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Abstract

This supplementary material reports the Faxén operators of a sphere up to the second-order with
Navier-slip boundary conditions and the regular part of the Stokesian multipoles in the semispace

domain, useful for constructing the [N]-matrix for a sphere near a plane wall.

I. FAXEN OPERATORS FOR A SPHERE WITH NAVIER SLIP BOUNDARY
CONDITIONS

In the following, Faxén operators for a sphere with Navier-slip boundary conditions,
evaluated in [2], are reported.

The zeroth-order Faxén operator is
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where A, is the Laplacian operator acting on the coordinate of the center of the sphere.

The first-order Faxén operator reads
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by which it is possible to obtain the Faxén operator for the torque on the sphere
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and for the stresses
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Finally, the second-order Faxén operator is

RS 1401+ 7A 3
P { ( )< ) [50465,31,32 + )‘(5/551 5&52 + 55525a,31>

‘FO& 182 — — < = =
AT A AN (1 TA) 1+3)

L1
6 143X\

(14 12X + 5602) (60, 5, + 5aﬁz5ﬂﬁl)As]

R* “ A “ A
+8—2 [(5 + 20\ — 56)\2)V/31525a3 + (1 + 4\ + 28)\2)(V/3515a52 + Vﬁﬁz(sagl )] Ag}

II. REGULAR PART OF THE MULTIPOLES OF THE GREEN FUNCTION FOR
A FLUID BOUNDED BY A PLANE WALL

In this Section, the regular part of multipoles of the Stokes flow, defined in the semispace
with no-slip boundary conditions and evaluated at the center of a sphere with radius R, at

distance h from the plane boundary, are reported.

The single-pole is obtained by evaluating the regular part of the Green function with both
field  and pole point £ at the position of the center of the sphere (0,0, k). The regular part
of the Green function bounded by a plane wall, expressed in the invariant form [I], reads

Waa(®,€) = Saa(® —§,) = (£, =€) -0 Jop [V Sus(x - &) Ag, Sapr (x =§,)] (6)

2
where J = [ — 2n ® n is the mirror operator and n is the unit vector normal to the plane
wall inward into the fluid, and £, = € — 2hn is the reflection point by the plane of the pole

&. Therefore, the non-vanishing entries are

W11(£,>£) =
¢'=¢=(0,0,h)
3
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Non-vanishing entries of the gradient of eq. @ are

Ig, Wi3(€',€)
ey W3 (€, €)
O Wa1(£,€)
e, W (€',€)
g, W1 (€',€)

g, Wa(€',€)

ey Was(€',€)

= afgwll (gla 6)

6’252(0707}1)

= 0c, W (€',€)

&l:€:(070’h)

= 0, Wi3(€',€)

&l:§:(070’h)

= 0, Was(€',€)

51:6:(0707]1)

= 851 WSl (6,7 6)

6’252(0707}1)

= 0:,Wsy(€',€)

5’:5:(070’h)

= 0c,Wi3(€',€)

El:£:(070’h)

£§'=£=(0,0,h)

5/ :£:(0707h)

5/:62(0707}1’)

51:5:(0707}7‘)

5/252(0707h)

gl :€:(0707h)

gl :E:(0707h)

Non-vanishing entries of the Laplacian of eq. @ are

AgWi(£',€)

AE’ W22 (5/7 €)

A&’ W33 (6/7 6)

5/:6:(070711)

£§'=£=(0,0,h)

£l:€:(0707h)

= AW (£, €)
¢'=£=(0,0,h)

= A5VV22 (6,7 6)
&'=£=(0,0,n)

= A§I/V33 (6,7 6)

§'=£=(0,0,n)

8h?

1
2h3



Non-vanishing entries of the second derivatives of eq. @ performed at the field or at the

pole point are
Og; Og, Wi (€, €)
Oy 0, W2 (€', €)
Og; O Waa (€',€)
g 0, W11 (€',€)
Og; 0, W3 (€', €)
Ogy O, W3 (€', €)
Ogy Oy Wi (€, €)

e, 0, Wz (€', €)

e, 0, W3 (€', €)

Og; 0, Wi2(€',€)
Og; g, War (€', €)
g O Wha(€',€)
Og, s W (€7,€)
Og, g, W5 (€',€)

g1 O, W1(€',€)

= aﬁlaﬁl W11(€/> é)

6/252(070»h)

= 8{2652 Was (5/7 6)
{’:6:(0707h)

= Og, 0 Waa (€, §)
51:6:(0707}7’)

= 652852 Wll (6/7 £)
&’:6:(070,}1)

= a51851 W33(€/? £)
£IZ§:(070»h)

= 0¢,0:,W33(€',€)
&’:{:(070,}”

= Og,0e,W11(€',6)
6/252(070»h)

= 0¢,0e, W (€, §)
glzsz(ovovh)

= 8{3 a§3 W33 (5/7 5)
51:6:(0707}7’)

= afl a{z W12(€/7 E)
51:5:(0707}1)

= 851 852 W21 (é-/? £)
5’:5:(0,0,}1)

= Og,0e, W12(€',6)
5’:{:(070,}”

= O, 0, Wai1 (€, €)
€'=£=(0,0,n)

= 653 a& Wi (6/7 6)
£'=£=(0,0,1)

= 8&3851 Wl3(€/7 £)
5’:g:(0,0,h)

6/252(0707h)
T
T 16k3
61:6:(0107}7‘) 16h
61:6:(0707}1)
5
- 3
g—e=0on) 10D
§,=§:(0,0,h)
B 1
T AR3
5/252(0707h) 4h
6/252(0707h)
9
61:6:(0107}7‘) 4h
B 1
T 9p3
g=¢=0on 2N
6/:5:(0707}1)
§,=§:(0,0,h)
5/252(0707h)
1
T 16k3
61:6:(0107}7‘) 16h
€'=£=(0,0,h)
£l:§:(0707h)



ey 0 Was (€', €)

e, 0, Wi (€', )

e, O W1 (€', €)
e, 0 Wh3(€', )
e, 0y Wz (€', €)

g, 0, Was(€',€)

= a&s 852 W3 (6/7 6)

&’:5:(070,}1)

= 8&3 a{g W23 (6/7 5)
g’:g:(o,o,h)

- 851 a{g W13 (5/7 5)
&’:{:(070,}”

= afl a§3 W31 (5/7 5)
&'=£=(0,0,h)

= 05,06, Wa3(€',€)
&'=£=(0,0,h)

= 852 853 Wss (6/7 £)
5’:5:(0,0,]1)

é’:f:(o,o,h)

B 1

= 9p3
5/252(0707h) 2h
5/252(0707h)
51:6:(0107}1‘)
€'=£=(0,0,h)

1

TR
§l:§:(0707h) 4h



Non-vanishing entries of the second derivatives of eq. @ performed at the field and pole

points are

653 851 Wiy (fl, f)

a&ga@ Was (5/, f)

6&’18& Was (5/, f)

%%Wn(f',ﬁ)

Der e, Wa3(€',€)

e, 0e,W3(€',€)

655853 Wn(€,€)

a{é 853 W22 (6/7 6)

6&38&3 W33(§/, f)

Oy O, W2 (€', €)
Og; Og, Wa1(€',€)
g, 06, W12(£',€)
g, 06, W (€,€)

Der 0e,W13(€',€)

51:6:(0707]1)

El:€: (0707h)

El:€: (0707h)

El:£: (070’h)

£l:£: (070’h)

£/:§:(0707h)

51:6:(070711)

El:€: (0707h)

£l:€: (0707h)

£l:£: (070’h)

£/:§:(0707h)

£§'=£=(0,0,h)

El:£: (070’h)
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a&gaﬁlwzsl(f/,f) =
§/=E:(0,0,h)

85'2 3,53 Was (5/, 5) =
§’:§:(O7O,h)

Oy 0c, W32(€',€) = -

Ah3
5/:5:(0707}0 4h

8535§3W31(§/»§) =
£'=£=(0,0,h)

e, 0e, W13(&', ) =
€/=€=(0,0,h)

35’2853 W (5/7 f) =
§l:§:(0707h)

35’3 852 Was (5/, f) =
6/252(070,]1)

203

Non-vanishing entries of the gradient at the field point of the Laplacian of eq. @ are

afi Af/W13(£I7§) = 851 AEW13<£/7§) =
flzéz(0,0JL) E’:{:(O,O7h)
!/ / 15
Oey A W3 (€,€) = 05, AcWa3(£', 6) Y
5’:&:(0,07h) 5/252(0707}1')
Der AWy (€',€) = 0, AW (£, €) =
§/=£=(0,0,h) 5/252(0707}1')
Dy AW (€,€) = 0, AW (€,€) =
51:5:(0707}7') gl:é-:(O:Ovh)
8§éA§/W11(§/,£) = aggAEWll(é-/?&) =
5/262(0,07]7,) 6/262(0707’7')
9
Dy N W (€,€) = 0g, AW (€, €) =—ga
5/252(0707}7’) 5/252(0707}7‘)
, , 15
e, A W3(€', &) = 0g, AcW33(€, ) = Tt
5/252(0707}7’) 5/252(0707}1')




Non-vanishing entries of the gradient at the pole point of the Laplacian of eq. @ are

8§1A5'W13(§/a§) = 0§;A5W13(§/a§) =
flzéz(0,0JL) f’:é‘:((}pﬁ,)
15
De, AerWos (€', &) = Oy AcWas3(€',€) =
5’:&:(0,07h) 5/252(0707}1')
e, A W31 (€, €) = g AcW31(£,€) =
5’:&:(0,07h) 5/252(0707}1')
3
De, Ae Wo(€',€) = Oy AWy (€,€) = T
£'=£=(0,0,h) £'=£=(0,0,h)
Des A W11 (€, €) = 0y AWV11(E,€) =
¢'=£=(0,0,h) £'=£=(0,0,h)
9
Oe, Ae Woo(€',€) = O AWy (€',€) =3
E/:§:(O,O7h) 5/262(0707}1')
!/ / 9
O, A W3 (€', ) = 0g AcW33(§,€) =~
flzéz(0,0JL) E’:{:(O,O7h)




Non-vanishing entries of the second derivatives of the Laplacian of eq. @ are

e, 0t A W11 (€, €)

g, Oy Ae Waa (€, €)

g, Oy e Waa (€, €)
g, 0y A W11 (€, €)
¢, 0y A W1(€', €)

g, Oy A War (€, €)

e, 0t A W3 (€', €)
e, 0, A W33 (€', €)
¢, 0, A Wi3(€', €)

g, Oz, Ae W3 (€, €)

O¢, 0y Aer W31 (€', €)
Oc, 0, A W (€', €)
Oc, Oy A W5 (€', €)
Oy Ogy Ae W (€', €)

gy Oy Ae W1 (€, €)

= 0g, 0, A1, €)
£'=£=(0,0,h)

= O, 0, AW (€', €)
£l:§:(0707h)

= Og, 0 AW (€', €)
£l:§:(0707h)

= 05,05, AW 11 (€, €)
£'=£=(0,0,h)

= g, 0g, AcW12(€', )
£'=£=(0,0,h)

= O, g, AW (€,€)
6’:5:(0707}1)

= Og, 0 A W33 (€', )
6’:&:(0,07}1)

= 05,0, AcW33(€',€)
£I:§:(O7O,h)

= O, g, AcW13(€',€)
6l:€:(0707h)

= Og, 0, A W23 (€', )
€/=§=(0,0,h)

= O, g, AW (€,€)
£/=§=(0,0,h)

= O, 0, Ac W2 (€', )
E’:g:(o,o,h)

= 0,05, AW13(€',€)
6’:&:(070’]7,)

= g, 0, AcW32 (€, )
£'=£=(0,0,h)

= Oy Oy AW (€,€)
£l:§:(0707h)

10

§'=£=(0,0,n)

§'=¢=(0,0,h)

§'=£=(0,0,h)

&§'=£=(0,0,h)

§'=£=(0,0,n)

£/=6=(0,0,h)

§'=£=(0,0,h)

&§'=£=(0,0,h)

6,:5:(0707}7‘)

§'=¢=(0,0,h)

§'=£=(0,0,h)

§'=£=(0,0,h)

5,:5:(0707}7‘)

§'=¢=(0,0,h)
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e, 0y A Wisp (€', €)
gy 0z, A W (€, €)

g, Oy A Wia (€', €)

e, 0, A W3 (€', €)

€l262(0707h)

6’:5:(070’]1)

Elzgz(ovovh)

= aggaggAngz(flaf) =
5/:£:(0’07h)

= 0, 0 AW (€,€) =
5/252(0707}1‘)

, 3

= Og, 0, AcWo2 (€, €) = o
€/=€=(0,0.1)

_5

h
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Non-vanishing entries of the third order derivatives of eq. @ performed at the field and

pole points are

g, Og; g, Wi (€', €)

O, Oz Oy W (€', €)

Oe, Og, 0, W3(€', €)

e, 01 0t W1 (€, €)

g, 0g, O, Wa (€, €)

e, Ot O W3 (€',€)
g, e, Ot W3 (€', €)
g, 0g, 0t Wi(€',€)
g, Oy, 0y W (€', €)
e, Oy O Wh3(€',€)
e, O, 0, W1 (€, €)
g, 0¢1 Ot Wi (€', €)
e, Ot O Wo(€',€)
Og, e, Ot W (€', €)

e, 0, 0t W1 (€, €)

= 85/1 851 8&1 Wi (6/7 5)

£'=£=(0,0,h)

= Ogy Og, 0, W2 (€', €)
£l:§:(0707h)

= g, 0g, 0, W3 (€', €)
£l:§:(0707h)

= a&ia&aélwiﬂ (87&)
E’:&:(0,0,h)

= a&éafzaEQWSQ (flag)
&'=£=(0,0,h)

= a&éafla&WQi%(E,ag)
5’:{:(070’]1)

= g, 0g, 07, Wa3 (€', €)
£'=£=(0,0,h)

= a&éa&a& WI3<£I7§>
£l:§:(0707h)

= 8538538€1W22(€,7§)
6’:&:(0@)]})

= 8518528£2W13(£/7£)
5/:6:(0707]1)

= O 06,0, W11 (£, €)
5’:{:(0707}1)

= a§§a£18€1w32(6/7§>
E’:&:(0,0,h)

= 65§8§1851W22(£,a§)
6’:{:(0707]7,)

= g, 0g, 05, Wia (€', €)
£'=£=(0,0,h)

= a{éa&a& W1 (£I>§>
£l:§:(0707h)
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&'=£=(0,0,n)
45
o 4
5/252(0707}7’) 32h
3
~ 9p4
5/252(0707}1’) 2h
5/262(0707}1')
It
- 4
51:5:(0707}7‘) 32h
51:5:(0707}7‘)
§'=£=(0,0,n)
5/252(0707}7’)
5/262(0707’7')
{’:&:(070,]7,)
1
o 4
glzé':(o,OJL) 32h
5/252(0707}1')
61:5:(0707}7‘)
£'=6=(0,0,h)
5’:&:(0,07h)



(951 855 agé W31 (6/7 6)

e, 0,0, W11 (€, €)

O, Og; O, Wi (€', €)
Oz, Oy O, Wa (€, €)
e, 0,0 W11 (€, €)
O, O, 0y Waa (€', €)
e, 0er 0 Wis3 (€', €)

653 655 855 W33 (&la 5)

e, 0g, 0 W3 (€', €)
852 8{’3 agé W33 (6/7 é)
e, 0y 0t W1a(€', &)

8536& ag’l W21 (§/a 5)

852 6% ag’l WIZ (&la 5)
852 85{3 agi W21 (6/7 6)
g, Og, 0, Wha (€, €)

851 655 agé W21 (5/’ 5)

= 65/1 8{2 852 W31 (6/7 6)

E/=§=(0,0,h)

= 6’5/38528521/[/11(5/;5)
E’:&:(0,0,h)

= g, 0¢, 0, W11 (€, €)
g’:g:(o,o,h)

= 0¢; 06,06, W2 (€',€)
6’:{:(070’]1)

= 0er 0,0, W11 (£,€)
£'=£=(0,0,h)

= 0y 0,06, Wna (€',6)
£l:§:(0707h)

= 0, 0¢, 0, W3 (€,€)
6’:&:(070,}0

= D¢, 0¢, 0, W33 (€', €)
f/:§:(0707h)

= O, 0, 0, W3 (€,€)
£'=£=(0,0,h)

= g, 0g, 0, W3(€',€)
£l:§:(0707h)

= 0¢; 06,0, W12(€',€)
g’:{:(o,o,h)

= 0¢; 0,0, W21 (£',€)
6l:€:(0707h)

= 0¢; 0,0:, W12(€',€)
fl:§:(0707h)

= e 0g, O, Woy &€
E/=§=(0,0,h)

= Oer e, 0e, W12 (€',€)
g’:g:(o,o,h)

= 0er 0,06, W21 (£',€)
6’:{:(070’]1)

13

f’:&:(0,0,h)

5/262(0707h)

5/262(0707h)

61:5:(0707}7‘)

5/252(070717')

g’:g:(o,o,h)

5/262(0707’7‘)

6’:&:(070,]7,)

£§'=£=(0,0,h)

g’:é’:(0,0,h)

5/:52(0707h)

6/:5:(0707}7‘)

15
32h4

21
32h4

21
32h4

15

8ht




853 85/385/1 W13 (6/7 é) - 8&&({9&3 861 W13 (fla 6) =
Elzgz(ovo’h) g’:g:(o,o,h)
853 aféafé W23 (éla 5) = 8§éa§3 afz W23 (é-la 5) =
51:5:(0707}7’) 6/:6:(0707]1)
aﬁsaféaﬁé Wll(é-/?g) = a{éafsaés Wll(flag) =
E/:§:(O7O,h) €/=§=(0,0,h)
3
853 aflgafé W22 (glvé) - 85&853 853 W22 <£I7 6) = m
&lzéz(ovo»h) E’:g:((],OJL)
e, 0e,0es W1 (€, €) = 010,06, W31(£',€) =
&'=£=(0,0,h) &'=£=(0,0,h)
e, 0e, 06, Wz (€, ) = 01 06,06, W32(€',6) =
6’:5:(07O,h) 6/262(0707h)
853853851 W13(€I7€) = aféafsaﬁl W13<§/7€) =
5’:5:(070’h) 6’:&:(0307}1)
3
853 85/38% W23 (6/7 é) == 65&853 852 W23 (5,7 6) — _m
5/:52(070’}” 6/25:(070’,7‘)
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