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Online Supplementary Material for

Estimating and Using Block Information in the Thurstonian IRT Model
Simulation on Standard Error Accuracy - Additional Results

These are the results for the mean bias (MB) and root mean square error (RMSE) of
the latent trait estimates and for their empirical standard errors (SEs).

Overall, the bias in the trait estimates was lower and the SEs were smaller for medium
trait levels and for the long test (Figure S1). For example, for the short test, the RMSE
ranged from 0.22 to 1.14; for the long test, it ranged from 0.17 to 0.79. The ML estimator
showed a slight outward bias (e.g., mean MB(# = 2) = 0.13), whereas the MAP estimator
showed a more pronounced inward bias (e.g., mean MB(6 = 2) = -0.40, Figure S1). Both the
MB and RMSE were smaller for high loadings and for the MAP estimator. The RMSE was
especially high for low loadings combined with the ML estimator. Further, the bias increased
slightly with block size (with mean RMSEs of 0.40, 0.44, and 0.48 for block sizes 2, 3, and 4,
respectively). This is because the number of pairwise comparisons was kept constant across
block sizes, which implies that local dependencies increase and recovery decreases slightly.
Moreover, for block sizes 3 and 4, for the MAP estimator, there was a small difference in the
amount of bias between the genuine and the independence likelihood. This is because the prior
is given too little weight because the independence likelihood is higher than the genuine one.

For the ML estimator, the empirical SEs were smaller for medium trait levels (Figure
S1). For the MAP estimator, the empirical SEs were similar across trait levels, which might
be attributable to the inward bias of the estimates. The empirical SEs were highest for the
ML estimator when combined with low loadings, similar to the RMSE. For both estimators,
the empirical SEs were smaller for trait levels of 42 than for £1.5. This might be due to the
box constraints: For true trait levels of 42, many estimates were £3, resulting in smaller
standard deviations of the estimates (i.e., the empirical SES). Specifically, for the MAP
estimator, for true trait levels of £2, the box constraint was only activated in 1.2% of the
simulated tests, for at most 2/500 responses. For the ML estimator, for true trait levels of +2,
it was activated in all the simulated tests for a mean of 53/500 (SD = 41) responses. Similar
to the RMSE, the empirical SFEs increased with block size, and there was a small difference in
the empirical SEs between the genuine and the independence likelihood for the MAP

estimator and block sizes 3 and 4.



SUPPLEMENTARY FOR BLOCK INFORMATION 3

In the main text, results were reported for the SEs computed at the true trait value. In
general, similar results were observed when the SEs were computed at the trait estimate
(Tables S1 and S2, Figures S2 and S3). The results differed for the RMSE of the SEs at
extreme trait values (6 = £2). Here, the RMSE of the SEs was smaller at the true trait value
as compared to the estimate. This was probably because the ML estimator pulls the values
away from the mean.

Table S1
Means of bias for information-based standard errors computed at the trait estimate by

condition in simulation study 1 on standard error accuracy

Method  Blocksize Likelihood Estimator MB RMSE
expected 2 genuine ML -0.01  (0.03) 0.05 (0.04)
MAP 0.04 (0.03) 0.05 (0.03)
independence ML -0.01  (0.03) 0.05 (0.04)
MAP 0.04 (0.03) 0.05 (0.03)
3 genuine ML -0.01  (0.04) 0.06 (0.05)
MAP 0.05 (0.04) 0.05 (0.04)
independence ML -0.05  (0.04) 0.08 (0.05)
MAP 0.01 (0.04) 0.03 (0.02)
4 genuine ML -0.01 (0.06) 0.07 (0.07)
MAP 0.06 (0.05) 0.06 (0.04)
independence ML -0.09 (0.06) 0.12 (0.06)
MAP 0.02 (0.04) 0.05 (0.02)
observed 2 genuine ML 0.00 (0.03) 0.05 (0.05)
MAP 0.05 (0.04) 0.05 (0.04)
independence ML 0.00 (0.03) 0.05 (0.05)
MAP 0.05 (0.04) 0.05 (0.04)
3 genuine ML 0.00 (0.05) 0.06 (0.06)
MAP 0.06 (0.04) 0.06 (0.04)
independence ML -0.05  (0.05) 0.08 (0.05)
MAP 0.01 (0.04) 0.04 (0.03)
4 genuine ML 0.00 (0.06) 0.07 (0.07)
MAP 0.06 (0.05) 0.07 (0.05)
independence ML -0.09 (0.06) 0.12 (0.06)
MAP 0.02 (0.04) 0.05 (0.02)

Note. MB = Mean Bias, RMSE = Root Mean Squared Error, ML = Maximum
Likelihood, MAP = Maximum a posteriori. Standard deviations are given in

parentheses.
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Table S2
Variance in bias for information-based standard errors computed at the trait estimate

explained in % by the manipulated factors in simulation study 1 on standard error accuracy

Factor MB RMSE

estimator 23 5

length 2 15

likelihood 12 0

blocksize 5 5

loadings x estimator 2 1

estimator xlength 2 1

loadings x likelihood 1 0

estimator xlikelihood 0 3

estimator x blocksize 0 3

likelihood x blocksize 8 0

loadings x estimator x likelihood 0 1
loadings x likelihood x blocksize 1 0
estimator xlikelihood x blocksize 0 2
loadings x estimator x likelihood x blocksize 0 1

Residuals 61
Note. MB = Mean Bias, RMSE = Root Mean Squared Error.

Expected vs. observed explained less than 1% of variance.

W
T

Discussion

As to be expected, the results of this simulation showed that the bias was lower and the
SEs were smaller for medium trait levels, longer tests, and higher loadings. Thus, higher
loadings and longer tests are recommended because both the trait estimates and their SEs are
more accurate. Both the bias and the SEs of the trait estimates increased with block size.
This is because the amount of information was kept constant across block sizes on the level of
the binary outcomes of pairwise comparisons. However, the comparisons do not contribute
fully independent information (Brown & Maydeu-Olivares, 2011; Yousfi, 2018). Therefore, in
this design, recovery decreases with block size. However, this effect was so small that it is
probably negligible in practice. Similarly, the difference between the genuine and the
independence likelihood was more pronounced as the block size increased.

Regarding the comparison of estimators, especially with small loadings, the SEs were
more accurate for the MAP estimator than for the ML estimator. Similarly, on the basis of a
comparison of several trait estimators under various test designs with a large multivariate

normal sample, Lin (2020) recommended that the MAP estimator be used. In the current
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simulation, the accuracy of the SEs for the MAP estimator with low loadings and short tests
was underestimated by the information methods; that is, the estimated SEs were larger than
the empirical SEs. Thus, the advantage that the MAP estimator offers with respect to

precision might not be detectable in empirical applications.
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Simulation on Test Construction - Additional Results

Table S3
Mean sensitivity and specificity by condition in simulation study 2 on test construction for the

single target (screening test)

Intercepts Algorithm Sensitivity Specificity
Random  Greedy Variances 0.70 (0.07) 0.97 (0.01)
Greedy Determinant 0.69 (0.07) 0.97 (0.01)

MIP Trace 0.69 (0.08) 0.97 (0.01)

Block R? 0.69 (0.07) 0.97 (0.01)

Mean Variances 0.67 (0.07) 0.97 (0.01)

Mean Loadings 0.68 (0.07) 0.97 (0.01)

Random 0.61 (0.08) 0.97 (0.01)

Ordered  Greedy Variances 0.71 (0.06) 0.97 (0.01)
(0.06) (0.01)

(0.06) (0.01)

(0.06) (0.01)

(0.07) (0.01)

(0.06) (0.01)

)

Greedy Determinant 0.70 0.97
MIP Trace 0.68 0.97
Block R? 0.71 0.97
Mean Variances 0.68 0.97
Mean Loadings 0.70 0.97
Random 0.66 (0.07) 0.97 (0.01
Note. MIP = Mixed Integer Programming. Standard deviations are

given in parentheses.

Optimization Criteria

The criteria were less well optimized for random block selection (e.g., mean sampling
variances = 0.89, Table S5, Figure S5) than for the other algorithms together (mean sampling
variances = 0.59), explaining between 7% (Determinant) and 48% (Frobenius Norm) of the
variance (Table S4). Except for the trace, the difference between random block selection and
the other algorithms was higher for the random intercepts (e.g., mean difference in variances
= 0.36 versus 0.22), explaining between 1% and 2% of the variance. Except for the variances,
it was also higher for block size 2 than block sizes 3 and 4 (e.g., mean differences in Frobenius
norm = 0.41 versus 0.29), explaining between 1% to 4% of the variance.

The criteria were better optimized with the information-based algorithms (e.g., mean
sampling variances = 0.58) than with the mean loadings (mean sampling variances = 0.63),
explaining between 1% to 3% of the variance. For the determinant and the Frobenius norm,
this difference was higher for the screening test (single target). Descriptively, the variances

and the determinant performed best at optimizing their own criteria, followed by block R?
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(Figure S5, Table S5). The trace was best optimized by the MIP algorithm based on the trace

in the screening test (single target), followed by block R2. In the population test (weighted
and equal targets), it was best optimized by block R?, followed by the determinant. The

Frobenius norm was smalles for the greedy algorithms based on the variances and on the

determinant and for block RZ.

Table S4

Variance in optimization criteria explained in % by algorithm, target, intercepts and block size

in stmulation study 2 on test construction

Factor Var. Det. Trace Frob.

Algorithm vs. Random 32 7 18 48

Info vs. Mean Loadings 1 1 0 2

Optimality vs. Means 1 1 1 3

R? vs. Mean Variances 2 4 2 6

Population vs. Screening 2 2 7 )

Weighted vs. Equal ) 4 0 0

2 vs. 3and 4 17 30 24 6

3vs. 4 4 1 3 0

Intercepts 17 7 27 9

Algorithm vs. Random x 2 vs. 3 and 4 0 4 2 1
Optimality vs. Means x 2 vs. 3 and 4 0 2 0 1
R? vs. Mean Variances x 2 vs. 3 and 4 0 4 1 2
Population vs. Screening x 2 vs. 3 and 4 0 2 0 1
Weighted vs. Equal x 2 vs. 3 and 4 0 2 0 0
Algorithm vs. Random x Intercepts 2 1 0 1
Population vs. Screening x Intercepts 3 0 4 1
Weighted vs. Equal x Intercepts 1 3 0 0

2 vs. 3 and 4 x Intercepts 0 3 1 2

Residuals 10 12 7 6

Note. Var = Variances, Det = Determinant, Frob = Frobenius.
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Simulation Study 2 on test construction was replicated with all positively keyed items.

Besides that, the simulation design and procedure were identical to the simulations reported

in the main text.

Table S6

Variance in optimization criteria explained in % by algorithm, target, intercepts and block size

in the simulation on test construction with all positively keyed items

Factor Var. Det. Trace Frob.

Algorithm vs. Random 22 3 16 41

Info vs. Mean Loadings 2 0 0 0

Algorithm vs. Means 2 3 5 12

R? vs. Mean Variances 3 0 1 0

Population vs. Screening 3 15 0 3

Weighted vs. Equal ) 0 0 0

2 vs. 3and 4 18 13 22 3

3vs. 4 5 1 3 0

Intercepts 25 9 34 11

Algorithm vs. Random x Population vs. Screening 1 2 0 2
Algorithm vs. Random x 2 vs. 3 and 4 0 2 1 1
Algorithm vs. Means x 2 vs. 3 and 4 0 2 2 2
Population vs. Screening x 2 vs. 3 and 4 0 10 0 2
Info vs. Loadings x Intercepts 0 0 1 2
Population vs. Screening x Intercepts 0 8 0 0

2 vs. 3 and 4 x Intercepts 0 4 1 3

Population x 2 vs. 3 and 4 x Intercepts 0 4 0 0
Residuals 7 8 7 8

Note. Var = Variances, Det = Determinant, Frob = Frobenius.
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Table S9
Variance in trait recovery explained in % by algorithm, target and intercepts in the simulation
on test construction with all positively keyed items for the weighted and equal target

(population test)

Factor r(0,) MAB  RMSE

Algorithm vs. Random
Info vs. Loadings

R? vs. Mean Variances

UL = = = O

4
1
Algorithm vs. Means 1
3
4

Intercepts

Target 38

2 vs. 3 and 4

3vs. 4

Algorithm vs. Random x Intercepts

10

Target x Intercepts
Algorithm vs. Random x 2 vs. 3 and 4
R? vs. Mean Variances x 2 vs. 3 and 4

— W O = N~ OO ==

=N OO O NN O
_ W = = =N O

2 vs. 3 and 4 x Intercepts

Residuals 42 62 61

Note. MAB = Mean Absolute Bias, RMSE = Root Mean Squared Error.

7(0,0) was Fisher Z transformed.

Table S10
Mean sensitivity and specificity by condition in the simulation study on test construction with

all positively keyed items for the screening test

Intercepts Algorithm Sensitivity Specificity

Random  Greedy Variances 0.58 (0.07) 0.96 (0.01)
Greedy Determinant 0.58 (0.07) 0.97 (0.01)
MIP Trace 0.57 (0.07) 0.97 (0.01)
Block R? 0.58 (0.08) 0.96 (0.01)
Mean Variances 0.56 (0.07) 0.96 (0.01)
Mean Loadings 0.56 (0.07) 0.96 (0.01)
Random 052 (0.08) 0.96 (0.01)

Ordered  Greedy Variances 0.59 (0.06) 0.97 (0.01)
Greedy Determinant 0.58 (0.06) 0.97 (0.01)
MIP Trace 0.57 (0.07) 0.97 (0.01)
Block R? 0.59 (0.07) 0.96 (0.01)
Mean Variances 0.55 (0.07) 0.97 (0.01)
Mean Loadings 0.57 (0.07) 0.97 (0.01)
Random 0.55 (0.07) 0.96 (0.01)

Note. MIP = Mixed Integer Programming. Standard deviations are given in parentheses.
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Table S11

17

Variance in sensitivity and specificity explained in % by algorithm, intercepts and block size in

the simulation on test construction with all positively keyed items for the screening test

Factor Sens. Spec.

Algorithm vs. Random 3 0

Block R? vs. Mean Variances 1 0

2 vs. 3and 4 1 2

3vs. 4 1 0

Block R? vs. Mean Variances x 2 vs. 3 and 4 1 0
Algorithm vs. Random x Intercepts 1 0

2 vs. 3 and 4 x Intercepts 1 0

Residuals 89 97

Note. Sens = Sensitivity, Spec = Specificity.
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Figure S6. Trait recovery by algorithm, for a block size of three and the ordered intercepts
and the equal target, in the simulation on test construction with all positively keyed items.

The bulge indicates the density, obtained by kernel density estimation. M = Mean.
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Figure S7. Trait recovery by algorithm, for a block size of two and the ordered intercepts and
the equal target, in the simulation on test construction with all positively keyed items. The

bulge indicates the density, obtained by kernel density estimation. M = Mean.
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Figure §8. Sensitivity and specificity by algorithm, for a block size of three, the ordered
intercepts, and the single target (screening test), in the simulation on test construction with
all positively keyed items. The bulge indicates the density, obtained by kernel density

estimation. M = Mean.
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