ONLINE APPENDIX FOR “PARTIAL IDENTIFICATION OF LATENT
CORRELATIONS WITH BINARY DATA”

STEFFEN GRONNEBERG, JONAS MOSS, AND NJAL FOLDNES

Besides this online appendix, the online supplementary material accompanying the paper
“Partial identification of latent correlations with binary data” includes several R-scripts. These

are described in the text-file index.txt.

1. DETAILED ALGEBRAIC VERIFICATION OF THEOREM 1

For completeness, we here provide a complete algebraic verification of Theorem 1. The

calculations are tedious but elementary.
The distribution of Z = (Z, Z5) is

P(Z = (a,a)) = p11, P(Z
P(Z = (—a,—a)) = poo, Pz

(b, =0)) = po,
(=0,0)) = por-

From this we compute
E(Z1Z3) = a*(p11 + poo) — b*(p10 + po1)-
The marginal distributions of Z;, Z5 are
P(Z1 =a) =p11 = P(Z2 = a), P(Zy =b) = p1o =P(Z2 = -b)
P(Z1 = —a) = poo = P(Z2 = —a), P(Z1 = =b) = pn = P(Z2 = ).
We therefore have
E(Z1) = ap11 + bpio — apoo — bpor
= a(p11 — poo) + b(p1o — Po1),
E(Z2) = ap11 — bpio — apoo + bpor
= a(p11 — poo) — b(p1o — po1)
=EZ; — 2b(p1o — po1)-
Therefore,
Cov (Z1, Zs) = E(Z1Zs) — E(Z1) E(Zs)
= a*(p11 + poo) — b*(pro + po1)
— [a(p11 — poo) + b(p10 — po1)][a(p11 — Poo) — b(p10 — Po1)]
= a®(p11 + poo) — b*(p10 + po1) — a®(p11 — poo)” + b (pro — po1)*
= a”(p11 + poo — (p11 — poo)?) — b*(p10 + por — (Pro — po1)?).-
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We also have
E(Z7) = E(Z3)
= a’p11 + b°pro + a’poo + b°por
= a”(p11 + poo) + b*(p10 + po1)-
Therefore,
Var (Z,) = B(Z?) — BE(Z,)?
= a”(p11 + poo) + b*(p1o + po1) — [a(p11 — poo) + b(p10 — po1)]?
= a”(p11 + poo) + b*(p10 + po1) — a®(p11 — poo)”
— 2ab(p11 — poo) (P10 — po1) — b*(p10 — por)?
= a”(p11 + poo — (P11 — poo)*) + b* (P10 + Po1 — (P10 — Por)?)—
2ab(p11 — poo) (P10 — Po1),
and, using that E(Zy) = E(Z;), and that E(Z3) = E(Z1) — 2b(p1o0 — po1), we get

= Var (Z1) + 4ab(p11 — poo) (P10 — Po1)-
We want to calculate
- Cov (Zl, Zg)
(Var (Z) Var (Z2))"/*

We first calculate the product Var (Z;) Var (Z3). We now use a = 1/b. This simplifies the
expressions to
Var (Z1) = a*(p11 + poo — (P11 — poo)?) + b* (P10 + por
— (P10 — po1)?) = 2ab(p11 — poo) (P10 — por)
=q—2A,

where ¢ = a®(p11+poo— (P11 —P00)?) +b* (P10 +Po1 — (P10 —po1)?) and A = (p11—poo) (P10 —Po1)-
Similarly, Var (Z2) = ¢ + 2A, and therefore,

Var (Zy) Var (Z3) = (¢ — 2A)(q + 24A)
_ q2 _ 4A2
=a'c? + b ek + 2a°b%crco — 4N,

Where ¢1 = p11 + poo — (P11 — Poo)?, and c2 = p1o + po1 — (P10 — po1)?. We note that ¢y, co, A
does not vary with a or b.
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In terms of the introduced constants, we recognize that
C 2 2
ov (Zl7Z2) =a Cc — b Ca.

We therefore have

Cov (Zl, ZQ)
(Var (Z;) Var (Z2))"/?
a’cq — b%co

VA E TR 1 20202 crcy — AN2

Using a = 1/b, we see that
a?cq — b2eq

r= VaiZ +viE +d

where d = 2a%b%cico — 4A% = d = 2¢1¢o — 4A? does not depend on a, b.
Case 1: Letting b — oo, giving the negative end-point. We use a = 1/b and get

a?c; — b2csy

Vated +bici +d
biQCl — b202
Vb~ + b3 4+ d
. b_461 — Co
Vo (b4 + bic3 + d)
b_401 — Co
Vb8 + ¢ + b—4d)
—cy

leaf”

If c5 > 0, this shows that p — —1. We recall that c2 = (p10 + po1 — (P10 — Po1)?)? > 0, and we
only need to show that ¢3 # 0. We have

P10+ po1 — (P10 — pol)2 = P10 +Po1 — p%o + 2piopo1 — p(2)1
= (p1o — Pio) + (Po1 — Pg1) + 2piopor -

Since po; and pig are in (0,1), we have piopo1 > 0. We have that pig > p?, and po; > p3;, and
therefore p1g — p3, > 0 and pg; — p2; > 0. Therefore, c3 # 0.

Case 2: Letting b — 07, giving the positive end-point. We use b = 1/a and the exact same
steps as above to get that

a?c; — b2cq

Vate? +bici +d

C1

fex]’
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If ¢; > 0, this shows that p — 1. We recall that ¢Z = (p11 + poo — (P11 — Po0)?)? > 0, and we
only need to show that ¢ # 0. We have
P11+ Poo — (P11 — Poo)? = P11 + poo — P + 2P11Po0 — Pio
= (p11 — p11) + (Poo — P3o) + 2P11P00-

Since poo and p1; are in (0, 1), we have p11poo > 0. We have that pyy > p3; and pog > p3y, and
therefore p11 — p?; > 0 and pog — p3y > 0. Therefore, ¢? # 0.
Let py be the correlation of Z(b) = Z(1/b,b) for b > 0. We recall
b1 — ¢y
I s > B B
Vb8 + ¢ + b—1d)

and c¢q,co > 0. Since this is a continuous function with limits —1 and 1, every correlation in

(—1,1) is attained by the intermediate value theorem.
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