
Supplementary materials

Here, we describe the steps of the Gibbs Sampler for estimating the models presented in the

paper.

Step 1. For each combination of person p ∈ [1 : N ] and item i ∈ [1 : K] sample the

augmented continuous response ypi:

ypi ∼


N (ypi;αiθp + βp, 1)I(ypi ≥ 0), if xpi = 1;

N (ypi;αiθp + βi, 1)I(ypi < 0), if xpi = 0.

(1)

Step 2. For each person p ∈ [1 : N ] sample the person parameters: 1) in the case of the

two-dimensional models [θp, ηp]
T is sampled from a bivariate normal distribution with the

covariance matrix equal to

Ωp =
(
Σ−1 + zTz + vTp vp

)−1
, (2)

where z = [α 0] and vp =
[
0
(
λ·0 ◦ σ−1

·0 ◦ (1− xp·) + λ·1 ◦ σ−1
·1 ◦ xp·

)]
, and the mean vector

equal to

Ωp

(
zT (yp· − β) + vTp

((
1− xp·
σ·0

+
xp·
σ·1

)
◦
(
t∗p· − (1− xp·) ◦ ξ·0 − xp· ◦ ξ·1

)))
; (3)

2) in the three-dimensional model [θp ηp0 ηp1]T is sampled from a multivariate normal distri-

bution with the covariance matrix:

Ωp =
(
Σ−1 + zTz + vTp0vp0 + vTp1vp1

)−1
, (4)

where z = [α 0 0], vp0 =
[
0
(
λ·0 ◦ σ−1

·0 ◦ (1− xp·)
)

0
]
, and vp1 =

[
0 0

(
λ·1 ◦ σ−1

·1 ◦ xp·
)]

;
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and the mean vector:

Ωp

(
Σ−1µ+zT (yp·−β)+vTp0

((
1−xp·
σ·0

)
◦
(
t∗p·−(1−xp·) ◦ ξ·0

))
+vTp1

(
xp·
σ·1
◦ (t∗p·−xp·ξ·1)

))
(5)

Step 3. For each item i ∈ [1 : K] sample the item parameters in the RA model, and time

intensity(ies) and factor loading(s) in the RT model: 1) for the M1 and M3b (i.e., ξi0 =

ξi1 = ξi, λi0 = λi1 = λi) sample [αi βi ξi λi]
T , 2) for the M2 and M4b (i.e., ξi0 6= ξi1, λi0 =

λi1 = λi) sample [αi βi ξi0 ξi1 λi]
T , 3) for theM3a andM4a (i.e., ξi0 6= ξi1, λi0 6= λi1) sample

[αi βi ξi0 ξi1 λi0 λi1]T . In each case the parameters are sampled from a multivariate normal

distribution with the covariance matrix Ωi =
(

IM
1002

+ uTu + wTw
)−1

, where for M1 and

M3b: M = 4, u = [θ 1 0 0], and w =
[
0 0

(
1−x·i
σi0

+ x·i
σi1

)
−
(

η·0◦(1−x·i)
σi0

+ η·1◦x·i
σi1

)]
, for M2 and

M4b: M = 5, u = [θ 1 0 0 0], and w =
[
0 0 1−x·i

σi0

x·i
σi1
−
(

η·0◦(1−x·i)
σi0

+ η·1◦x·i
σi1

)]
, for M3a and

M4a: M = 6, u = [θ 1 0 0 0 0], and w =
[
0 0 1−x·i

σi0

x·i
σi1
− η·0◦(1−x·i)

σi0
− η·1◦x·i

σi1

]
. The mean

vector for the conditional posterior distribution is equal to

Ωi

(
uTy·i + wT

(
t∗·i ◦

(
1− x·i
σi0

+
x·i
σi1

)))
. (6)

Step 4. For each item i ∈ [1 : K] sample the residual variances in the RT model: for M1,

M2, and M3a (i.e., σ2
i0 = σ2

i1 = σ2
i ) sample σ2

i :

σ2
i ∼ IG

(
σ2
i ; 0.001 +

N

2
, 0.001 +

∑N
p=1(t∗pi − ξixpi + λixpiηpxpi)

2

2

)
; (7)

and for the M3b, M4a and M4b sample σ2
i0 from

σ2
i0 ∼ IG

(
σ2
i0; 0.001 +

∑N
p=1(1− xpi)

2
, 0.001 +

∑N
p=1(1− xpi)(t∗pi − ξi0 + λi0ηp0)2

2

)
; (8)

2



and σ2
i1 from:

σ2
i1 ∼ IG

(
σ2
i1; 0.001 +

∑N
p=1 xpi

2
, 0.001 +

∑N
p=1 xpi(t

∗
pi − ξi1 + λi1ηp1)2

2

)
. (9)

Step 5. Sample the mean vector of the person parameters: in the two-dimensional model:

µ ∼ N2

µ;

[∑N
p=1 θp

N

∑N
p=1 ηp

N

]T
,

1

N
Σ

 , (10)

and in the three-dimensional model:

µ ∼ N3

µ;

[∑N
p=1 θp

N

∑N
p=1 ηp0

N

∑N
p=1 ηp1

N

]T
,

1

N
Σ

 . (11)

Step 6. Sample the covariance matrix of the person parameters: in the two-dimensional

model:

Σ ∼ IW

(
Σ; 4 +N, I2 +

N∑
p=1

([θp ηp]
T − µ)([θp ηp]− µT )

)
, (12)

and in the three-dimensional model:

Σ ∼ IW

(
Σ; 5 +N, I3 +

N∑
p=1

([θp ηp0 ηp1]T − µ)([θp ηp0 ηp1]− µT )

)
. (13)

Step 7. Re-scale the model parameter to satisfy the identification constraints:

θp → θp−µ1√
Σ11

, p ∈ [1 : N ];

βi → βi + αiµ1, i ∈ [1 : K];

αi → αi
√

Σ11, i ∈ [1 : K];

(14)
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in the two-dimensional models:

ηp → ηp−µ2√
Σ22

, p ∈ [1 : N ];

ξik → ξik + λikµ2, i ∈ [1 : K], k ∈ {0, 1};

λik → λik
√

Σ22, i ∈ [1 : K], k ∈ {0, 1};

µ → 0;

Σ →

 1 Σ12√
Σ11Σ22

Σ12√
Σ11Σ22

1

 ;

(15)

in the three-dimensional M1 and M3b:

ηpk → ηpk−µ2√
Σ22

, p ∈ [1 : N ], k ∈ {0, 1};

ξik → ξik + λikµ2, i ∈ [1 : K], k ∈ {0, 1};

λik → λik
√

Σ22, i ∈ [1 : K], k ∈ {0, 1};

µ → [0 0 µ3−µ2√
Σ22

]T ;

Σ →


1 Σ12√

Σ11Σ22

Σ13√
Σ11

Σ12√
Σ11Σ22

1 Σ23√
Σ22

Σ13√
Σ11

Σ23√
Σ22

Σ33

Σ22

 ;

(16)

in the three-dimensional M2 and M4b:

ηpk → ηpk−µk+2√
Σ22

, p ∈ [1 : N ], k ∈ {0, 1};

ξik → ξik + λikµk+2, i ∈ [1 : K], k ∈ {0, 1};

λik → λik
√

Σ22, i ∈ [1 : K], k ∈ {0, 1};

µ → 0;

Σ →


1 Σ12√

Σ11Σ22

Σ13√
Σ11

Σ12√
Σ11Σ22

1 Σ23√
Σ22

Σ13√
Σ11

Σ23√
Σ22

Σ33

Σ22

 ;

(17)
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and in the three-dimensional M3a and M4a:

ηpk → ηpk−µk+2√
Σ(k+2)(k+2)

, p ∈ [1 : N ], k ∈ {0, 1};

ξik → ξik + λikµk+2, i ∈ [1 : K], k ∈ {0, 1};

λik → λik
√

Σ(k+2)(k+2), i ∈ [1 : K], k ∈ {0, 1};

µ → 0;

Σ →


1 Σ12√

Σ11Σ22

Σ13√
Σ11Σ33

Σ12√
Σ11Σ22

1 Σ23√
Σ22Σ33

Σ13√
Σ11Σ33

Σ23√
Σ22Σ33

1

 .
(18)
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