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Supplementary material: Analysis of the radial distribution function

The effect of the wall can be characterised by the radial distribution function gpp(rk), which
is a measure of the probability increase of finding a second particle at a distance rk ± ∆r/2
from another particle. The computation of the radial distribution function should take into
account the spatial inhomogeneity and temporal unstationarity of the particle density in the
fluidised bed. The mean radial distribution function in a post-processing cell Cn is computed
as

gpp(rk) =
〈npp(rk)〉n

〈np〉
n〈nShell(rk)〉n

, (0.1)

where nn,`pp (rk) is the number of particle duplets per unit volume squared at time t` that are
separated by a distance rk ± ∆r/2 and with a least one of the particles in cell Cn,

nn,`pp (rk) =
1

4πr2
k
∆rVn
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] [
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]
, (0.2)

with nn,`p = (1/Vn)
∑Np

i=1

[
xi,`p ∈ Cn

]
the number of particle centres per unit volume in cell

Cn and nn,`Shell(rk) the expected number of particle centres per unit volume in the union of the
spherical shells of radius rk ± ∆r/2 of the particles contained within cell Cn. The particle
density nn,`Shell(rk) is estimated by randomly sampling points within Cn,
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, (0.3)

where Nspl is the number of sampled points and xi,`spl the position vector of the i-th sampled
point. The peaks in the radial distribution function (figure 1) are associated with the presence
of assemblies with an orderly arrangement (Wensrich 2012). In particular, the peaks ri j of a
two-dimensional hexagonal arrangement are of the form

ri j
dp
=


1
2

√
4i2 + 3 j2 if j even

1
2

√
4
(
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2

)2
+ 3 j2 if j odd

(0.4)

with i and j two integers. Close to the wall, the CFD-DEM radial distribution function in
figure 1(a, c, e) clearly exhibits all the peaks of a two-dimensional hexagonal arrangement.
This is consistent with the presence of particle assemblies with a two-dimensional hexagonal
arrangement near the wall. In addition, the peaks of the three-dimensional face-centred cubic
(FCC) arrangement can be identified. Note that while the peaks of the CFD-DEM radial
distribution function may also be found in a three-dimensional hexagonal close packing
(HCP) arrangement, we would expect the CFD-DEM radial distribution function to exhibit
additional peaks in the presence of assemblies with such an arrangement. The peaks of the
CFD-DEM radial distribution function are sharper and more clearly defined in the case F3
(figure 1(c)) than in the case F3-Frictionless (figure 1(e)). The friction at the wall favours the
orderly arrangement of the particles at the wall since it decreases the particle slip velocity,
and make the particles in contact with the wall more resistant to disturbances. Note that
the friction associated with particle-particle contacts, which is neglected in our simulations,
may also influence the orderly arrangement of the particles (Wensrich 2012). The peaks
are furthermore sharper and more clearly defined in the case F4 (figure 1(a)) than in the
case F3 (figure 1(c)). This can be attributed to the larger solid volume fraction and lower
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(a) F4, 0 < řw < 1
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(b) F4, 10 < řw < 11
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(c) F3, 0 < řw < 1
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(d) F3, 10 < řw < 11
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(e) F3-Frictionless, 0 < řw < 1
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(f) F3-Frictionless, 10 < řw < 11

Figure 1: Radial distribution function at the height z/Rc = 3.45 in the case F4, F3 and
F3-Frictionless (a, c, e) close to the wall, namely for particles whose centre is located
within řw = (Rc − rp)/dp = 1 particle diameters of the wall, and (b, d, f) far from the

wall, namely for particles whose centre is řw = 10 to 11 particles diameters away from the
wall. The dashed vertical lines are the peaks of a two-dimensional hexagonal arrangement,
namely 1,
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particle velocity of that case. Far from the wall, the CFD-DEM radial distribution function
in figure 1(b, d, f) exhibits the split second peak first reported by Finney (1970a,b). However,
no clearly defined peak is observed at greater separation distances for any of the CFD-DEM
simulations. This is consistent with the scarcity of orderly arrangements far from the wall,
compared to the near-wall region.
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