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I. NUMERICAL COMPUTATION OF DERIVED HYDRODYNAMIC QUANTI-

TIES

Here we describe the numerical computation of derived hydrodynamic quantities such as

fluid vorticity and divergence that require velocity derivatives in both FHD and deterministic

Navier-Stokes simulations. We emphasize that we utilize the same discrete operators to

compute velocity gradients as the ones used in the numerical scheme for solving the FHD

equations.

In the staggered grid finite-volume scheme employed in this work and described in Sri-

vastava et al., “Staggered scheme for the compressible fluctuating hydrodynamics of multi-

species fluid mixtures”, Phys. Rev. E 107 (1), 015305, the velocity components reside at

the respective faces of the finite-volume grid cell. As such, the x component of velocity u(x)

reside at point (i + 1
2
, j, k) of the cell face, the y component of velocity u(y) reside at point

(i, j+ 1
2
, k) of the cell face, and so on, where (i, j, k) is the center of a grid cell. The diagonal

terms of the velocity gradient matrix ∇u corresponding to ∂xu
(x), ∂yu

(y) and ∂zu
(z) are cal-

culated at the cell centers through a Gf→c gradient operator for the face-centered velocities,

and the off-diagonal terms corresponding to ∂yu
(x), ∂zu

(y) and ∂xu
(z) etc., are calculated at

the edges through a Gf→e gradient operator.

For fluid divergence D = ∇ · u, the divergence of face-centered velocities to the cell

centers is computed from the standard divergence operator Df→c as:
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The components of the vorticity ∇×u are computed at the edges of the finite-volume cell.

For example, the z-component ωz = ∂u(x)/∂y − ∂u(y)/∂x is numerically computed as:
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Similarly, ωx

(
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)
and ωy

(
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2

)
are computed on the respective edges

of the finite volume cell. In order to compute the magnitude of vorticity, its edge-based

components are ‘shifted’ to the center of the grid cell before computing the magnitude of

the vorticity vector. We do not average the vorticity from the edges to the cell centers since

the averaging operation will modify the variance associated with the fluctuation of these

derived hydrodynamic quantities.
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II. ADDITIONAL FIGURES

Additional figures are collected in this section.

FIG. S1. 3D visualization of local vorticity magnitude |ω| in a FHD simulation at thermodynamic

equilibrium. Here, |ω| is normalized by the standard deviation of vorticity fluctuations σeq
ω ≈

5× 106s−1 obtained from the same simulation.
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FIG. S2. (a) Probability distribution function (PDF) of local density ρ normalized by the initial

density ρ0 averaged over at least 8τλ, where τλ is the eddy turnover time for deterministic and

fluctuating hydrodynamics (FHD) simulations. The PDF from an FHD simulation at thermody-

namic equilibrium without turbulent forcing is also plotted with a dashed black line, whereas a

dashed orange line is the best fit Gaussian for the deterministic data. (b,c) 3D visualization of

local density ρ/ρ0 for deterministic and FHD simulations in (b) and (c) respectively.
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FIG. S3. Individual PDFs of local divergence D, normalized by their ensemble standard deviation

σD, for 12 time steps across 8τλ of simulation time. (a) and (b) correspond to deterministic

and FHD simulations respectively, where dashed black line represents a Gaussian fit. In FHD

simulations, all the plots are nearly co-incident.
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FIG. S4. Ratio of the dilatational kinetic energy to the total kinetic energy ⟨Ed(k)/E(k)⟩ in FHD

(blue squares) and deterministic (orange circles) simulations. Three approximate ranges of length

scales are highlighted: inertial sub-range (ISR in blue), near-dissipation range (NDR in pink) and

far-dissipation range (FDR in green).
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