Supplementary materials

Here, we describe the steps of the Gibbs Sampler for estimating the models presented in the
paper.
Step 1. For each combination of person p € [1 : N] and item ¢ € [1 : K] sample the

augmented continuous response yp;:

N(ypi; aiep + Bp) 1)I(ypz Z 0), if Tpi = 1;
e 1)
N (ypi; iy + Bi, VI (ypi < 0), if 2 = 0.

Step 2. For each person p € [1 : N] sample the person parameters: 1) in the case of the
two-dimensional models [6,,7,]” is sampled from a bivariate normal distribution with the

covariance matrix equal to
_ -1
Q=E"+2"z2+v)v,) | (2)

where z = [a 0] and v, = [0 (Agoo' o (1 —x,)+ Aj00;" 0x,)], and the mean vector

equal to

2, (s, - v (522 2 ) o6 - -x)06-%06)) )i )

g g

2) in the three-dimensional model [0, 7,0 7p1]” is sampled from a multivariate normal distri-

bution with the covariance matrix:

_ 1
Q, = (E Ly Tz + VII;OVPO + VpTlvpl) , (4)

where z = [a 0 0], vo = [0 (Agooj' o(1—x,)) 0], and v,y = [00 (X007 0x,)];



and the mean vector:

Q, (Elu—f—zT(yp.—B)—l—V;) ((1;?”) o (t;,—(l—xp.) o 5,0)) —Fvg1 (:—i o (t;,—xp.ﬁl)))
(5)
Step 3. For each item i € [1 : K| sample the item parameters in the RA model, and time
intensity (ies) and factor loading(s) in the RT model: 1) for the M; and Mg, (i.e., & =
&1 = &, Ao = Ain = N\;) sample [y B; & N7, 2) for the My and My, (ie., &o # &, Ao =
i1 = \;) sample [oy B; Eio € Ai]T, 3) for the M3, and My, (i.e., & # &ir, Mio 7 Ai1) sample
(i Bi &io €1 Mo Aar]T. In each case the parameters are sampled from a multivariate normal

distribution with the covariance matrix €; = (325 +u’u+ WTW)_l, where for M; and

Mszy: M=4,u=1[0100], and w = [00 (1;—’;“1—&) — (n'oo(lfx‘i)—kn';?'i)}, for My and

031 gi0

Myp: M =5 u=[01000], and w = [OO Ix X ("'00(1_"'”—1—"'10""')], for My, and

g0 041 030 041

Mgt M =6,u=[010000], and w = [00 Loxg xi _ moolloxs) —"'103“]. The mean

g0 Til oi0 Ti1

vector for the conditional posterior distribution is equal to

1 —x i
Q; (uTy.i +w (tf; o ( U‘X + X—))) : (6)
0 031

Step 4. For each item i € [1 : K] sample the residual variances in the RT model: for My,

: 2 _ 2 _ 2 2.
My, and M3, (i.e., o7 = o7 = 07) sample ;-

N /s )
N 1 (s = Gizpi T NizpiTpays
U?NIg (02‘250.001—1-?,0.001—1— Zp_l(p § ; Pnpp) >;

and for the M3, My, and My, sample ¢ from

,0.001 + ;

N N
o 1—ZL‘Z o ]_—ZEZ t*z—z—f—)\l 2
02 ~ TG <o—?o;o.oo1 + Z“<2 2 2yt (17 )y = S0 - Aio) ) ;(8)



and o2 from:

0.001
; + 5

(9)

E:N N
=1 Tpi 1 il — S+ A 2
‘71‘21 ~1G <Uz~21; 0.001 + % Zp—l P ( p §in 177p1) ) ‘

Step 5. Sample the mean vector of the person parameters: in the two-dimensional model:

N N
Zp:l ep Zp:l 7717
N N

o~ No | s

"
] <= (10)

and in the three-dimensional model:

N N T
Zp:l 9p szl Mo Z;V:l Tip1 iz (11)
N N N "N '

o~ Ns g

Step 6. Sample the covariance matrix of the person parameters: in the two-dimensional

model:
N
Y~ IW (2; A4 NI+ (0] = 1) ([ — uT)> , (12)
p=1
and in the three-dimensional model:
N
X ~IW <23 5+ N, I3+ Z([Qp 10 1 ]" = 1) ([0 71p0 1] — /J'T)> : (13)
p=1

Step 7. Re-scale the model parameter to satisfy the identification constraints:

6, — B pell:N];
Bi — B+, i€l K] (14)

o — Oéz'\/zu, 1 € [1K],



in the two-dimensional models:

Ny — %, p€[l:N]
Sk — Sik + Airlz, ic[l:K],ke{0,1};
)\ik — )\lk 222, 1 E [1 : K],k € {0, 1},
(15)
oo 0;
1 312
Y V311¥922 ’
Y12 1
V11222
in the three-dimensional M; and May:
Nk — %, pe[l: N ke{01};
éik — 5ik+>\ikﬂ27 1 E [1 :K],]{ZE {0,1};
)\ik — )\’Lk 222, 1 E [1 : K],k c {O, 1},
pa—pp T, 1
TR (00 teske )T (16)
1 Y12 i3
V311X22  VEn
)y )y
% - \/2112222 1 \/2222 ’
Y13 o3 X33
V311 V22 Y2
in the three-dimensional My and Myy:
Mok — W_T\/%“, pe[l:N]ke{01};
Sik — ik + Nikflir2, ic[l: K], ke{0,1}
)\ik — )\zk 222, 7€ [1 : K],k‘ - {0, 1},
no = 0; (17)
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and in the three-dimensional Mz, and My,:

npk
éik
Aik

u

Tlpk —Hk+2 . .
s e I €[1:N], ke {0,1};
VEk+2)(k+2) | pel ] {01}
§ik + Nikfk+2, ie[l: K]|,ke{0,1}
Aik\/ 2k 2)(k+2). i€ (l: K| ke{0,1};
0;
1 Y12 Y13
VY  VE113s3
_ Y2 1 o3
Vinaz V22333
313 o3

VE11Y33 V22333

(18)



