
Supplement to “A Note on Likelihood Ratio Tests
for Models with Latent Variables”

Proof of Theorem 1. We refer readers to Drton (2009), Theorem 2.6.

Proof of Theorem 2. The proof is similar to that of Theorem 16.7, van der Vaart

(2000). We only state the main steps and skip the details which readers can find in

van der Vaart (2000).

We introduce some notations. Let

TN,0 =
{√

N(θ − θ∗) : θ ∈ Θ0

}

and

TN,1 =
{√

N(θ − θ∗) : θ ∈ Θ1

}
.

Under conditions C5 and C7, TN,0, TN,1 converge to TΘ0(θ∗) and TΘ1(θ∗), respectively

in the sense of van der Vaart (2000). Let I(θ∗)−
1
2 denote the inverse of I(θ∗)

1
2 . Let

1



GN =
√
N(PN − Pθ∗) be the empirical process. Then,

λN = 2 sup
θ∈Θ1

lN(θ)− 2 sup
θ∈Θ0

lN(θ)

= 2 sup
h∈TN,1

NPN log pθ∗+h/
√
N(x)− 2 sup

h∈TN,0

NPN log pθ∗+h/
√
N(x)

= 2 sup
h∈TN,1

NPN log
pθ∗+h/

√
N(x)

pθ∗(x)
− 2 sup

h∈TN,0

NPN log
pθ∗+h/

√
N(x)

pθ∗(x)

= 2 sup
h∈TN,1

(
h>GN l̇θ∗ − 1

2
h>I(θ∗)h

)
− 2 sup

h∈TN,0

(
h>GN l̇θ∗ − 1

2
h>I(θ∗)h

)
+ op(1)

(.1)

= sup
h∈TΘ0

(θ∗)

∥∥∥I(θ∗)−
1
2GN l̇θ∗ − I(θ∗)

1
2h
∥∥∥2

− sup
h∈TΘ1

(θ∗)

∥∥∥I(θ∗)−
1
2GN l̇θ∗ − I(θ∗)

1
2h
∥∥∥2

+ op(1).

(.2)

The l̇θ∗ is defined by condition C2. For details of (.1), see the proof of Theorem 16.7,

van der Vaart (2000). (.2) is derived from

2h>GN l̇θ∗ − h>I(θ∗)h = −
∥∥∥I(θ∗)−

1
2GN l̇θ∗ − I(θ∗)

1
2h
∥∥∥2

+
∥∥∥I(θ∗)−

1
2GN l̇θ∗

∥∥∥2

,

and the fact that TN,0, TN,1 converge to TΘ0(θ∗) and TΘ1(θ∗), respectively. By central

limit theorem, I(θ∗)−
1
2GN l̇θ∗ converges to k-variate standard normal distribution. We

complete the proof by continuous mapping theorem.
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