PSYCHOMETRIKA SUBMISSION March 1, 2022 1

SUPPLEMENTAL MATERIAL FOR “PROCRUSTES ANALYSIS FOR HIGH-DIMENSIONAL
DATA”

A. Proof of Theorems and Lemmas

Theorem 1. (Theobald & Wuttke (2006)) Consider the perturbation model described in
Definition 2, and the singular value decomposition X, X 1MX ! = U;D;V . So, the maximum

likelihood estimators equal R; = U; V'], and dip, = HZ;UQRZXIZ”_”Z\|2/tr(Di).

Proof. The proof comes directly from Theobald & Wuttke (2006), we report here the final
part that we will use for other proofs. We can write Equation (1) as:

1
—XRi ~ M = E; ~ MN(0, £, ).

The log-likelihood for R; equals:
1 1 1
N1 -1 B ATl B
((R;) 5 ;_1 tr{X%,, (aiX,R, M) X2, (aiXZR, M)} +C,

where (M, 3,,,3,,) are known nuisance parameter and C' is a constant value. So, we have

1
(R) =~ tr{R] X/ 'MZ 1\ + C*,
o (] (] n m

where C* is a constant. The maximization of the log-likelihood function ¢(R;) leads to

R, =arg max < R;, XX ‘M2 !>
R,E(’)(m)

=arg max < R;,U;D;V,;>=arg max < Dj, U;Rivi >
R;€O(m) R;cO(m)

~ 8 RSt D, R} >=U;V/, (1)
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where R = U] R;V; € O(m). The step (1) is proved by Gower & Dijksterhuis (2004), i.e.,
< D;, R} > is maximum when R = I,,, giving I,,, = U;Eivi. We can note that the maximum

likelihood estimator RZ does not depend on «;.

Consider the profile log-likelihood for a;:

(2

N
0 () = —% 3 tr{Z;nlp(éXiRi - M)TE;WE;W(&XI-R' M)+ S
i=1 ¢

N
1 1 LT .
= _i{z ?tr(z;f/QRi X!®, 25 12X, ;3 1/?)
i=1 ¢

+tr(ZV2PM TR 22 N2
1 ~
- QEtr(E;me:XiT2;1/221;1/2M2;11/2)} +8
(A
1

N

AT 1

=Y I PR XS PP+ —tr(Dy) + 57,
im1 20¢i (67

where S, and S* are constant values. Taking the first derivative, we have:

0l () a1/2 5T _
T o R X R (D)
— ~ T _
Gin — ||2m1/2Ri X;En 1/2||2
‘R tT(Di) ’

having Rz = UiV;-r and o; € R™.

Lemma 2. Consider the perturbation model of Definition 2, with R; distributed accordingly
to (4), then the posterior distribution f(R;|k, F', X;) is conjugate distribution to the von

Mises-Fisher prior distribution with location posterior parameter equalling the following:

F*=X;,"> 1M> ! + kF.
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Proof. The joint posterior distribution is defined as

N N

1 1
[[/(Ri|X:, M, %, 20, k, F) =] |exp[—§tr{§);11/2(—XiRi —M)Tx 25172
. - (87
=1 =1

(L X;R; - M)=;/2)
(67}

- exp {ktr(FTRi)} -C

N1
=exp(— Z 5‘1%)
=1

(2
N
cexp(} < X5, 'MX, + kF,R; >), (2)
i=1
where ¥, = f(X;) and C' is a constant value. The quantity (2) is a kernel of a matrix von

Mises-Fisher distribution with location parameter equals

F*=X/> M3 ! +kF.

Theorem 2. The ProMises model is defined as the perturbation model specified in Definition
2 imposing the prior distribution (8) for «; R;. Let the singular value decomposition of
XIS AMY U+ kF be U;D;V,. Then, the maximum a posteriori estimators equal
5 Ny —1/2 5 -1/2
Ri=UV] anddiy == "R X512 /tr(Dy).
Proof. Consider the same assumption of Theorem 1, the log-posterior distribution for R; and

«; equals:

N
1 1 1

log f(ai, Ri|X7;, M., X, 2, k‘,F) = — — tT{ﬁT_nl(inRi — M)TET_Ll(inRi — M)
25 & &

k

87

—2—FTR;} —log(a;) + K,

where K is a constant value. Following the same steps of Theorem 1’s proof, the maximum a
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posteriori estimate equals

A~

Ri=arg max <Ry, X,X,'MX;'>+k<R;,F >
R;cO(m)

—arg max < R, XX 'MX !4 kF >

Rleo(m)
—arg max < R, U;D;V; >=arg max < D;, U;—RiVi >
R;€O(m) R.€0(m)
= max < D; R}>=U;V,, (3)
R;cO(m)

where step (3) is proved in the same way as step (1) of Theorem 1’ proof.

Then we compute the maximum a posteriori estimate for ay:

) 1 1jon _ 1 . ~ ~
Qi =arg max ——||Z VPR T, XS, V2P — < R7, X2 Mzt >
R a;ERT 20‘1 (67}

k ~
+ —tr(FTR';) —log(cw) + P,
;
where P is a constant value. Compute the first derivative and set it to zero:

o= PR XSSP — o < R XTSI M EF > 1 =0,

so, applying the Viéte theorem (Viéte, 1646), d; 7. equals:

PR X
‘R tr(D;) ’

tT(DZ') >
IS PR X2 T tr(Da)
decomposition of X, X 1M !+ kF.

under the condition

, and D; coming from the singular value

Lemma 4. Consider X; € R"*™, if n < m, then the maximum likelihood estimate for R;

defined in Theorem 1 is not unique.

Proof. In practice, without loss of generality, the Procrustes problem can be resumed as:

tr(A] R;), 4
RIEE r(A; R;) (4)
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where A; = X/ X' M X!, Trendafilov & Lippert (2002) and Myronenko & Song (2009, Lemma
1) proved that the solution for (4) is unique if and only if the matrix A; has full rank. In
Theorem 1 with n < m, A; is equal to X X, 'M X! having rank lower than m, so the solution
is not unique. Please refer to Trendafilov & Lippert (2002) and Myronenko & Song (2009, Lemma
1) for further details about the complete proof.

Theorem 3. Consider the perturbation model in Definition 2 with X,, = ¢2I,,, and the thin
singular value decompositions of X; = LZ-SZ-Q;-r for each i =1,..., N, where @, has dimensions

n X m. The following holds

max tr(R; X]Z'X ;3 1) = max tr(RITQ! X[ X' X;2.1Q)).
R;€0(m) ReO(n) J

Proof. Without loss of generality we consider ,, = 02I,,, and so the following objective

function to maximize
tr(R; X Z,' X ;0%1,,).
We note that it is equivalent to maximize
tr(Z, X R X)) ()

thanks to the trace’s proprieties.

Let consider the full singular value decomposition X; = LiSiCiT , where S; € IR"*"™. The S,

matrix is defined as

where ST € IR™ " and O is a matrix of zero with n x (m — n) dimensions, since

rank(X;) =nVi=1,...,N. Therefore, Expression (5) equals
tr(3,' X;R:X ) = tr(%,'L;S;C] R,C;S[L]) =tr(%,'L;S;R}S] L ),

where R? = C] R;C; € O(m) being a product of orthogonal matrices.
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Partitioning R in blocks, i.e.,
[0) [0]
R Ry
[0] [0]
21i4122;

where R}, € R™", Rfy, € R ™" R$;; € R™ ™" and R$,, € R™ ™" we have:

i 0 0 Tx
Rll 12 Sj

3, 'LiS;R{S] L] = %,'L;[S} O]
R$ R, | | O

Lj (7)

i 0 0 TxgyT
Rlli 124 Sj Lj

= [, LS} O] .
| R51 R, o

=%, 'LiS{R},;S]*L; .

Then, we have

. 7= g TrT
plnax (S, XiRXj) = omax tr(3, LiSiRS) L)

= tr(21X;Q.RQIX .
R r(E, X:Q,R;Q; X;)

The last equality is due to
>, 'X:QRQ X =%,'L;S;Q/Q,R;Q;Q,S;L] =%,'L;S;R;S; "L, .

So essentially, only the first n dimensions are used in maximizing (5), if n < m in all

Procrustes-based problem.

Lemma 5. Consider the assumptions of Theorem 3, then

TyTs -1 1 o Te L
Rggiim) tr(R; X; X XX, +kF) = ané%}((n) tr{R; (Q; X; ¥, X;%,°Q; +kF*)},

where F € R™*™ and F* € R™*".

Proof. Without loss of generality we consider 3,, = 02I,,, and F* = QZ-T FQ,. So, the

following objective function to maximize
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T*T x -1 ol
ps r(RTQIXTS1X,Q) +hir(RIQTFQ,)

The left part of the maximization (8) equals (7), while ktr(R; *Q, FQ,) in O(n) is
equivalent to ktr(R,; F) in O(m).
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