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Supplementary material1

1. Governing equations for first-order disturbances2

In cartesian coordinates the non-divergence form of the equation for the first-order distur-
bances are

𝜕𝜌′

𝜕𝑡
+ 𝑢̄

𝜕𝜌′

𝜕𝑥
+ 𝑣̄

𝜕𝜌′

𝜕𝑦
+ 𝜌̄

(
𝜕𝑢′

𝜕𝑥
+ 𝜕𝑣′

𝜕𝑦
+ 𝜕𝑤′

𝜕𝑧

)
+ 𝑢′

𝜕𝜌̄

𝜕𝑥
+ 𝑣′

𝜕𝜌̄

𝜕𝑦
+ 𝜌′

(
𝜕𝑢̄

𝜕𝑥
+ 𝜕𝑣̄

𝜕𝑦

)
= 0 (1.1)

𝜕𝑢′

𝜕𝑡
+ 𝑢̄

𝜕𝑢′

𝜕𝑥
+ 𝑣̄

𝜕𝑢′

𝜕𝑦
+ 1
𝜌̄

𝜕𝑝′

𝜕𝑥
− 𝜈̄

𝜕

𝜕𝑥

[
2
𝜕𝑢′

𝜕𝑥
− 2

3

(
𝜕𝑢′

𝜕𝑥
+ 𝜕𝑣′

𝜕𝑦
+ 𝜕𝑤′

𝜕𝑧

)]
− 𝜈̄

𝜕

𝜕𝑦

(
𝜕𝑢′

𝜕𝑦
+ 𝜕𝑣′

𝜕𝑥

)
− 𝜈̄

𝜕

𝜕𝑧

(
𝜕𝑢′

𝜕𝑧
+ 𝜕𝑤′

𝜕𝑥

)
− 1

𝜌̄

[
2
𝜕𝑢′

𝜕𝑥
− 2

3

(
𝜕𝑢′

𝜕𝑥
+ 𝜕𝑣′

𝜕𝑦
+ 𝜕𝑤′

𝜕𝑧

)]
𝜕𝜇̄

𝜕𝑥
− 1

𝜌̄

(
𝜕𝑢′

𝜕𝑦
+ 𝜕𝑣′

𝜕𝑥

)
𝜕𝜇̄

𝜕𝑦

+ 1
𝜌̄
(𝜌′𝑢̄ + 𝜌̄𝑢′) 𝜕𝑢̄

𝜕𝑥
+ 1
𝜌̄
(𝜌′𝑣̄ + 𝜌̄𝑣′) 𝜕𝑢̄

𝜕𝑦
= 0 (1.2)

𝜕𝑣′

𝜕𝑡
+ 𝑢̄

𝜕𝑣′

𝜕𝑥
+ 𝑣̄

𝜕𝑣′

𝜕𝑦
+ 1
𝜌̄

𝜕𝑝′

𝜕𝑦
− 𝜈̄

𝜕

𝜕𝑥

(
𝜕𝑢′

𝜕𝑦
+ 𝜕𝑣′

𝜕𝑥

)
− 𝜈̄

𝜕

𝜕𝑦

[
2
𝜕𝑣′

𝜕𝑦
− 2

3

(
𝜕𝑢′

𝜕𝑥
+ 𝜕𝑣′

𝜕𝑦
+ 𝜕𝑤′

𝜕𝑧

)]
− 𝜈̄

𝜕

𝜕𝑧

(
𝜕𝑣′

𝜕𝑧
+ 𝜕𝑤′

𝜕𝑦

)
− 1

𝜌̄

(
𝜕𝑢′

𝜕𝑦
+ 𝜕𝑣′

𝜕𝑥

)
𝜕𝜇̄

𝜕𝑥
− 1

𝜌̄

[
2
𝜕𝑣′

𝜕𝑦
− 2

3

(
𝜕𝑢′

𝜕𝑥
+ 𝜕𝑣′

𝜕𝑦
+ 𝜕𝑤′

𝜕𝑧

)]
𝜕𝜇̄

𝜕𝑦

+ 1
𝜌̄
(𝜌′𝑢̄ + 𝜌̄𝑢′) 𝜕𝑣̄

𝜕𝑥
+ 1
𝜌̄
(𝜌′𝑣̄ + 𝜌̄𝑣′) 𝜕𝑣̄

𝜕𝑦
= 0 (1.3)

𝜕𝑤′

𝜕𝑡
+ 𝑢̄

𝜕𝑤′

𝜕𝑥
+ 𝑣̄

𝜕𝑤′

𝜕𝑦
+ 1
𝜌̄

𝜕𝑝′

𝜕𝑧
− 𝜈̄

𝜕

𝜕𝑥

(
𝜕𝑢′

𝜕𝑧
+ 𝜕𝑤′

𝜕𝑥

)
− 𝜈̄

𝜕

𝜕𝑦

(
𝜕𝑣′

𝜕𝑧
+ 𝜕𝑤′

𝜕𝑦

)
− 𝜈̄

𝜕

𝜕𝑧

[
2
𝜕𝑤′

𝜕𝑧
− 2

3

(
𝜕𝑢′

𝜕𝑥
+ 𝜕𝑣′

𝜕𝑦
+ 𝜕𝑤′

𝜕𝑧

)]
− 1

𝜌̄

(
𝜕𝑢′

𝜕𝑧
+ 𝜕𝑤′

𝜕𝑥

)
𝜕𝜇̄

𝜕𝑥
− 1

𝜌̄

(
𝜕𝑣′

𝜕𝑧
+ 𝜕𝑤′

𝜕𝑦

)
𝜕𝜇̄

𝜕𝑦
= 0 (1.4)



2
𝜕𝑇 ′

𝜕𝑡
+ 𝑢̄

𝜕𝑇 ′

𝜕𝑥
+ 𝑣̄

𝜕𝑇 ′

𝜕𝑦
+ 1
𝜌̄𝑐𝑣

[
𝑝′

(
𝜕𝑢̄

𝜕𝑥
+ 𝜕𝑣̄

𝜕𝑦

)
+ 𝑝

(
𝜕𝑢′

𝜕𝑥
+ 𝜕𝑣′

𝜕𝑦
+ 𝜕𝑤′

𝜕𝑧

)]
(1.5)

− 𝛾

𝑃𝑟
𝜈̄

(
𝜕2𝑇 ′

𝜕2𝑥
+ 𝜕2𝑇 ′

𝜕2𝑦
+ 𝜕2𝑇 ′

𝜕2𝑧

)
− 𝛾

𝑃𝑟

1
𝜌̄

𝜕𝑇 ′

𝜕𝑥

𝜕𝜇̄

𝜕𝑥
− 𝛾

𝑃𝑟

1
𝜌̄

𝜕𝑇 ′

𝜕𝑦

𝜕𝜇̄

𝜕𝑦

− 𝜈̄

𝑐𝑣

[
4
(
𝜕𝑢̄

𝜕𝑥

𝜕𝑢′

𝜕𝑥
+ 𝜕𝑣̄

𝜕𝑦

𝜕𝑤′

𝜕𝑦

)
+ 2

(
𝜕𝑢̄

𝜕𝑦
+ 𝜕𝑣̄

𝜕𝑥

) (
𝜕𝑢′

𝜕𝑦
+ 𝜕𝑣′

𝜕𝑥

)
− 4

3

(
𝜕𝑢̄

𝜕𝑥
+ 𝜕𝑣̄

𝜕𝑦

) (
𝜕𝑢′

𝜕𝑥
+ 𝜕𝑣′

𝜕𝑦
+ 𝜕𝑤′

𝜕𝑧

)]
+ 1
𝜌̄
(𝜌′𝑢̄ + 𝜌̄𝑢′) 𝜕𝑇

𝜕𝑥
+ 1
𝜌̄
(𝜌′𝑣̄ + 𝜌̄𝑣′) 𝜕𝑇

𝜕𝑦
= 0 (1.6)

𝑝′ = 𝜌′𝑅𝑇 + 𝜌̄𝑅𝑇 ′ (1.7)

2. Governing equations for second-order disturbances3

The non-divergence form of the equations of the second-order disturbances are

𝜕𝜌′′

𝜕𝑡
+ 𝑢̄

𝜕𝜌′′

𝜕𝑥
+ 𝑣̄

𝜕𝜌′′

𝜕𝑦
+ 𝜌̄

(
𝜕𝑢′′

𝜕𝑥
+ 𝜕𝑣′′

𝜕𝑦
+ 𝜕𝑤′′

𝜕𝑧

)
+ 𝑢′′

𝜕𝜌̄

𝜕𝑥
+ 𝑣′′

𝜕𝜌̄

𝜕𝑦
+ 𝜌′′

(
𝜕𝑢̄

𝜕𝑥
+ 𝜕𝑣̄

𝜕𝑦

)
= 𝑁𝐵,𝜌 (2.1)

𝜕𝑢′′

𝜕𝑡
+ 𝑢̄

𝜕𝑢′′

𝜕𝑥
+ 𝑣̄

𝜕𝑢′′

𝜕𝑦
+ 1
𝜌̄

𝜕𝑝′′

𝜕𝑥
− 𝜈̄

𝜕

𝜕𝑥

[
2
𝜕𝑢′′

𝜕𝑥
− 2

3

(
𝜕𝑢′′

𝜕𝑥
+ 𝜕𝑣′′

𝜕𝑦
+ 𝜕𝑤′′

𝜕𝑧

)]
− 𝜈̄

𝜕

𝜕𝑦

(
𝜕𝑢′′

𝜕𝑦
+ 𝜕𝑣′′

𝜕𝑥

)
− 𝜈̄

𝜕

𝜕𝑧

(
𝜕𝑢′′

𝜕𝑧
+ 𝜕𝑤′′

𝜕𝑥

)
− 1

𝜌̄

[
2
𝜕𝑢′′

𝜕𝑥
− 2

3

(
𝜕𝑢′′

𝜕𝑥
+ 𝜕𝑣′′

𝜕𝑦
+ 𝜕𝑤′′

𝜕𝑧

)]
𝜕𝜇̄

𝜕𝑥
− 1

𝜌̄

(
𝜕𝑢′′

𝜕𝑦
+ 𝜕𝑣′′

𝜕𝑥

)
𝜕𝜇̄

𝜕𝑦

+ 1
𝜌̄
(𝜌′′𝑢̄ + 𝜌̄𝑢′′) 𝜕𝑢̄

𝜕𝑥
+ 1
𝜌̄
(𝜌′′𝑣̄ + 𝜌̄𝑣′′) 𝜕𝑢̄

𝜕𝑦
= 𝑁𝐵,𝑢 + 𝑁𝑆,𝑢 (2.2)

𝜕𝑣′′

𝜕𝑡
+ 𝑢̄

𝜕𝑣′′

𝜕𝑥
+ 𝑣̄

𝜕𝑣′′

𝜕𝑦
+ 1
𝜌̄

𝜕𝑝′′

𝜕𝑦
− 𝜈̄

𝜕

𝜕𝑥

(
𝜕𝑢′′

𝜕𝑦
+ 𝜕𝑣′′

𝜕𝑥

)
− 𝜈̄

𝜕

𝜕𝑦

[
2
𝜕𝑣′′

𝜕𝑦
− 2

3

(
𝜕𝑢′′

𝜕𝑥
+ 𝜕𝑣′′

𝜕𝑦
+ 𝜕𝑤′′

𝜕𝑧

)]
− 𝜈̄

𝜕

𝜕𝑧

(
𝜕𝑣′′

𝜕𝑧
+ 𝜕𝑤′′

𝜕𝑦

)
− 1

𝜌̄

(
𝜕𝑢′′

𝜕𝑦
+ 𝜕𝑣′′

𝜕𝑥

)
𝜕𝜇̄

𝜕𝑥
− 1

𝜌̄

[
2
𝜕𝑣′′

𝜕𝑦
− 2

3

(
𝜕𝑢′′

𝜕𝑥
+ 𝜕𝑣′′

𝜕𝑦
+ 𝜕𝑤′′

𝜕𝑧

)]
𝜕𝜇̄

𝜕𝑦

+ 1
𝜌̄
(𝜌′′𝑢̄ + 𝜌̄𝑢′′) 𝜕𝑣̄

𝜕𝑥
+ 1
𝜌̄
(𝜌′′𝑣̄ + 𝜌̄𝑣′′) 𝜕𝑣̄

𝜕𝑦
= 𝑁𝐵,𝑣 + 𝑁𝑆,𝑣 (2.3)



3
𝜕𝑤′′

𝜕𝑡
+ 𝑢̄

𝜕𝑤′′

𝜕𝑥
+ 𝑣̄

𝜕𝑤′′

𝜕𝑦
+ 1
𝜌̄

𝜕𝑝′′

𝜕𝑧
− 𝜈̄

𝜕

𝜕𝑥

(
𝜕𝑢′′

𝜕𝑧
+ 𝜕𝑤′′

𝜕𝑥

)
− 𝜈̄

𝜕

𝜕𝑦

(
𝜕𝑣′′

𝜕𝑧
+ 𝜕𝑤′′

𝜕𝑦

)
− 𝜈̄

𝜕

𝜕𝑧

[
2
𝜕𝑤′′

𝜕𝑧
− 2

3

(
𝜕𝑢′′

𝜕𝑥
+ 𝜕𝑣′′

𝜕𝑦
+ 𝜕𝑤′′

𝜕𝑧

)]
− 1

𝜌̄

(
𝜕𝑢′′

𝜕𝑧
+ 𝜕𝑤′′

𝜕𝑥

)
𝜕𝜇̄

𝜕𝑥
− 1

𝜌̄

(
𝜕𝑣′′

𝜕𝑧
+ 𝜕𝑤′′

𝜕𝑦

)
𝜕𝜇̄

𝜕𝑦
= 𝑁𝐵,𝑤 + 𝑁𝑆,𝑤 (2.4)

𝜕𝑇 ′′

𝜕𝑡
+ 𝑢̄

𝜕𝑇 ′′

𝜕𝑥
+ 𝑣̄

𝜕𝑇 ′′

𝜕𝑦
+ 1
𝜌̄𝑐𝑣

[
𝑝′′

(
𝜕𝑢̄

𝜕𝑥
+ 𝜕𝑣̄

𝜕𝑦

)
+ 𝑝

(
𝜕𝑢′′

𝜕𝑥
+ 𝜕𝑣′′

𝜕𝑦
+ 𝜕𝑤′′

𝜕𝑧

)]
− 𝛾

𝑃𝑟
𝜈̄

(
𝜕2𝑇 ′′

𝜕2𝑥
+ 𝜕2𝑇 ′′

𝜕2𝑦
+ 𝜕2𝑇 ′′

𝜕2𝑧

)
− 𝛾

𝑃𝑟

1
𝜌̄

𝜕𝑇 ′′

𝜕𝑥

𝜕𝜇̄

𝜕𝑥
− 𝛾

𝑃𝑟

1
𝜌̄

𝜕𝑇 ′′

𝜕𝑦

𝜕𝜇̄

𝜕𝑦

− 𝜈̄

𝑐𝑣

[
4
(
𝜕𝑢̄

𝜕𝑥

𝜕𝑢′′

𝜕𝑥
+ 𝜕𝑣̄

𝜕𝑦

𝜕𝑤′′

𝜕𝑦

)
+ 2

(
𝜕𝑢̄

𝜕𝑦
+ 𝜕𝑣̄

𝜕𝑥

) (
𝜕𝑢′′

𝜕𝑦
+ 𝜕𝑣′′

𝜕𝑥

)
− 4

3

(
𝜕𝑢̄

𝜕𝑥
+ 𝜕𝑣̄

𝜕𝑦

) (
𝜕𝑢′′

𝜕𝑥
+ 𝜕𝑣′′

𝜕𝑦
+ 𝜕𝑤′′

𝜕𝑧

)]
+ 1
𝜌̄
(𝜌′′𝑢̄ + 𝜌̄𝑢′′) 𝜕𝑇

𝜕𝑥
+ 1
𝜌̄
(𝜌′′𝑣̄ + 𝜌̄𝑣′′) 𝜕𝑇

𝜕𝑦
= 𝑁𝐵,𝑇 + 𝑁𝑆,𝑇 (2.5)

𝑝′′ = 𝜌′′𝑅𝑇 + 𝜌̄𝑅𝑇 ′′ + 𝜌′𝑅𝑇 ′ (2.6)
where

𝑁𝐵,𝜌 = −𝜕𝜌′𝑢′

𝜕𝑥
− 𝜕𝜌′𝑣′

𝜕𝑦
− 𝜕𝜌′𝑤′

𝜕𝑧
(2.7a)

𝑁𝐵,𝑢 = − 𝜌′

𝜌̄

𝜕𝑢′

𝜕𝑡
− 1

𝜌̄
(𝜌′𝑢̄ + 𝜌̄𝑢′) 𝜕𝑢

′

𝜕𝑥
− 1

𝜌̄
(𝜌′𝑣̄ + 𝜌̄𝑣′) 𝜕𝑢

′

𝜕𝑦
− 𝑤′ 𝜕𝑢

′

𝜕𝑧
− 𝜌′

𝜌̄
𝑢′
𝜕𝑢̄

𝜕𝑥
− 𝜌′

𝜌̄
𝑣′
𝜕𝑢̄

𝜕𝑦

(2.7b)
𝑁𝑆,𝑢 = 0 (2.7c)

𝑁𝐵,𝑣 = − 𝜌′

𝜌̄

𝜕𝑣′

𝜕𝑡
− 1

𝜌̄
(𝜌′𝑢̄ + 𝜌̄𝑢′) 𝜕𝑣

′

𝜕𝑥
− 1

𝜌̄
(𝜌′𝑣̄ + 𝜌̄𝑣′) 𝜕𝑣

′

𝜕𝑦
− 𝑤′ 𝜕𝑣

′

𝜕𝑧
− 𝜌′

𝜌̄
𝑢′
𝜕𝑣̄

𝜕𝑥
− 𝜌′

𝜌̄
𝑣′
𝜕𝑣̄

𝜕𝑦

(2.7d)
𝑁𝑆,𝑣 = 0 (2.7e)

𝑁𝐵,𝑤 = − 𝜌′

𝜌̄

𝜕𝑤′

𝜕𝑡
− 1

𝜌̄
(𝜌′𝑢̄ + 𝜌̄𝑢′) 𝜕𝑤

′

𝜕𝑥
− 1

𝜌̄
(𝜌′𝑣̄ + 𝜌̄𝑣′) 𝜕𝑤

′

𝜕𝑦
− 𝑤′ 𝜕𝑤

′

𝜕𝑧
(2.7f )

𝑁𝑆,𝑤 = 0 (2.7g)

𝑁𝐵,𝑇 = − 𝜌′

𝜌̄

𝜕𝑇 ′

𝜕𝑡
− 1

𝜌̄
(𝜌′𝑢̄ + 𝜌̄𝑢′) 𝜕𝑇

′

𝜕𝑥
− 1

𝜌̄
(𝜌′𝑣̄ + 𝜌̄𝑣′) 𝜕𝑇

′

𝜕𝑦
− 𝑤′ 𝜕𝑇

′

𝜕𝑧
− 𝜌′

𝜌̄
𝑢′
𝜕𝑇

𝜕𝑥
− 𝜌′

𝜌̄
𝑣′
𝜕𝑇

𝜕𝑦

(2.7h)

𝑁𝑆,𝑇 = − 1
𝜌̄𝑐𝑣

𝑝′
(
𝜕𝑢′

𝜕𝑥
+ 𝜕𝑣′

𝜕𝑦
+ 𝜕𝑤′

𝜕𝑧

)
+ 𝜈̄

𝑐𝑣

[
2
(
𝜕𝑢′

𝜕𝑥

)2
+ 2

(
𝜕𝑣′

𝜕𝑦

)2
+ 2

(
𝜕𝑤′

𝜕𝑧

)2
− 2

3

(
𝜕𝑢′

𝜕𝑥
+ 𝜕𝑣′

𝜕𝑦
+ 𝜕𝑤′

𝜕𝑧

)2

+
(
𝜕𝑢′

𝜕𝑦
+ 𝜕𝑣′

𝜕𝑥

)2
+
(
𝜕𝑢′

𝜕𝑧
+ 𝜕𝑤′

𝜕𝑥

)2
+
(
𝜕𝑤′

𝜕𝑦
+ 𝜕𝑣′

𝜕𝑧

)2]
(2.7i)
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