 3=3

define this to be pgi’m)

Now define surrogate DINA model parameters: surrogate proportions p(""2) = (pfj;i“) :

a* € {0,1}7?) and surrogate item parameters ©* = {0, o0+ : J =3,...,2+ J;; a* €
{0,1}%-2}. These surrogate parameters p("-"2) and ©* can be viewed as associated with the
J1 X (K —2) matrix Q'. Since Q' satisfies the C-R-D conditions, we obtain the identifiability
of p"2) and ®*. Note that ®* includes all the item parameters associated with items with
indices 3,...,J; i.e., we have established the identifiability of {cs,...,c217,,93,---, 9240 }

So far we have obtained ¢ = ¢ and g5.; = g5.;. It only remains to identify p and (g1, g2).

17



The identifiability of p(™"2) means p("12) = p("-72) for (r1,ry) € {0,1}2, which gives

(

(0,0) : po,0,a*) + P0,a%) + PO,1,0%) T P1,1,0%)

= D(0,0,a*) T D(1,0,0*) + P(0,1,a%) T P(1,1,0%);
(1,0) : g1[p0,0,0%) + Po,1,09)] + c1[p(1,0,0%) + P(1,1,0%)]

= G1[P(0,0,a%) + D0,1,0)] + c1[P(1,0,a%) + P(1,1,0%));
(r1,7m2) = <
(0,1) 1 g2[p0,0,0%) + P00 + C2[P01,0%) + P1.1,0%)]

= 32[P(0,0,a%) + D1,0,04)] + C2[P(0,1,0%) + P1,1,00));

(17 1) D 9192P(0,0,a%) T C192P(1,0,a%) T G1C2D(0,1,a%) T C1C2P(1,1,0%)

= 0192P(0,0,a*) T €192P(1,0,a*) + 91C2D(0,1,a*) + C1C2P(1,1,a%)-
(S.16)

Since Q' satisfies Condition (C) and contains a submatrix Ix_», we can assume without
loss of generality that the first K — 2 rows of Q' form Iy _o; namely, the first K rows of Q
forms an identity matrix Ix. According to the form of Q, let q,, = (1,1,0,...,0) for some

m € {3+ Ji,...,J}. Given an arbitrary pattern a* = (as, ..., ax) € {0, 1}572, define

0" = Z grer + Z Crek t+ gmem.

3<k<K: 3<k<K:
ak:1 D‘k:O

Then T;..(© — 0" - 1yx)p = T,..(© — 6" - 1, )P gives

Pa1,0%) H (ck — gr) H (96 = &) (Cm — gm)

3<k<K: 3<k<K:

ap=1 ap=0

= P(1,1,a%) H (ck — gr) H (gc = cr)(cm — gm),
3<k<K: 3<k<K:
ap=1 ap=0

which implies p(1,1,ax) = P(1,1,a+). Note that this identifiability conclusion holds for any

o € {0,1}¥. Plugging the pi1.a+) = D11,a+) into (S.16) gives the following equations
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about undetermined parameters g, g2, and {p0,0,a%): P(0,1,a%)> P10, : o* € {0, 13523,

¢

(0,0) = D0,0,0%) + P(1,0,0%) + P0.1,6%) = P(0,0,a%) + D(1,0,0%) + P(0,1,0%);
(1,0) = a1[po,0,a%) + P0,1,0%)] + 100 ,0,0%) = G1[P(0,0,0%) + P(0,1,0%)] + C1P(1,0,0%);
(r1,72) = S (0,1) = 2[p0,0,0%) + P(1,0,a)] + C2P(0,1,0%) = G2[D(0,0,0%) + P(1,0,0%)] + C2P(0,1,0%);

(1,1) = 9192P(0,0,a*) T C192P(1,0,a*) T 91C2P(0,1,a%)

= §192P(0,0,a*) T €192D(1,0,a*) T G1C2D(0,1,0%)-
(S.17)

After some transformation, (S.17) yields

(91 — 31)(P0,0,0%) + P0,1,0) + (€1 = §1)P(1,0,0%) = (€1 — §1)P(1,0,0%)5

(91 — 91)(92 — c2)P(0,0,0%) + (c1 = G1)(92 — c2)P(1,0,0) = (€1 — §1)(F2 — C2)P(1,0,0%)-

(S.18)

The right hand sides of both of the above equations are nonzero. So we can take the ratio

of these two equations to obtain

(91 — 91)P©,0,a)/P(10,a%) + (1 — G1)
(91 — 91)[P0,0,a%) + P0,1,09]/Pa0,a%) + (€1 — G

)(92 —C3) = g2 — Co.

Define f(a*) = p(o,0,a%)/P(1,0,0%), 9(*) = [P©0,0,a*) + P0,1,0]/P1,0,a+) as functions of a*,

then the above equation can be written as

A-f(a*)+B_C
A-gla)+B

where A =g, — g1, B=1c¢; — g1, and C = gy — co. So we have

A-(fla®) = C-g(a’)) = BC - B,
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which is equivalent to

_ DP0,0,a)

_ D(0,0,a%) T P(0,1,0%
(91— 1) - — (g2 — )Rl T2

P@,0,a) P(1,0,a)

] = (1= 31)(G2 — c2) — (c1 — q1).-

Consider o, o, we further obtain the following function h(a*) does not depend on a*,

¥ _ P(0,0,a* _ P0,0,a*) T P(0,1,a*
Ma%zwrwﬂ{i—l—@rWQ( ) T 0 Le)
P(1,0,a%) P(1,0,a%)

_ p ,0,a* + C _g p ,0,a* +p 1o
= (g1 —q1) - (0,0,0) (c2 2)( (0,0,a%) (Ola));
Pa,0,a%)

therefore we have

0= h(ad) = h(e)

_ P0,0,0) + (€2 = §2)(P(0,0,0) + P(01,07))
:@rw0{< D 00.09) + P01.07)

P@a,0,a%)
_ Po,a3) + (¢ — §2)(p(0,0,a;) + p(o,l,a;))
P,0,03)
_ 1 _
= (g1 — G1) {[p(o,o,oq) + (¢ — 92)(13(0,0,04) +P(0,1,a;))]p(1,o,a;)
P1,0,ar)P(1,0,a3)

- [p(O,O,aE) + (ca — §2)(p(0,0,a§) +p(0,1,a§))]p(1,0,a’{)}-

According to the above equality, if g; — g1 # 0, then h(af) — h(ag) = 0 gives

D(0,0,a3)P(1,0,a5) — P(0,0,a3)P(1,0,a}) (S.19)

+(co — 92)[(17(0,0,04;) + D,1,00))P10,05) — (P(0,0,0) +P(o,1,a;))p(1,07af)] = 0.
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We rewrite below the definitions of the functions m;y, my, m3 stated in (11) in the theorem,

(

mi(al, ay) = PO,1,a1)P1,0,a3) — P(0,1,03)P(1,0,a7)>

Mo (], Q3) = P(0,0,a:)P(1,0,a5) — P(0,0,0)P(1,0,ex1)

\mg(a’{, o) = P(0,0,a5)P(0,1,a3) — P(0,0,a5)P(0,1,}) -

Then (S.19) can be written as
may(a, ) + (2 = G2)[ma(ed, @) +ma(ad, ag)] = 0. (5.20)

Note that c; — go # 0. If ma(af, ab) # 0 holds for some af and o, then we can obtain the
following from (S.20),

my(ai, a3)  Po1enPoe;) ~POLepPuoen 1 L (s.21)

ma(Qf, b)) Po,anP(10a5) — PO0,anP(L0al) g2 — C2

}K—Q

Therefore, as long as there exist o, a3, 37, B85 € {0,1 such that p satisfies

ml(a“{,a;‘) ml(ﬁiaﬁé)
mQ(OK{,a’Q‘) m2<18>{713;),

mQ(aLa;) # 07 mQ(ﬁT?ﬁ;) 7& O,

then (S.21) cannot hold true; such a contradiction implies the earlier assumption g; — g3 # 0
is incorrect, and we should have g, = g;. Equivalently, we have shown that if there exist

aj, a3, B3, By € {0,172 such that

my (e, ag)my(B1, B3) — ma(ad, ag)mi(By,83) # 0, ma(aq, a;) # 0, ma(By,8;) # 0,

then g; = g1 and hence parameter g; is identifiable.

Define a subset Np; of the parameter space T to be

Np,1 = {For all o], o, B, B85 € {0,1}*72,
Either mi(ad, az)ma(B7, B3) — ma(a, az)mi (87, B3) = 0,

21



Or my(aj,a3) =0, Or me(B87,35) =0.}

— {For all a}, a3, B}, B € {0,172,

ma(ay, @) - ma(B1, Bs) - [ma(ad, az)ms (B, Bs) — ma(ag, ag)mi (B, B3)] = 0.}

Then we have established that as long as p € T \ Np1, then g3 = g and parameter g is
identifiable. By the symmetry between g; and go, we similarly obtain that if p € T \ Np 2,

then go = g» and parameter go is identifiable, where Np 5 takes the following form,

ND,2 - {FOI" all a; a;a /81(7 /3; € {Oa I}K_Qa

m3(a1<7 Oé;) ’ m3(/3’{718;> ’ [m1<ai7 aZ)mg(ﬁi,BS) - m3<ai7 a;)ml(,@i,@)] = 0}

The function ms(-, -) has been defined earlier together with m4(+,-) and ms(-, ). In summary,
ifpe T\ (Np1UNpy), then g; and go are identifiable.

Recall that we previously have already proved the identifiability of all the other item
parameters and also identifiability of {p(11,a+) : @* € {0,1}*7?}. Now we can replace g,
by g1 in the first equation in (S.18) and obtain P 0a*) = Pa,0,a+); similarly, replacing go
by go in (S.17) gives Po,1.a%) = P(0,1,a%)- With P 0.q+) and P.1,a+) both determined, (S.17)
finally gives p(1,1,a%) = P(1,1,a+)- Noting that the above argument holds for an arbitrary o €
{0, 1}%72 we have established the identifiability of all the parameters under the DINA model
under the condition that the true proportion parameters p satisfies p € T \ (Np1 UNp2).
Note that the set Np1 UNp o where identifiability potentially breaks down is characterized
by the zero sets of certain nontrivial polynomial equations about the entries of p, and hence
necessarily has Lebesgue measure zero in the parameter space 7. This proves the conclusion
of generic identifiability and concludes the proof of Theorem 3. Further note that the forms
of Np1 and Np, defined in the last paragraph are exactly the same as those stated in

Theorem 6, so we have also proved Theorem 6. O
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S.6 Proof of Proposition 3

We introduce some new notation to facilitate understanding the null sets Np; and Np .
Consider the joint distribution of two discrete random variables Z; := (Aj, As) and Zy :=
(As, ..., Ak), each concatenated from the latent attributes. That is, Z; concatenates two
variables A; and Ay and takes |{0,1}?| = 4 possible values, and Z, concatenates K — 2
JE=2| = oK -2

binary variables and takes |{0, 1 possible values. The joint distribution of Z;

2K=2 contingency table, whose rows are indexed

and Z5 can be written in the form of a 4 x
by the possible values Z; can take and columns by the possible values Z5 can take. Each
entry in this table represents the probability of a specific configuration of (Z;, Z3). We write

out this 4 x 26-2 table below and denote it by B,

(10---0) (01---0) --- (11---1)
(00) P(00,10--0)  P(00,01--0) ***  P(00,11---1)
(10) P@o,10--0)  P(10,01-0) " P(10,11--1) (S.22)
(01) P(o1,10--0)  P(01,01--0) - P(01,11--1)
(11) P@ai,0-0)  P(11,01--0) 0 P(11,11--1)

Note that when the previously used notation a* € {0,1}%~2 can indicate the configurations
of Zy, so the above matrix B have columns indexed by a* € {0,1}¥72. The definition of
m;(af,as), i =1,2,3 can be understood as certain 2 X 2 minor of the matrix 5. Denote the

determinant of a matrix C by |C|. In particular, we have the following equalities,

Po1a)) PO,
Oted) FOLeD | _1B(12,3}, {a, e},

mi(al, ay) = P0,1,a5)P(1,0,3) — P(1,0,7)P(0,1,a}) =
Pao,ar) P(1,0,a3)

P.0,a7) P00,
©0el) P00 | 51,2}, {af, a3))],

ma(Q, @) = Po,0,a3)P(1,0,05) — P(1.0,a5)P(0,0,05) =
Pa0.et) P1,0.03)

P0,0,ar) P(0,0,e3)

= |B({17 3}’ {O‘}{’ as})|

ma(Qy, &) = P(0,0,a7)P0.1,a3) — P(0,1,03)P0.0.a5) =

DP,1,a1) P(0,1,a3)
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In the above display, the B({1,2}, {af,a}}) denotes the 2 x 2 submatrix of B containing
the entries in rows with indices 1, 2 and columns aj, as3.
We can use the technical machinery in the last paragraph to discover some meaningful

subsets of the non-identifiable null set Np; U Npo. First, define

M awp = {m2(a], ) = 0 for all af, a; € {0, 1}K_2}, (S.23)

Nosup = {ms(ai, ad) = 0 for all af, o} € {0, 11572}, (S.24)

According to the definition of Np; and Npas, it is clear that the two sets defined above
satisfy N sun € Np1 and Nagu, € Npo. First consider the statistical implication of A gupb-
Since ma(af, ab) = |B({1,2}, {a, as})|, when af, al range over all the possible patterns
in {0,172 the ma(aj, a}) will take on values of all the possible 2 X 2 minors of the
2 x 2K=2) matrix B({1,2}, :) (i.e., the submatrix of B consisting of its first two rows). The
assertion in N g1, that all these determinants equal zero essentially implies the submatrix
B({1,2}, :) has rank one, i.e., has the two rows proportional to each other. This means for
all a* € {0,1}772, the ratio p(1,0,a+)/P(0,0,a+) is & constant §, which further implies the ratio

P(1,0,0%)/ (P(0,0,a%) + P(1,0,a%)) 18 also a constant equal to 1/(1 4 1/§), which we denote by p:

P D(1,0,a) _ P(A; =1,4, =0,A3x = )
D(0,0,a*) T P(1,0,00%) ]P’(Az =0,A3.x = 04*)
o ]P(Al = ].,Ag;K =a | A2 = O)
]P)(Ag;K = | A2 = 0) ’

Va* € {0,112,
So we have the following

P(A; =1, A3k =a" | Ay =0)=p -P(Asx = a" | A, =0). (S.25)
Now summing over the above equation for all a* € {0,1}%72 we obtain

Y O PA=1LAsc=a" [A=0)=p- Y  PAszx=a"|A=0),

a*e{0,1}K-2 a*e{0,1}K-2
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Plugging back p = P(A; = 1| A3 = 0) into (S.25) gives the following for all a* € {0,1}572,

P(Al=LAsr=a"[A=0)=PA =1[A=0) PAsxg =a [ A, =0);

in a very similar fashion we can also obtain P(A; = 0,As3x = a* | A, = 0) = P(A; =
0] Ay = 0) -P(Asx = a* | Ay = 0) for all a* € {0,1}*~2. This essentially means
attribute A; and attributes As.x are conditionally independent given A, = 0. So we have
obtained that p € Nj g, implies A; and Aj x are conditionally independent given Ay = 0.
By symmetry, we similarly have that p € Nag, implies A and Ajx are conditionally
independent given A; = 0. In summary, we have proved that N} g, and Na gy, defined in

(S.23)-(S.24) correspond to the following conditional independence statements,

Nisub = {p satisfies (A1 1L Agrc | Ao =0)} C Npy;

Noqup = {p satisfies (Ay 1L Az | A1 =0)} C Npo.

Additionally, by the basic property of marginal independence and conditional independence,
if p satisfies the marginal independence statement such as “A; 1 As3.x”, then it necessarily
also satisfies the conditional independence statement “A; 1L Az | Ay = 0”. Therefore we

have we also have

Nl,sub = {p satisfies (Al A A3:K | AQ = 0)} 2 {p satisfies (Al A AgK)},

Nogup = {p satisfies (Ay 1L Az | Ay = 0)} D {p satisfies (A 1L Azx)}.

Combining the two conclusions above, we have proved the first two conclusions in (12) in

Proposition 3.
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Next we prove the third conclusion in (12) in Proposition 3. Define

Moot = {ma(a, a) = ms(af, aj) = 0 holds for all af, o € {0,1}72} (S.26)

First note that Myetn € Np 1N Np 2 obviously holds according to definition of N p and Np.a.

We next examine the statistical implication the set Myon. If p € Npotn, then we have the

following for all o}, aj € {0, 1}572,

P0,0,a1)P(1,0,e5) — P(0,0,a5)P(1,0,%) = P(0,0,a5)P(0,1,e3) — P(0,0,5)P(0,1,}) = 0;

. Pa,0,a%) _ p(1,0,a;)’ Po,1,a%) _ p(o,l,a;)7 ‘v’a’{,az c {071}1(_2'
P0,0,a%) P0,0,a3) P0,0,ar) P0,0,a3)

This implies there exist some constants p;, po such that

Paoay) _ . PoLar) _ ps, Var € {0,1}52, (S.27)
P(0,0,a%) D(0,0,a)

Then for arbitrary (z,y) € {(0,0), (0,1), (1,0)} and a* € {0,1}%72, we will have

]P)<A1:2 = (Iay) | Ay 7é (1v 1)’ A31K = Ol*)

P(A12 = (z,y), Azx = )
P(A1s 7 (1,1), Agx — o)

» P(z,y,a*)
(z,y,a*) _ P(0,1,a*) S .98
P0,0,a) +p(0,1,a*) +p(1,0,a*) 1+ Po.Lan) -+ Pa.0.0%) ( )

Po,1,a*) Po,1,a*)

(

1
— if (z,y) = (0,0);
1+p1+p2 (z,y) = (0,0)
P1 .
=S 7T T if z, = 1707
1+ p1+p2 (z.y) = (1,0)
P2 .
— if (x,y) = (0,1).
\1+Pl+,02 (z,y) = (0,1)

The above deduction implies that the conditional distribution P(Aj.. = (z,y) | Ajs #
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(1,1), As.x = a*) does not depend on Aj.x and hence can be indeed written as

P(Ars = (z,y) | A2 # (1,1), Az = ") = P(A1p = (7,y) | A1 # (1, 1)).

Statistically, the above observation means the conditional independence (Ao 1l Az |
A5 # (1,1)) holds. Also, note that in order for P(Aj.o = (x,y) | A2 # (1,1), Asx = a¥)
in (S.28) to not depend on a*, we must have (S.27) holds for some constants p;, p2. In
summary, we have shown that p € Ny if and only if (Ao 1 Az | Ajs # (1,1)) holds.

Namely, the My defined in (S.26) can be equivalently written as

Nootn = {p satisfies (Ao 1L Az | Aro # (1,1))}.

Finally, recall that we have Nyotn € Np1NNp o, so

NDJHND,Q 2 {p satisfies (A1:2 AL A3:K ’ A1:2 7é (1, 1))} 2 {p satisfies (A1:2 A A3:K)}.

This completes the proof of Proposition 3. O

References

Gu, Y. and Xu, G. (2019). The sufficient and necessary condition for the identifiability and
estimability of the DINA model. Psychometrika, 84(2):468-483.

Gu, Y. and Xu, G. (2020). Partial identifiability of restricted latent class models. Annals of
Statistics, 48(4):2082-2107.

Xu, G. (2017). Identifiability of restricted latent class models with binary responses. Annals
of Statistics, 45:675-707.

Xu, G. and Zhang, S. (2016). Identifiability of diagnostic classification models. Psychome-
trika, 81(3):625-649.

27



	Proof of Proposition 1
	Proof of Proposition 2
	Proof of Theorem 1 and Theorem 4
	Proof of Theorem 2 and Theorem 5
	Proof of Theorem 3 and Theorem 6
	Proof of Proposition 3

