A. Supplementary Material

This supplementary material provides the proofs of the main theoretical results and conclu-
sions in Examples Specifically, Section provides the proofs of Propositions 1 and
2, while the identifiability results for the GPDINA model and the Sequential DINA model
are presented in Sections and [A.3] respectively. Additionally, the proofs of the examples

are provided in Section

A.1 Proofs of Propositions 1 and 2

This section deals with the zero g-vectors (@ = 0) in Q-matrix. Our propositions show that,
for both the GPDINA model and the Sequential DINA model, excluding items or categories

whose corresponding g-vectors are all zero does not affect the identifiability results.

Proposition 1. Let A = {j € [J] : q; = 0} denote the set of items whose q-vectors are
zero, then the GPDINA model parameters with Q-matriz are identifiable if and only if the
GPDINA model parameters with Q_a-matriz are identifiable, where Q_aA is obtained by

removing the q-vectors in Q corresponding to the items in A.

Proof. According to Lemma (1} it suffices to show that the GPDINA models with Q-matrix
and Qa-matrix yield the same equation system Tp = Tp. Let T and T’ denote the T-matrix
under the Q-matrix and Q_a-matrix separately, and let A denote the A-coordinates of 7.
Then T’ is a submatrix of T which excludes vectors T, in T with rpo # 0. ie., T =
T U{T, : ra # 0}. We now show that {T, : 7o # 0} does not add additional constraints

to the equation system T'p = T'p. For j € A and | € [H,], recall that 17 = (1,1,...,1),



since ¢; =0 and 1"p=1"p = 1, we have

Tie,p=0/1"p=0/, Tie,p=0-1"p=07,

gl
S0 Tie,;p = Tie, P gives 07, = (9+ for | € [H,]. Therefore, for j € A, parameters 0, are all
identifiable. Furthermore, for any 7 s.t. ra # 0, write r = > .\ rje; + (’r =D jea rjej>,

then T( ) is a vector in T'-matrix, and

=3 ieATi€

T, = (OjeATr]-ej) © T(

]EATJEJ H ]T] ]eArjeJ H ]TJ JEATjej)
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Similarly, we have T, = [] e éjTjT(PZ carses)” Therefore, T,p = T,p is equivalent to
’ J

=

T(T—ZjeA re)P = Toos, Tjej)fo. Therefore, the model with Q-matrix and Qa-matrix

give the same equation system Tp = Tp. O

Proposition 2. Let A* = {(j,1) : q;; = 0} denote the set of categories whose q-vectors are
zero, then the Sequential DINA model parameters with Q-matrixz are identifiable if and only
if the Sequential DINA model parameters with Q_as-matriz are identifiable, where Q_as is

obtained by removing the q-vectors in Q corresponding to the categories in A®.

Proof. Similar to the previous analysis, we can show that ;rl = _jfl for (5,1) € A%, If I =1,

since q;; = 0 and 1"p=1"p =1, we have

1T — BT T 55— 3t17H - 3+
il p=0;1, Te,p= 01

Te,p= P=P0j1

Thus, Te,p = Te,p gives 3], = 3. For [ > 1, since q;; = 0, Tie; = 5, T(_1)e;, and since



T(-1)e;P = T-1)e,P, we have

Tie,p = B Ta-1)e,P = @sz e, D = @sz e, P = Tie, P

Thus, jl = ﬁ So the item parameters in A® are all identifiable. Furthermore, write

Z lej + Z lej |,

(F,h)eAs (4,1 eAs

then T(T*Zu,z)em zej)p = T(T*Z(j,z)em lej>p, and

T, = (O(j»l)EASTlej)OT('I’—Z<]»J)€AS lej) = H 5j+,lT(r— Deas le] H

(4hens (4hens

similarly, we have T, =[] eas éITjT(T_Z(j,l)EAS le;)* Therefore, T,p = T,p gives

T(”—Zu,z)em te;)P = T(T—Z(apwem ’ef)p'

T=3 (i neas lej)’

Therefore, the model with Q-matrix and Qas-matrix give exactly the same equation system

Tp = Tp.

A.2 Identifiability of GPDINA

]

Theorem 1. Conditions C1-C38 are sufficient and necessary for the identifiability of the

parameters of the GPDINA model.

Proof of sufficiency. Suppose the Q-matrix satisfies conditions C1-C3. Using Lemma [I}, we

show that Tp = Tp will give (07,07, p) = (éJr, 0, p). Take one arbitrary non-zero category



from each item, denoted by ¢(j) (1 < ¢(j) < Hj), for j € [J]. We show that QICU) = é;fc(j)
and 85y = 855

Our proof leverages the identifiability results of the binary DINA model. Consider
constructing the following binary DINA model: if we focus on solely the category ¢(j) of
each item j, for j € [J]. If we dichotomize each item j through category c(j), and reframe
the response as binary response I(R; = c(j));es, then the model is reduced to a binary
DINA model. According to the model construction, the Q-matrix for the reduced model is
equivalent to the Q-matrix for the original polytomous model, since every non-zero category
of the same item requires the same attributes. The T-matrix for this reduced model, i.e.,
the marginal probability distribution for the dichotomized response I(R; = ¢(j)), is simply
a submatrix of the original T-matrix. It is made up of the vectors that only involve category

c(y) of item j, i.e., (Tc(j).ej) } and their element-wise products. The parameters for this

JjelJ

J.e(5)?

reduced model are <{9* Qjc(j)} a’ p). So the reduced model is completely a binary
’ jelT

DINA model. Since the Q-matrix for the reduced model satisfies conditions C1-C3, as a

direct result of |Gu and Xu (2019b), Tp = Tp will give p = p, Qxc(j) = éj‘.fc(j), O i) =
éjfc(j), for j € [J]. This holds for any c¢(j) € [H;], thus (9+,9_,f9) = (0",67,p) and we

complete the proof.

Proof of necessity. We prove separately each condition is necessary.

Necessity of condition C1. Suppose the Q-matrix is not complete, and WLOG, assume

that e/ ¢ (q;);_;. Then attributes profiles 0 and e; have the same conditional response

distributions. Therefore, the parameters pg and p., are exchangeable, and thus can not be



identified. Therefore, condition C1 is necessary.

Necessity of condition C2. Suppose the Q-matrix satisfies condition C1, but does not
satisfy condition C2, i.e., there exists some attribute which is only required by at most two
items. WLOG, assume this is the first attribute, and it is the first and second items that

require the first attribute, so the Q-matrix can be written as follows:

We partition a into two groups according to the first attribute:

g ={a:a, =0} ={a=(0,a"), o € {0, 1} 1,

g ={a:a=1}={a=(1,a"), a* c {0, 1} '},
so each group has 251 attribute profiles, and we index the entries in each group by

K-1
g(l] = (07 0)7 gg = (0761)7 cee 799{ = (076K71)7 g?{+1 = (0761 + 62)7 cee 7ggK71 = (07 Z ek) )

1
K—1

g% =(1,0), g% =(1,e1),... ,gk =(l,ex_1), g}(ﬂ =(l,e; +es),... ,g%K,l = (1, ek> ,
1

where ey, ...,ex_1 € {0,1}*~! have K — 1 elements. Therefore, the k-th (k € [2X71]) entry

of g° and g', g% and g; share the same attributes except for the first one ;. Index the



population proportion parameters p in the following way:

pg(l) pg%
Dgo DPqo Pal
p= 7 , Wwhere pgo = 7 and p,i = 7 (27)
Py
pggK—1 pg;K—l

We now seek to construct (9+, 0 ,p) # (67,07, p) such that (12[) holds: take 9; = O;F for
j > 2 and 9; = 0, for j € [J]. We claim that, with a simplified matrix 7T, for Tp = Tp
to hold, it suffices to have Tp = Tp. When the entries in p are indexed according to ,

the T is given as follows:

1 1
07 07

T = ®I, (28)
6, 03

0, 20, 0205
where Z = Zyx-1. We now prove the claim.

e For any r s.t. 7, = ry = 0, T, does not involve 8, 6, 65, and 6,. According to
the construction of the Q-matrix in , the response r does not require aq, so the
response distributions in both groups are the same, i.e., by g0 = Uy g1 for k € [2K71].

T, 9

Since 9; = O;F and 9; = 0 for j > 2, we further have

for k € [2571. (29)

tr.g}



(3)

1
If we denote T,2 as the first half of the vector T,, i.e., the response of group g°,

1
then equation indicates that Tgﬁ) is also the response of group g!. Moreover,

Tﬁﬁ) = T,(%) and
T, = (T} T@) —T(z )=T(Z T)="T..
Therefore, equations (I I> p= (I I> p in 1) gives
Tp=T3 (T T)p= T,,%)<I I)p —T,p.

e For any r s.t. 1 # 0,7, = 0, write 7 = 7161 + (r — 1r1€1), then T, = T(_; ;)0 Tre),

and the response (r — rie;) belongs to the case we analyzed previously. Therefore,

~(3) ()
T(ifﬁeﬂ - T(rzfrlel) and
T —12  (zz)=T1T? (zZ)=T
(r_rlel) - (7’—7‘161) - (7‘—7“161) - (’I"—’I“161)’

which gives

Trﬁ = (T(r—rlel) © Tr1e1> p

Il
el

—
3
:
0
Q

=

= TET‘E)—Tlel) ((I I) © T7"161> 13
_ T(%) n— T Q_Jr T
— T (r—-rie1) 1,r1 1,r1 p

Therefore, (91_ I 0 ® I)f) = (9; RT 0 ® I)p in equation guarantees



that for Vry € [Hy],

(9 z 9;11)@: (emz efrlz)

1,71

Therefore,

(3)
)p: T(12'—r1e1 <91 7‘11- 91+7‘1 )p: T.p.

T = (3)
T"’p = T("' Tlel (91 7’11 efrl

e Similarly, for any r s.t. r; = 0,7y # 0, (9; @I 9; ®I>1‘7 = (02_ QI 65 ®I>p

with @, = 0, guarantees that T,p = T,p.

e Similarly, for any 7 s.t. 7y # 0,79 # 0, <é; ©0, 9T 6, 286, ®I> (9 ®0; ®

T 6/ ®6;] ®I>p guarantees T,.p = T,.p.

Next we construct (éf, 9;, 0,,p) st. Tp=Tp holds. Let Dyt = P Dgo, Pgo = U Pyo,

and p,i = v - pgo. Then Tp = Tp can be simplified to



ie.,

Then it suffices to have

p

IL+p=u+v;

Let some x € (0,1) s.t

i~ - o+ gt
\617516%2 + p91,1192,l2 -

, and

ngo + pngo = Ungo + UI]T)QO;

i gt +
011, + 007, = uby, + 00, ,

- ot — 0 +
02,[2 + p92712 - ueQ,lQ + 1}92712’

G_illli)go + péilllﬁgo = Ueilll-]_)go + ’U&illzﬁgo, ll c [Hl];

9_2_71211590 + pézbngo = U0£ZZI]390 + U@szﬁgo, l2 € [Hg];

ll € [H1]7

lQ € [HQ];

= /<;1271 ' for ll < [Hl], 12 S [H2]7

éi11§£121ﬁgo + pé{lléibngo = ufy 05, TPy + w0}, 03, Py, L € [Hi], Iy € [H,].

(30)

(31)



then equations are reduced to the following four equations:

(

Il+p=u+wv;
éil + péi":l - ueil + Ugil;

021 + p03, = uby, + vb3;

\é;léfgl + p0f 103, = uby 05, + 0,07,

There are five parameters (p, u, v, éfl, é{ 1) with four constraints, so there are infinite many
solutions. Consequently, parameters (8,0, p) are not identifiable and condition C2 is

indeed necessary.

Necessity of condition C3. Suppose the Q-matrix satisfies conditions C1 and C2, but

does not satisfy condition C3. WLOG, we may write Q as

Q= ,WhereQ*:('vvff)-
Q*

JxK

We partition a into four groups according to the first and the second attributes:

g” ={a:a;,=0,a, =0} = {a=(0,0,a"), a* € {0, 1} %},
g’ = {a:ap =100 =0} ={a=(1,0,a"), a* € {0, 1}K_2},
d'={a:a; =0, =1} ={a=(0,1,a"), a* € {0, 1}K’2},

gt = {a:ag=1a=1}={a=(1,1,a"), a* € {0, 1}K_2}.



2K72

So each group has attribute profiles. Index the entries in each group through the

following: in group g%,
g(1)0 — (07 0’ O), ggo — (07 0’ el)) L. ’g%o = (0’ 0’ eK—2)7 g(l)?—l-l = (0, 0, € + eQ)a e 793%72 = (03 07 Zf:_f ek) 3

where ey, ...,ex_» € {0,1}¥72 have K — 2 elements. Similarly we index the elements in

g'%, g%, g', so that g0 gi% g%! and g;i! for k € [2K72] share the same attributes except
for the first and second attributes. Index the population proportion parameters p in the

following way:

Pgoo Pgf° DPgio Pgt1 Pg}t

Pgro Pgg0 DPgjo Pggt Pg}?
p= , where pgoo = ; Pgto = , Pgor = ; Dgn =

DPgor

Dgn pgg(;(—2 pg;(;{—2 pggk_z pg;}(—z

Next, we seek to construct (é+,9_,15) # (07,07, p) such that (IEI) holds: take éj = 0

J

for all j, 8, = @5 for j > 2, and let p,u = pyu. If we let g='' = {g”, g'%, g”'} denote
the union of the other three groups, and denote its corresponding population proportion

parameters as
pgoo

pg—u = pglo s

Dgor



then using a similar strategy we can show that if Tp,-1. = Tﬁg_u holds, we have Tp = Tp,

where T is given as follows:

1 1 1
07 07 07

T = ®Z, (32)
05 05 03

0, ®0, 67 ®6, 67 @67

with Z = Zyx-» being the identity matrix of dimension (K — 2) x (K — 2). We now prove

the claim.

e For any 7 s.t. r; = r; = 0, T, does not involve 8], 8,7, 65, 6,. According to the
construction of the Q-matrix, item 2,...,J either require both «; and as or require

neither, therefore the response distribution in groups g%, g'°, g are the same, i.e.,

tp,goo =ty gio =t gon for k € [2K-2]. Since 9; =076, =0, for j > 2, we further
have
tr,ggo = thgllco = Zf,,7921 = fhgoo = Eﬂgio = tirjgzl, and tr7g]1€1 = Z,,,ygllcl for k€ [2K72].

(33)
1
Let Tsf‘) be the first quartile of the vector T,., and T, be the last quartile of the vector
1
T,, then T'4) is the response of group g°° and T is the response of group g'!. Then

1
equation (33) indicates that T4+ is also the response of group g'° and g°. ILe., we



have

T = [[ P(Ri=71Q.6%0 a=¢")= [[ P(Ri=r;1Q.67.0a=g")

Jiri#0 Jrj#0
= I P(R=r1Q0"6 .a=g").
jir; #0
Ti_ = H P(-R] =T | Q’0+a0_aa:gll)'
jir; #0

Then equation also indicates that T'*) = T+ and T = T;}. Thus,

T, = (Tﬁﬁ) ) T )= (T (T T 1) TH) = (TW(TTT)T;).

combining (Z Z Z|p,-u =(Z I Z)p,-1: in (32) and p11 = p_11 gives
g 9 9 g

= Tgﬁ) (I A I)pg—u —|—T:—pg11

= Trp~

e For any r s.t. 1 # 0,7y = 0, write 7 = 7161 + (r — 7r1€1), then T, = T(_; ;)0 Tre,.

If we split the vector T, ., via the third quartile, i.e.,

3
Trle1 = (Tg“f; T+ ) ) (34>

riei

3
where Tﬁf; is the first three-fourths of the vector and T}, is the last fourth part of



3
the vector. Then we know that Tf{%l is the response of group g~!' and T}, is the

response of group g'!, i.e.,

3
T7(°f21 =P (Rl =n | Q,0+,0_,Of - g_ll) ’
Tv—:el =P (Rl =T | Q70+70_7a - gll) .
Since item 1 only requires o, the entries of T} are positive, and since 07 = éf, we

have T, = T, _ . Furthermore, response (r — r;e;) belongs to the case we analyzed

riey ri€er’

previously, therefore, we have

— 7(l) _
Tirrien) = (T(;f_hel) (I I 1I) T(t_mel)> (35)
_ () +
— (T (T T T) T 0y ) (36)

Hence,

Trl_? == (T(rfrlel) o TT‘161) p
= T(r—rle1) (TT161 © p)
B (D) I T 5
B (1 (ZZTI) T,.,) Theob)

(r—rie1)

+ o —
(r—rie1) (ZTZI7I) T(Tfr1e1)> © T7”1€1> b
()

(LI T)oT T}, . 0T, ) P
1,r 1,r1 1,r (r—rie1)

1 ~ - - _
=T o (0T 0T 00, T) By + T © T Py

1,m1 1,m 1,r (r—rier)

1 _ _ _
=T e (00T 0L T 00, T) Byt + Ty © TPy



Then (él‘ ®Z 0, T 0, ®I>pg,u = (9; QI 07®I 607 ®I>pg,11 in equation
guarantees that for Vry € [Hy],

(0T 0.T 0,T)pp0 = (65,T 61,7 65,T)pyn

1,m 1,

Therefore, T,p = T,.p.

e Similarly, for any = s.t. r; = 0,79 # 0, (9; L 0,3T 9; ®I>]_?g—11 =

<0§ R 6, T 6F ®I>pgfn gives T,p = T,p.

e Similarly, for any = s.t. r; # 0, ry # 0, to ensure T,.p = T,.p, it suffices to have

(é{@éQ@I 6,20, 0, ®0§®I>@g_u=<9;®0;®1 0720, 2T 0;@05@1);99_11.

Now we construct (67,0, ,Dgoo; Dgro, Pgor) that satisfies Tp = Tp as follows: let Dgio =

P1 'pgoo, pgm = P2 'pgoo, ﬁgoo =Uu- pgoo, ﬁgm = 'pgoo and ﬁgm =w- pgoo- Then Tﬁ = Tp
can be simplified to
U - Pgoo 1- Dgoo

T U+ Pgoo =T P1 - Pgoo |

w - pgoo P2 pgoo



i.e., for [y € [Hy], 1y € [Hy,

Then it suffices to have

(

- - 0+ - 0— o+
KU91,1192,12 + U01,1192,12 + wel,l1‘92,l2

utvtw=1+p1+py;
ullyy, + 005y, +wly, =00, + by, + paby;

ué;lZ + v@ib + wégfb = 0y,, + P10, + p203,,;

Let some k € (0,1) s.t.

91,11
011,

+
91,11

0+
011,

1,1
014

+
011

)

O+
91 1

, and

92,[2
02712

+
92,12

0+
031,

= 91,1192,12

Ungoo + Ungoo + wngoo = ngoo + p1ngoo + ,OQngoo;

2,1

04

)

+
021

)

0+
92 1

Uél_,hngOO + Uéilll.pgoo + wgilll—pgoo = eilll—pgoo + p19Ihngoo + pgeillngoo;

Uéilzngoo + ’Ué;hl'pgoo + we_;flzl'pgoo = QEJZIPQOO + 01€£121p900 + pgezlzngoo;

+ 107,05y, + P07, 05,

for 1y € [Hy], I € [Hs),

\“éilléilzlpgoo + 001,05, Ipgoo + w03, Ipgoo = 071,05, Ipgoo + pr07, 051, IPgoo + oy}, 03, TPgoo.

(38)



then equations are now reduced to

;

u+v+w=1+p; + p;
011 + véffl + wégl = 01, + p107, + p2b7
uégl + vé;l + wégl =05, + 105 + pa033;

U9i1§2_,1 + Uéiléil + wéf’lé;l =010, + 019f192_,1 + 0291_,19;,1-

\

The above equation system contains (u, v, w, éi 1 6’; 1) five parameters with four constraints,
which gives infinitely many solutions. Thus the model parameters are not identifiable and

condition C3 is necessary. O

A.3 Identifiability of Sequential DINA model

Theorem 2. The Sequential DINA model parameters are identifiable if the Q' matriz sat-

1sfies the following conditions S1-5S3.

Condition S1. Q'-matriz is complete, i.e., under some permutation, Qi = Lx.
Condition S2. Fach of the K attributes is required by at least three items’ first categories.
Condition S3. Suppose Qi = Lk, then any two different columns of Q. ., are distinct.

Proof. We begin by showing that when Q! meets the conditions S1-S3, T*p = T*p gives

p = p and _;fl = B 5;1 = f;,, for j € [J]. As discussed in Section the parameters

J,1 J

(p7 (5;1)je[J]a (5;1)jem) can be interpreted as parameters in the reduced binary DINA

model. In this model, the binary item takes the form /(item j > 1), and the corresponding g-

vectors are (q;1);e[s, which indicates the attributes required to complete the first categories.



Moreover, Q! is the Q-matrix for this reduced DINA model, so the item parameters only
involve (ﬁ;fl) jels (B;1)jeln- Since the Q-matrix for this reduced binary DINA model satisfies
conditions S1-S3, according to the sufficient condition for the binary DINA model in |Gu
and Xu| (2019b), parameters p, (5)jern, (B;1)jers are identified, ie., p = p and g} =
B, =B, for j e [J].
Next we identify B;FJ, B, for I > 1, by induction. Suppose categories h (h < 1) of item
7 have been identified, i.e.,

55 = B By =065, forh <l (39)

For each item j, we will use two rows of the T*-matrix in T*p = T*p to infer that 7;3 = ;.“l
and Bj_z = 5;1. For item j, its category [ requires some attribute, and WLOG, suppose this

is ;. There are two possible cases.

Case 1:  category [ of item j requires solely oy, i.e., q;; = e/ . According to condition S2,
there exists some other item j’ whose first category requires ay. So the Q-matrix takes the

following form:




In this case, &j/1,a < {1, for all a, consider vectors

- P(-R] Z l | Q716+7/8_)7

TS

lej+e /

= P(R;>1,R; >1[Q,87,87).

. . . . S _ 78
According to the assumption in equation 1 , we have t(l_l)%a =t 1)e; 0
+ 4s . _ + s _
s ﬂj,l t(l—l)ej,a’ gj,l,a =1 — t(l 1ej,a’ gjla -
lej,a - ) lej,a -
— 45 ) _ R— 4S8 . _
53‘,1 t(l—l)ej,a’ §J,l,a =0 ﬁj,l t(l—l)ej,a’ fjvl,a =0
Since (), = B, 1, B, = B, we have
+ 4s — Tt 7s .
s 37,1 tlej,w Sj’,l,a =1 - 3,1 tlej,a 5]’,141
tlej_’_ejha - ) t18j+€j/,a =
— s o — 15
5]”,1 lej,a Sj’,l,a =0 Bj’,l tlej,om gj’,l,a

Since Tsp = Tép for r = le; and r = le; + e, p = p, we have

Bj_’,l(r‘_[‘?ej - Tlsej)p =0
(_fej—i-ej/ - Tfej—f—ej/ )p = O

= [(B_;,IT?EJ' - Tlej-i-e /) (6 i/ 1 - Ti@j-i-e]-/)]p = 0

. Therefore,
1
(41)
=1
(42)
=0



Using equations 1 , we have (8, | — 67 ) Z (tle; .0 — tie; ) Pa = 0. According to
o éj’,l,a:l

the constructed Q-matrix (40), &1, = 1 must imply ;o = 1. Therefore,
e ;71)( j+,l - ]Jrl) Z (-1ej.a Pa = 0,
&g a1

from which we conclude that 8+ = 5F

j?l - j?l'
Next consider Tfej: with ;{l = ;{l, equation (41) can be written as
+ 4s — +ys . =
s /Bj,l t(lfl)ej,a’ Sjvlva - 1 s ],l t(l*l)Qj,C!’ §J7laa - 1
lej,a = ) lej,a = (43>
— 48 _ R— 48 . _
5j,l t(z—l)ej,aa gj,l,a =0 Bj,l t(l—l)ej,a’ gj,l,a =0

With Tfejp = Tfej p, P = p and equation , we have
(7296]- - T?ej>p - O

=B =65 Y ti-neyaPa=0

a:§j1,a=0

=0, =5,

Case 2: category [ of item j requires some other attribute. WLOG, assume that this is
the second attribute ay. Then according to condition S1, oy or as is required solely by some

other item’s first category. WLOG, assume that it is «y, and it is item j’s (5 # j) first



category that requires ay, i.e., q;;1 = €] . So the Q-matrix can be written as follows:

item 3, category l 1 1 v’
Q=
item j' category 1 1 0 0
In this case, £j1q < &j.1,o for all a. Consider vectors
lsej = P<RJ >1 | Q7/3+7/6_)7
feﬁ-ej/ = P<RJ = laRj’ > 1 | Q’/B+’187)'

According to assumption 1) we have tf,_,),. = 7@71)6],70‘. Therefore,

T s =1 3t s —
s . 5],1 t(l—l)ej,a’ fjrlva s . /Bj,l t(l—l)ej,on gjvlaa
lej,a — ) lej,a -
— 48 ) _ R— 48 )
6j7l t(l—l)ej,ou gg,l,a =0 Bj,l t(l—l)ej7a7 5]7170&
. _+ _ + ~— _ —
Since 3}, = B 1, By, = B4, we have
+ s _ + s . _
s 5,1 tlej,on gj’,l,a =1 - /.1 tlej,a 5]’,1701 -
lej+eja = ) lej+e;,a -

1

=0

5‘7771 tlsej7a7 gj’,l,a = 0 /8‘]_/71 ?ej,ou 5]",170( =

(44)

(45)

(46)



Since T¢p = Tip holds for r = le; and r = le; + e, and p = p,

;/_71(Tlsej' - Tfe])p = O
(Tfej—i-ej/ - T?ej—i-ej/ )p - O

= (81 Tie; = Tieyve,) = (81 Tie; — Tie, ve,, )P = 0.

lejJre]-/ lejJre]-/

Using equations 1 , we have (8, | — 65 ;) Z (tle; .0 — tie; ) Pa = 0. According to

a:ﬁjlyl,azo

the constructed Q-matrix (44)), &1, = 0 must imply &;;o = 0. Therefore, using equation

, we have

a:§j/71’a:0

which we conclude that ﬂ_]_ ; = B;;- Next consider Tfej: with B]_l = [, equation can be

J

written as

+ _ R+ _
ﬁj,l tfl—l)ej,aa fj,l,a =1 , 3, tfl—l)ej,w fj,l,oc =1
tlej,a = ) tlej,a - . (49)

5;[ t?l*l)e]’,a’ gjvlva = 0 6;1 tfl*l)Gj,Q’ gjalva = O

Using Tfeji) = Tfej p and p = p, and equation , we have

(_?ej - Tlsej)p = O

(B =82 D tineaPa=0

o éjyl’azl

a+ _ pt
=P = P



Therefore, for both cases, B;',Lz and f;; are identified. By induction, we conclude that all

parameters (37,37, p) are identifiable and conditions S1-S3 are sufficient. ]

Proposition 4 (Necessity of Conditions S2* and S3*). The Sequential DINA model param-
eters are identifiable only if the Q-matrix satisfies the following conditions S2° and S3*.
Condition S2* FEach of the K attributes is required by at least three categories (not nec-
essarily the first categories), and the three categories must come from at least two different
1tems.

Condition S3* Suppose Q-matriz satisfies S1, i.e., Qi.x = Lk, and any two different

columns of the following matriz (which removes the identity matriz of Ql.; from Q)

-1
Ql:K

QK+1:J

are distinct, where Q.- denotes the remaining submatriz of Qi.x after removing Q! .

Proof.  We have shown the necessity of condition S1 in Proposition [3, so we may assume

that the Q-matrix satisfies condition S1.

Necessity of Condition S2*.  Suppose the Q! matrix satisfies condition S1, but does
not satisfy condition S2*. We first show that each attribute must be required by more than
one item. Suppose there exists some attribute that is only required by one item. WLOG,

assume this is attribute one 4, and is only required by the first item. So the Q-matrix can



be written as

Q= * ok . (50)

tem 2:0) (o )

We partition a into two groups according to the first attribute:

g ={a:a, =0} ={a=(0,a"), a* € {0, 1} 1,

g ={a:a=1}={a=(1,a"), a* {0, 1} '}
So each group has 2K~! attribute profiles, and we index the entries in each group by

K-1
g(1] = (07 0)7 Qg = (0761)7 s 799{ = (07 eK71>7 g?{+1 = (0761 + 62)7 s 7ggK*1 = (07 Z ek) )
1
K-1
g =(1,0), g3 =(1,e1),...,95x = (L, ex_1), grs1 = (L, €1+ €3),...,gox—1 = (1, ek> ,
where ey, ...,ex 1 € {0,1}*7! have K — 1 elements. Therefore, the k-th (k € [257!]) entry

of g" and g': g} and g;, share the same attributes except for the first one ;. Index the

population proportion parameters p in the following way:

Pg} Pg}
DPgo Pg) DPg}
p= ,  where pgo = and pg, =
Dy
pggK—1 pg;K—l



H; _ _ _ H; _ .
Recall that 3} = ( BB, - T ;l), B = (53.,1, B:1Bia - T Bj,l>, for j €

[J]. Ttem parameters 3% = (3/,85,...,87) and B~ = (8;,85,...,87). We now seek to

construct (87,87, p) # (87,87, p) such that (12) holds:

1. Take B8] = B;r, B; = B; for j > 1.
2. B;l - Bil - 07 Bill = 5;%1’ Bill = Bill for ll > 1.
3. Pgi =P Pgo, Pgo = U Pgo, and pg1 = v - Pgo.

According to Lemma , in order for equation to hold, it suffices to show that T,p = T,p

holds for Vr.

o Forany rs.t. ri =0,t, g0 =1, p fork € [2571]. Since B) = ,B;r, B, = B]_ for j > 1,

trg) = lp gt =1lp g0 =1, g1 for k € [25=1]) to ensure T,p = T,p, it suffices to have

r, g9

l+p=u+w.

e For any 7 s.t. 7 = 1, since 87, = 0, t = 0, it suffices to have pf; = vBf; to

r,g99

guarantee T,p = T,.p.

e For any rs.t. 71 > 1, since 8;; = 0 and Bffll = Bill, Bl_’ll =Py, forly > 1, T,p=T,p

holds without additional conditions.

With three parameters (u,v, Bf ) and two constraints, the equation system has infinitely
many solutions. Thus the construction exists. Therefore, each attribute must be required
by more than one item.

Now suppose the Q-matrix satisfies condition S1 and each attribute is required by at
least two items, and suppose that there exists some attribute which is required by at most

two categories. WLOG, assume this is oy, and it is the first and second items that require



ay. Assume that category 5 € [Hs] of item 2 requires a; and other categories of item 2 do

not require. So the Q can be written as

1 of
item 1
0 *
,,,,,,,,,,,,,,,,,, R
0 =x
Q= (51)
item 2 1 of
0 =
item 3:J 0 =

We now seek to construct (B+, B ,p) # (87,87, p) such that T,p = T,p holds for Vr.
1. Take B = B;, B; = B; for j > 2.
2. For [} > 1, Bl—,ll = 0y, and Bffll = ﬂffll.
3. For ly # 15, 5;12 = B3, for Iy € [Hy], 5_512 = By,
4. Pg1 = P Pgo, Pgo = U Pgo, and Py = U - Pgo.

So the remaining parameters are (ﬁffl,ﬁil,ﬁ;fl;,p,u,v). We partition a¢ into two groups

according to the first attribute as we did before.

e For any v s.t. 1 =0,r2 <3, 1, go =4t, g1 fork € [2K-1]. Since ﬂ;“ = Bj) B; = B;
for j > 1,t, g0 =tp g1 =t, g0 =1, g1 fork € [25-1]. To ensure T,p = T,.p, it suffices

to have 1 + p = u +v.



e For any r s.t. r; = 0,7y =[5, it suffices to have Bz_l; + pB;l; = Uﬂz_l; + vﬁjlg. When
this is met, for any = s.t. r; = 0, vy > I3, T,p = T,.p also holds, since for Iy > [},

3+ _ gt - _ p-
ﬁ?,lg - BQ,ZQ’ ﬁ?,lg - /82,l2'

e For any r s.t. r =1, ry = 0, it suffices to have ,5’{1 +,051Jf1 = uf, +vﬁf1 to guarantee
T,p = T,p. When this is met, for any r s.t. 1 > 1, r, = 0, T,.p = T,.p also holds.

Since for [} > 1, Blih = B, and Blfh = ﬁffll.
e For any r s.t. r; # 0 and ry # 0, we need Bilﬁil; + pBﬁBZZS = uB 1By + vﬁflﬂ;fl;.

With six parameters and four constraints, the equation system has infinitely many solutions.
Thus the construction exists. Thus the parameters are not identifiable and the condition

S2* is necessary.

Necessity of Condition S3*. Suppose Q-matrix satisfies condition S1 and S2*, but does

not satisfy condition S3*, i.e., there exists two columns of the matrix



are the same, and WLOG, assume they are columns 1 and 2. Since Q satisfies S1, Ql ;- = Ty,

so the Q-matrix can be written as

1 0
item 1
Q| [_________ kfil, ,v,l,,, 1
Q=] qQ, | = 0 1
***** item 2
QS:J Vo Vo
7777777777 \ —_— o — — — — ]
item (3:J) {’u v

We partition « into four groups according to the first and the second attribute:

g” ={a:a;=0,00 =0} = {a=(0,0,a"), a* € {0,1}*7%},
g’={a:a;=1,00=0} = {a=(1,0,a"), a* € {0,1}*7?},
d'={a:a;, =0, =1} ={a=(0,1,a"), a* € {0, 1}K’2},

g'={a:ai=1a=1}={a=(1,1,a), o € {0,1}*2}.
So each group has 252 attribute profiles, and we index the entries in each group by

gt = (0,0,0), g% = (0,0,e1), ... g% = (0,0, ex2), g, = (0,0,€1 + €2),.... g% = (0,0, 15 ex)

where ey, ...,ex_» € {0,1}%72 have K — 2 elements. Similarly we index the elements of

10 11 Therefore, g2, g;°, g and g;' for k € [2572] share the same attributes

g% g", g

except for the first and second attributes. Index the population proportion parameters p in



the following way:

pgoo pg(lm pg{o pg(l)l pg%1
Dgio DgQo Pgio Pgyt Dgit
p= , where p_oo = , Pgio = , Pgor = and p,11 =
g g g g
pgm
00
Pgn ngKLZ pg§%72 pgg}@z pgékfz

We now seek to construct (B+, B ,p) # (BT,B,p) such that T,p = T,.p holds for Vr.
f_ At A — A foar
1. Take B; = B;, B; =B, for j > 2.
2. For Iy > 1, B, = By, and B, = B,; B = B
3. For Iy > 1, BIZQ = ﬁ;fb and B;b = ﬁih; 3;1 = ﬁ;l

4. pgll = pg“? pgoo = plpg117 pglo = pngll? p901 = p3pg117

]_7900 = U1pg11, I_)glo = U2p911 and 1_9901 = U3p911.

So the remaining parameters are (5], 851, U1, U2, U3).

e For any r s.t. ry = 0,75 = 0, the response does not require a; and s, so by g0 =

by gio =t g1 =t, gun for k € [2572]. Since B :Bj, B; = BJ_ for 7 > 1,

rvgk; Tagk T7gk

r.gld = lr gl = lp gt = lp gt =1y g0

r,glo = tT7921 = trhgllcl, for k € [2K72].

[=}
o
Il
4~

t

To ensure T,p = T,p, it suffices to have p1+ p2 + p3 = up + us + us.

e For any r s.t. ry = 1,7y = 0, it suffices to have p;8;; + pgﬂffl + p3fi1 + Bil =

ulﬁil + uQBffl + U3Bil + Bfl to ensure T,p = T,p. Since 6{1 = Bf:l, it suffices to




have p1 5y, + pgﬁil +p3fBi, = ulﬂ_il + uzﬁfil + u;),BiI. When this is met, for any r s.t.

ry > 1,7, =0, T,p=T,p also holds, since for ; > 1, Bl_,ll = py,, and Bfﬁll = Bill.

e For any r s.t. r = 0, rp, = 1, it suffices to have p1585; + p2f5; + p;;ﬁil + B;l =
UIBQ_J + UQBQ_J + U3B§f1 + B;l to ensure T,p = T,p. Since 6;1 = B;fl, it suffices to
have p1 551 + p2s1 + psfay = u1Bay + uzfs +usBs,. When this is met, for any 7 s.t.

1 =0,79>1, T,p=T,p also holds, since for I, > 1, B;h = 0,,, and B;flz = ﬁ;fb.
e For any r s.t. r; # 0 and ry # 0, we also need p1 3,05, + pgﬁflﬁil + P351_,15Z1 =
ulBilBil + uQBilBil + U3B17,15;1~

With five parameters and four constraints, the equation system has infinitely many solutions,
thus the construction exists. So the model parameters are not identifiable and condition S3*

is necessary.

A.4 Proofs of Examples

Our proofs utilize certain results from existing literature, which we have summarized as

lemmas below.

Lemma 3. When K = 1, the parameters of the binary DINA model with the following

Q-matrixz are identifiable.



This lemma is a direct result from Theorem 1 in |Gu and Xu, (2019b)).

Lemma 4. Given that the item parameters are known(identified), i.e., only the population
proportion parameters p need to be identified, and if the Q-matriz contains an identity ma-

triz, then the binary DINA model is identifiable.

This lemma is a result from Theorem 1 in Xu and Zhang| (2016).

A.4.1 Proof of Example

Assuming that 0 < 3, < j+,l < 1, the Sequential DINA model parameters with the following

Q-matrix are identifiable:

1 1
item1
0 1 1 1
item?2 1 11
- 11
Q= | item3 1 |and Q' = }------ . (53)
******************* 10
itemd<1 ol |
itemb 0 10
1temb 0

Proof. If we consider the first categories of the first three items, whose Q-matrix can be



written as

and we regard (1,1) together as “one attribute”, then the above Q-matrix can be viewed
as the Q-matrix for the binary DINA model with only one attribute (1,1). Using Lemma

and the equations Tép = T:p with r = e;, j € [3] and their sums, we have pu1) = pa),

;-fl = _]7,L1 and §;; = BJ_ , for j € [3]. Similarly if we consider the first categories of the last
three items, we obtain p(i0y + pa1) = Do) + Py and 6;-’“1 = Bﬁl, Bi1= Bj_l for j € {4,5,6}.

Therefore, po) = Pao). Next we identify ﬂff 2 812, P(00), Po1): consider equations Tp =

T;p with 7 € {2e1, ey, es} and their sums. With pa1) = Py, Pao) = Paoy and B, = B,

B = Bj_l for j € {1,2,4}, these equations give

s

0 1 0 0 0 1 0 0 D(00)
0 0 0 1 0 0 0 1 D(10)
51_,1 ﬁ1_,1 51_,1 ﬁf—l 51_1 /3}1_1 Bl_,l 5?:1 P(o1)

BrabPra BrabPra ﬁflﬁfa Bil/ﬁiQ 5f15i2 517,1517.,2 ﬁflﬁfﬂ ﬂfﬁﬁfz Pay)
BoaBry  BaaBra BB BaBly BB BaiBfra BB BB —P(o0)
547,1517,1 /))11517,1 5;15;1 leﬂil 541611 51,1517,1 647,1517,1 BLBT,; *2’7(10)
BoaBiabra BaiBriBra BoaBiaBis BIiBBT BoaBiiBra BanBraBia BaiBiiBla BB | | Py
54_,151_,151_,2 leﬁl_,lﬁl_z 54_,151_,16?:2 52:153:153:2 ﬁ4_,151—,161_,2 52:161_7151_,2 54_,151_,13& ﬁLBEB& —17(11)

if we abbreviate

D = (Do) Paoy Po1y Paiy — Dooy — Paoy — Po1) — Dar) —ﬁ(ll))T, (54)



then

00 0 1 0 0 0 1

00 »‘5)17,1(,3{2 — Bia) “Sﬁl(‘ﬁi2 — Bra) Bfl(éfz — Bra) Bra(Bra — Bra) ﬂil(ﬁi‘z — Bria) ﬁfl(ﬁiz — Bra)

00 egilegil(eSIQ — Bra) BZIBII(b)IZ ) 55,1551@{2 — Bra) ﬁilﬂfl(ﬁ[z — Bra) 5515i1(5f2 ) ﬂ;lﬂfrl(ﬁfrz — Bra)

p=0,

00 [3471/3171([3?2 - Biz) ﬂLﬂlJrl(ﬂfrz - 6f2) ﬁ;n’fﬁ(»@iz - ﬂfz) ‘*‘911,817‘1(917,2 - ﬁfz) 647,1317,1(31+,2 - ﬁfz) ﬂzlﬂil(ﬁiz - ﬁfz)
thus

00 BrBly—0Ba) 0 Bii(Bia—Bra) Bra(Bia— Bra) Bra(Bly — Bra) BBy — Bis)
0 0 BoaBia(Bia—Bra) 0 BoaBra(Bia—Bra) BaaBia(Bra— Bia) BaaBia(Bia — Bra) BB (BT, — B [P =0

0 0 BiaBra(Bia—Bia) 0 BiaBia(Bia—Bra) BiBia(Bra—Bia) Biabia(Bia — Bia) BB (B, — B)

(55)

which gives (85, — 851)871 (81, — Bf) = 0, so we have B{, = 3f,. Taking this back to (55),

we have

[0 0 (Ba—8rn) 0 (Biy— i) (Bra— Bia) (B —Bra) 0 _
51,1 p=0,

0 0 Bi1(Biy—Br2) 0 Bii(Biy—Bia) Bii(Bio—Bia) Bia(Bfy—Pia) O

which gives

/81_71 (0 0000 (51,1_54_,1)(51_,2_51_,2) 0 O)T):O'

Assuming 8y ; > 0, we have Bl_Q = fi,. Taking this back to , we have

(O 0 (53—2_51_2) 000 (5?2—51_2) 0)13:0-

Thus po1) = D1y, and also poy = P(ooy- Therefore, the parameters of the Sequential DINA

model with the above Q-matrix are identifiable. O



A.4.2 Proof of Example

The Sequential DINA model parameters with the following Q-matrix are not identifiable:

item 141 0
item 2 0 1 10
”””””””””” ) 01
Q=|item3 0 1 and Q' = [------ .
,,,,,,,,,,,,,,,,,,,, 01
1 1 1 1
item 4
1 0

Proof. Let Bﬂ = Bilv 3;1 = 5;1 5;1 = ﬁ;b BIQ = 5:,2, 62_1 = 52_,1> 63_1 = 53_,17 64_,1 =
By1 = 0. Since 8, = 0, B, is not defined (or equals 0). Then Tp = Tp holds if and only

if the following equations hold:

P(ooy + Paoy + P(o1) + Pa1) = Poo) T Paro) + Po1) + Pa1);
D(o1) + Pary = P1) + Pau;
Bl_,l [D(ooy + Do) + ﬁfl [Paoy + Pan] = Brilpooy + pon)] + ﬁfl [Pao) + panl;

51_,152_,1]5(00) + 5515;1]5(01) + 5;52_,1]5(10) + 5?,153,1]%1) = B1185.1P00) + 51_,1/5;,117(01) + ﬁfﬁﬁz_@p(lo) + ﬁflﬂgﬁp(u);

leﬁ(ll) = /34+,1p(11).

There are five equations with six parameters (p(oo), P(10); P(01)s P(11)5 B1.15 511), thus there are

infinitely many solutions and the parameters are not identifiable. O



A.4.3 Proof of Example 9

The Sequential DINA model parameters with the following Q-matrix are not identifiable:

item 141 0
item 2 0 1 10
”””””””””” 01
Q= 1 1| and Q' =1|--- :
item 3 1 1
I G 11
item 4 {1 1

Proof. Let 7;, = 5;1 for all j and | € [H}], 54_,1 = Bi1s 63_1 = B3, = 0, and pa1) = pa)-
Since B3, = 0, B3, is not defined (or equals 0). Then Tp = Tp holds if and only if the

following equations hold:

P(oo) + Paao) + D(o1) = Poo) + P(10) T Po1);
Bia B0y + Doov] + Bt [Pao) + pav] = Bialpeo) + pov] + Bialpao) + pau);

B{,l [P(ooy + Paoy] + ﬁ;fl [Py + pan] = BaalPooy + Pao)] + [7);,1 [Py + ranl;

B BaaBoo) + BraBaaboy) + B Baabao) + BiaBsipan = BiaBripoo) + BiaBiipon + BiaBaipao) + BiBaipay).-

There are four equations with five parameters (p(o), P(10); P(01), B1.1, B2.1), thus there are in-

finitely many solutions and the parameters are not identifiable. O]



A.4.4 Proof of Example

The Sequential DINA model parameters with the following Q-matrix are identifiable:

.
1 0
item 1
0 1
,,,,,,,,,,,, \
1 0
item 2 10
0 1 1 0
Q= |- Yoo and Q1 = }------ . (57)
0 1 01
item3< | |
01
1 0
,,,,,,,,,,,, \
(
0 1
item 4
1 0
\

Proof. Consider equations Tsp = Tp with r € {ey, 2e;, es, e,} and their sums. Using a

similar calculation, these equations give

0f  PralBra=Bro)Bsn =Bl Bla(Bra—Bro) By = Bi)  Bua(Bia = Bro)(Biy = Bi)  Bli(Bis = Bra)(Biy — B3y) 50
OI éfl(B;Z - 5172)(5371 - 3?1)5471 B]Jrl(gﬁ - 6172)(3371 - 6;1)5471 3171 (BlJrz - 3172)(3;1 - /3;1)3}1 B]Jrl (BlJrz - 3172)(8;1 - 3;1)523

(58)

where 04 denotes all-zero vectors of dimension four and p is . Thus,

<0;r Bfl (BL o ﬂf2>(5;1 o 5;1)(511 - 5;1) B1+1(B1+2 - B;2)(B§r1 - 5;1)(BI1 - 6471)> 23 = 0.



Therefore,

(Brapor + Bi1pu) (Bl — Br2) By — Biy) (Biy — B1y) = 0.

Since 0 < 63_1 < ;',rz <1, (Bfrz_ﬂﬁ)(gﬁ—ﬁgl) = 0. But if B?Jﬁ # 5;1 and Bfrz = P, we can
swap the parameters 3 and 3, and show that ﬁff g = Bf 5 by symmetry. Yet this will indicate
that 8,7, = 81, < Bi, = B, which leads to a contradiction, thus we must have 85, = 3.
By symmetry we can also show that BZI = BZI, and similarly for Bfl = Bfl and 5;1 = ﬁ;l
Taking these back to equation , we have Bl_g = [1. Samely we obtain BJ} = B, for
j € [4]. Thus all the item parameters are identified, and according to Lemma |4, we know
that when these parameters are known, the completeness of the Q-matrix will suffice to

identify parameters p. Therefore, we must have (37,37 ,p) = (BJF,B*,;*)), i.e., the model

parameters are identifiable. ]

A.4.5 Proof of Example

The Sequential DINA model parameters with the following Q-matrix are identifiable:



.
1 0
item 1
0 1
ffffffffffff 3-oaooe-d 10
o 1| |
item 2 01
Q= 1 0fand Q'=1]1 1
,,,,,,,,,,,, \777————— [
item 391 1 11
77777777777777777777 11
z'tem4 1 1
item 5 1 1

Proof. Consider the last three items, similar to the proof in Example[7] according to Lemmal3]

7+

we have pi1) = P, and ﬁ;ﬁ = B, Bj1 = 7]._71 for j € {3,4,5}. Next using equations

Tip = T:p with r = e;, e; + e3, we have

- - + 3— o+ 3— 3
Bl,l Bil Bl,l ﬁl,l 61,1 61,1 51,1 5:1 —
p=0,
- - + g- - - + ot p-p- Bt - p— - A+ gt
51,153,1 51,153,1 51,1ﬁ3,1 51,15371 51,15371 ﬁl,lﬁ:a,l ﬁ17153,1 517153,1

which gives

(0 0 0 BH(B:—F50) 000 Bﬁ(ﬂ;l—ﬁm))ﬁ:@

where p is given by (54). Since paiy = pai), we must have 8, = 5. Next combining



r =2e; and r = 2e; + ez,

- - - - 3— B— a+ - - 7 a3+ 3+
BrabPra Bi1Bra BrabBis Bi1Bls Brabra Bi1Pra BrabBis Brabis
- p— g- - - — - 3— 3— 83— B+ 3-8 B- Bt p— Bt Bt gt

BraBrabBsy BiiBraBsy BraBilalss BiiBiaBsy Prabrabsy Biibialsn BriBiafss BlibiaBs:

p=0,

which gives 37, = B{,. Similarly we can obtain 85, = 3, and 83, = fB5,. Next consider

r € {e1,2e, e; + e3,2e1 + ey}, using similar calculations, we have,

00 BB —Bia) B (B, — Bia) Bra(Bra— Bra) B (Bra — Bia) Bra(BHy — Bra) B (B — Bra)

p=0
0 0 Bia(Bis— BB BI(Bla = Bia)Bay Bia(Bia = Bro)Bar Bii(Bra—Bia)Bay Bia(Bis = Br2)Bs1 BBl — Bia)Bi
which gives
(Bl_,113(00) + BI1]5(10))(B1_,2 - 51_2)(52_1 - 5;1) =0,
thus we have Bl_ 5 = 01 Finally we identify 3, ;,
Bia B Bria B Bria B Bia B
5£1ﬁi2 5ff15f2 51715& /ﬁfﬁﬁﬁ Bihgf,z 51+,1Bf2 Bﬂﬁb 51+,15f2 =_0

p prd

- p— - — 2— p— - - + a+
Bi1Baq B 1B BBy 8183 Bi1Baq B 1B AP Bi1Paq
- p— p— - - - + o+ p+  p— p— A + a— B—  p— pt pt + o+ p+

51,15172ﬁ2,1 ﬁfﬁﬁmﬁzl 51,1%?25{1 51,151,25271 51,151,252,1 51,151,2@,1 ﬁ1,151,252,1 51,151,252,1

00 A=) B - Aa) BB = Ba) AL =) BB =) BBl Pa) 50

0 0 BiaBia(B3y—Ban) BiaBla(B3y — Bay) Biabia(Bay — Ban) BiiBio(Bey — Ban) BraBia(Bsy — Baa) BiiBia(Biy — Baa)

Hence

(0 0 0 0 Bri(Bra—Bi)(Boy — Br1) Bii(Bia— Bia)(Bey — Bza) 0 0>T’=0-



Therefore, we have

(61_,115(00) + Bilﬁ(lo))(gl_ﬂ - 5?2)(52_1 - 52_1) =0,

thus 551 = (5. Using the same strategy we can show that 552 = 55 and Bfl = (11, which

completes the proof. O
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