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Summary and notations

The mathematical proof sketched here is inspired by Hong (1996) and Banulescu-Radu,
Hurlin, Leymarie and Scaillet (2021). The main added technicality with respect to Hong
(1996) is treating the impacts of estimation risk in our backtests, whereas that with
respect to Banulescu-Radu et al. (2021) is showing that both the new backtests are fully
consistent. Throughout the appendices, the following notations are used. The Euclidean
norm is denoted using || - ||. The notations O, and o, are the usual order in probability
notations. The scalar ¢ denotes a positive finite generic constant that may differ from

place to place. Let (pn(7),7(7)) be defined as (pn(5), 4 (5)) with 67 replaced by 6.

Appendix A Assumptions

Assumption 1. The stochastic process Y; = (Y14, Y2,) is strictly stationary and er-
godic, with unknown twice continuously differentiable conditional distribution function
By (y|Q—1) =P(Y1y <y, You < yo|Q_1), where y = (y1,42) € R

Assumption 2. The estimator 07 is consistent for @y, that is vT(67 — 8,) N N(0, %),
where X is a positive definite bounded matrix. Besides, there exists 3 such that T — 3% =
op(1).

Assumption 3. The quantity R(j) is summable with bounded smoothing estimator
R, (j,0) that is consistent at the optimal rate n=%3, and R,(j,07) = R(j). That is,
(i) 22520 RG] < oo, (ii) supgee, B [|Ve[Rn(j,0)]] = Op(1), 0 < j <n—1, and (iii)
R,.(j,00) — R(j) = Op(n~?").

Assumption 4. The kernel function k& : R — [—1,1] is a symmetric function that is
continuous at 0 and all points except a finite number of points on R, with £(0) = 1 and

7 K (2)dz < oo

Assumption 5. The autocorrelation statistics have bounded derivatives. That is, for

0<j <n-—1 supgee, E[[Velp(/)]|I* = O(1), and supgee, E[|Ve[rn(j)] — Volp(i)]lI* =
0(1).



Assumption 6. {H;(a,8)} is a fourth order stationary process with > -2 7(j) < oo
and 377 >0 >0 k(K 1)] < oo, where k1 (3, k, 1) is the fourth order cumulant
of the joint distribution of {H;(a, 6y), Heyj(v, 00), Hipr (v, 6p), Hipi(a, 8g)}

Appendix B Proof of Theorem 1

To begin we recall the () formula

o _ MEin KU/ m)AG) = Min(k)

b

‘7171(/{)1/2
where
Mha(K) = Y RG /)1 + wRGYERG),
(k) =2 3" K m)l1 + WRGYSRO)P + 23 S K /m)k?(i/m) R SRG)
o

Proof of Theorem 1. Recall the theorem

Theorem 1. Suppose Assumptions 1-4 in the online appendix hold, and let T" — o0,
n— 0o, n/T — w < 00, m — oo, m/n — 0. Then Q 4, N(0,1) under Hi.

The theorem can be given by the following lemmas

Lemma B.1. Suppose the conditions of Theorem 1 hold. Then

n S k2 m) {pa) + (Br — 80 Volou(i)]} — Mi(h

OO 4 N(0, 1),
where
Mink) = YK m) 1+ RGYER(),
Via(k) = 25K G/m) 1+ wRGYSROIP +2 373 K(i/m)k(jm) [ R(GY SR()
=



Lemma B.2. Suppose the conditions of Theorem 1 hold. Then

n S0 K m) {pz%u) —{Puli) + (61 - 90>/V0[Pn<ﬂ'>1}2}
IROLE = 0p(1).

Lemma B.3. Suppose the conditions of Theorem 1 hold. Then

>jo1 K2/ m)[L + wR()ER())] = 3571 K (j/m)[L + wR(j)'SR(j)]
%n(k)l/Z

= 0p(1).
Lemma B.4. Suppose the conditions of Theorem 1 hold. Then

—Ym%)m 51

Vin (k)12
O

Proof of Lemma B.1. 1t is useful to first calculate the conditional distribution of us +(6p)
and u124(6p). We recall the expression of Hi(a,6), and to reduce notational burden

dependence on the fixed quantity 6, is dropped

Hi(a,00) = Hi() = 1[Fy, (Yo, [41) < o] X [1 = Fripypcvans(a) (Yiel€i-1)]

= ]]_(UQ’t < Oé) X (]_ — U127t).

In the following we calculate the conditional distribution of ug; and uy2;. In particular,

we shall show using probability integral transform that

Ug4|Q—1 ~ U0, 1], (B.1)
g [{ 1, u2s < a} ~ U[0,1]. (B.2)

We begin with us;, which by definition us; = Fy, (Y24|%—1). Welet F,, (-|€%—1) denote

the conditional distribution of us,; given £2;,_;. We have for any v € R

Fouy(u|—1) = P(ugy < ul$_1)

(Fy, (Y2, [Q2-1) < ufy)
(Yo < Fy (ulQ4-1)191)
Fy, (Fy! (u]Q1)|Q%1)

P
P

u.

This implies uo|Q—1 ~ U[0,1]. We now focus on uiz; = Fy,|vo<vara(a)(Y1|%-1),



which can be written explicitly as ui2: = Fyi|va<vars(a)(Y1:[{Y2r < VaRy(a), 1}) =
Fyva<vars(@)(Yie[{uzy < a,Q_1}). By similar reasoning, we let F,,ju,<a(-[{u2; <

a,$_1}) denote the conditional distribution of uis; given us; < o and €;_;. We have

for any u € R

Fupy(ul{ugy <o, Q1)) = Pluggy < ul{ugy <o, 1})
(Fyiva<vars(a) (Y1 {ugy < o, 1)) < ul{ugy < o, Qi1})
(Y1 < F£|1y2§VaR2(a)(u|{U2,t <o, Qb)) {uss < o, Q0 })

Il
=

N

Y1|Y2<VaR2(«) <F5:1|1Y2SVGR2(04) (u|{u2,t S «, Qt—l}) {u2,t S «, Qt—l})

u.

This implies u12¢[{Q—1,u2¢ < a} ~ U[0,1], and verifies (B.1)-(B.2).

w

Put {pn(j)}7L, in the vector p,"". Under Hy, we have for any (possibly countably

infinite) collection of pi™ that
K, v/np™ 4 N0, K, K., (B.3)

where K, is a diagonal matrix collecting the kernel sequence {k(j/m)}72,. The result
follows directly from Proposition 2.9 of Hayashi (2000) that \/ﬁp,&m) 4, N(0, I,,) under
Hy, where I, is the identity matrix of order m. The result holds provided (i) Hy(«) can
be decomposed as ¢; + u, where i is a constant and ¢; is a martingale difference sequence
(mds); (ii) &; has constant and finite conditional second moment, that is, E(Z|Q;_1) =
0?2 < 0o. To verify the conditions we let p = /2, and we let &, = (H(a)—a/2). The proof
of (i) completes by noting the mds property of { H;(«) — a/2}, that is we have for all ¢,
E(g|Q-1) = E(Hy(a) — a/2]Q4_1) = 0. The result also implies E((H; (o) — a/2)?|4_1) =
E(H;(a)?|Q_1) — @?/4. Thus, to verify (ii) it suffices to show that E(H;(a)?|Q_1) = ¢ <

0o. We write

E(Ht(@)zmt—l) =K {E []1(U2,t < 04) X (1 - u12,t)2‘{Qt—lau2,t < 04}] ’Qt—l}
=K {]1(U2,t <a)E [(1 — U9 ) {1, ugy < Oé}] ’Qtfl}
=a/3 < 0. (B.4)

The first equality follows by the tower property that E(X|F)) = E(E(X|F)|F;) for
Fy; C F5. The last equality makes use of the results in (B.1)—(B.2) that ug+|€2:—1 ~ U[0, 1]
and w9 [{Q—1,uss < a} ~ U[0,1]. This implies, for instance, that 1(us; < )|y ~
Bernoulli(o) and that E[u?, ,[{Q1,us, < a}] = 1/3.

We now evaluate the limiting distribution of \/n(67 — 6y)'Ve[pn(j)]. To this we first



evaluate the probability limit of Vg[p,(7)]. By the quotient rule, we have

Volpn(5)] = 1(0) ' Vo [1a(5)] = 1(0) " pn(4) Val1n(0)]. (B.5)

The second term in (B.5) is 0,(1) by noting p,(j) 2 0, which is implied by 7,(j) 2 0,
which in turns follows by Markov’s inequality and E(v,(j)) = 0 under Hy. For the first
term, we have the quantity 7,(0)~" & [a(1/3 — a/4)]7!, which follows by continuous

mapping theorem, Markov’s inequality and

E[yn(0)] = E[E[7(0)[€2:-1]]

T+n

—E |- 3 El(Hi(0) - a/27I9 )

t=T+1

T+n

_E % S E[Hy(a)? — a2/40, 1]

t=T+1

= a(1/3— a/4), (B.6)

where we make use of the results in (B.4). We now focus on the quantity Vg[v,(j)]. By
the law of iterated expectation, we have E[Vg[v,(7)]] = E[E[Ve[7.(7)]|2-1]]. Thus we

evaluate

E[Vo b))%
= S E{Vel(Hila) ~ a/2) x (Hi_j(0) — a/2)]|% 1}

J t=T+1+j
= i ; > E{(Hi-5(0) = a/2)Vo[H(@)]| -1} + Vol His ()]E{(Hi(a) — a/2)| -1}
- E{(He ()~ a/2ValHi@)]|2 ),

t=T+1+j

1

n—j

where the second equality makes use of the product rule, and the last equality follows by
E{(H¢(a) —a/2)|Q_1} = 0. Therefore, we have Vg[v,(j)] & ﬁ ZEFT”HH E{(Ht—j(a) -
a/2)Vg|[H(a)]}, which follows by Markov’s inequality and

E[Valym(5)]] = E[E[Ve[yn(i)][€-1]] = E{(H;—;(a) — /2)Va[H ()]}

Therefore we have

p 1

Volpn(j)] = ME{(Ht—j(Q) —a/2)Ve[Hy(a)]} = R(j).



Given Valpn(j)] & R(j), v/ — +wVT, and Assumption 2, we have by Slutsky’s

theorem
k(j/m)v/n(0r — 85) Valpn(5)] = N(0,K*(j/m)wR(j) SR())), (B.7)

under the null. Since Vg[p,(j)] converges to the constant R(j), Slutsky’s theorem also
implies that the statistical randomness of the term k(j/m)y/n (01 — 0y)'V[pn(j)] is in-
duced by the 07 estimate which depends on the in-sample. By contrast, the randomness
of k(j/m)v/npn(j) is induced by the out-sample iid generalized errors (see, e.g., Rosen-
blatt, 1952). Given the statistical independence, we have

RG/m)V { pal0) + (0r = 06 Volpu(7)]} 5 N0, B2(j/m)[1 + wR(YSR()).  (BS)

Next, we study the dependence structure across time. Although {k(j/m)v/npn(j)}7i,
converges to a sequence of independent random variables as shown in (B.3), that is
generally not the case for {k(j/m)y/n(6r —6y)' Vg [pn(7)]}72,. However, we have the sum

of squares

n YK ) {u) + O — 00 Volpa()]}

J=1

which we denote in short by n 7" X2(j) = XM X converging to a sum of inde-
pendent sequence. This follows by first observing that we have from (B.7)—-(B.8)

VaX ™ 5 N0, Ay), (B.9)
where the (7, j)-th element of Ay is given by
A, §) = k(i/m)k(j/m)[6(i, j) + wR(1) TR(j)], (B.10)

with (4, j) being the Kronecker delta. Secondly, because the real symmetric matrix Ay
can be decomposed into Ay = VDV’ where V is an orthogonal matrix and D is a

diagonal matrix containing the eigenvalues of Aj, we have
V'ynX™ 2 N(0, D). (B.11)

The diagonal matrix D shows that V' \/ﬁXT(Lm) converges to a random vector of independ-
. 2
ent variables. This implies n X (™ X{™ = n 3> k2(j/m) { pu(5) + (B — 60 Volpn( j)]} ,

which is a sum of the squared variables in V'’ \/ﬁXfLm), converges to a sum of variables



> ity Z2(j), where {Z(j)}72, is a sequence of independent Gaussian variables. Let D(j)
denote the j-th element of D. Now, noting that > 7", D(j) is equal to the trace of Ay
and that Z;”’:l D?(j) is equal to the trace of Ay x Ay, we calculate using the Gaussian

moment generating function

B> 20) ij ¥ (j/m)[1 + wR(GYSR().
\Y Zz?(j) :2Zk4(j/m)[1+wR( 7)ZR(j) +222k2 i/m)k2(j /m)[wR(G) SR(5))?.

i)

Finally, as m — oo, which implies n — oo, we have by the Lindeberg central limit
theorem that

n SR m) {puli) + Br = 00 Volpu ()]} — Miak)

TNOLE — N(0,1),
where
Miu(k) = YK /m)[1 + wR(GYSRG),
Vi (k) = 22/&(;’/@[1 + wR(YSRG) + 222/& i)k (j /m)[wR(i) SR()].
g =

This completes the proof of Lemma B.1.

Proof of Lemma B.2. Recall Lemma B.2

n S K2(j/m) {ﬁi(]) {Pn() + (67— 80 Volpa(; >]}2}
Vi (R)172

= op(1).

First, we show that the denominator Vi, (k)2 = O(m!/?). Tt suffices to show Vy,,(k)/2 =
O(m). We write

[y

n—

Vin(k)/2 = ) K'(j/m)[1 +wR(j) SR(j)

(]

<.
Il
—

n—1

+ Z k(i /m)k2(j/m)[wR(i) ZR(j)]%. (B.12)
i

Mi

j=1



We begin by showing that the first term in (B.12) is O(m). We write
S K G/m)l + RO SRG)T
= 3G /m) + 20 Y K G/m)RGYSRG) + YK G/m)[RGYSRO). (813

By Assumption 4 and as m — 0o, n — 0o, m/n — 0, we have m~' 3"~ Lk /m) —
Jo” k*(2)dz < oo . Therefore, the first term in (B.13) is O(m). In the following we show
that the second term is O(1)

2 K /mIRG)SR()

< 203 3 K/ LRGP

= 2|3 {ZHR I+ Y8 /) ~ 1R >||2}

—0(1), (B.14)

where we make use of Assumption 2, Assumption 3(i), dominated convergence theorem,
lim,, o0 K*(j/m) — 1 — 0 and [k*(j/m) — 1| < 1. It remains to show that the third term
n (B.13) is O(1). By Cauchy-Schwarz inequality we write

3K /m) RG)YERG)?

SIE {zm (G/m)|IR( |!2} {Zkz (/m) | R(s >H2}

D {Z k?(j/m)HR(j)n?}
) { [Z_juRw + 3G m) - 11||R<j>r\2] }
— 0(1), (B.15)

where we make use of Assumption 2, Assumption 3(i), dominated convergence theorem,
lim,, 00 k%(j/m) — 1 — 0 and |k*(j/m) — 1] < 1. We shall now show that the second



term in (B.12) is O(m). By Cauchy-Schwarz inequality, we write

n—1 n—

> KA (i/m)k(j /m)[wR(i) SR(j))?
L

n

Jj=

—_
—_

-
< w?

J

k2 (i/m)k*(j /m)[R(i) ER(5))"

i

1

1 n—1

< w’||Z| Zk2 i/m) | R()[1*K* (5 /m) | R() I

1

3
|

ZWQHEH{ K (7/m) || R(j Hz} {Zk’2 ifm)||R(i )\!2}

7j=1

— 0(1) { k:Q(J/m)HR(j)H?}

where the last equality makes use of the result in (B.15). This verifies Vi, (k)'/? =
O(m'/?).

We now focus on the numerator. We have by Taylor’s theorem
p(3) = pu(d) + (O — 60)'Volpa(j)] + (0r — 60) f1(6r), 1< j<n—1,  (B.16)

where f1(07) is such that limg__,g, f1(67) = 0. Given Assumption 2 that (67 — 6,) =
O,(T~1/2) = O,(n~"/?) and that f,(87) is bounded by (87 — 6;), we have

pu(7) = pa(3) + (01 — 00)' Volou()] + Op(1/n). (B.17)
Multiplying both sides by \/n we get
Vibn(5) = Vpa(j) + V(01 — 00) Valpu(5)] + Op(n /). (B.18)

Squaring both sides gives

n0) —n { ) + (61— 00 Volpu()]}

= 2{\/1pn(j) + V(01 — 60)' Vo [pn(§)]}Op(n™"?) + Oy (n")
= 0,(n"'?). (B.19)

The last equality makes use of (B.8) that for all 1 < j < n — 1, \/npu(j) + v/n(0r —



00)'Velpn(j)] = Op(1). Therefore we have
oSG {6~ {u0) + 60— 0wl )
<m sup {nléi(]) -n {pn(]> + (éT - 90>,v9[pn(j)]}2} {m_l nz_l kQ(]/m)}

1<j<n—1

= O, (mn~1?). (B.20)

The last equality follows by Assumption 4. The proof completes by observing that the
expression of Lemma B.2 is O,(mn~Y2)/0,(m'?) = O,(m!/?/n'/?) = 0,(1), where the
last equality follows by m/n — 0.

]

Proof of Lemma B.3. Because Vi,,(k)'/? = O(m'/?) as shown in the proof of Lemma B.2,

it thus suffices to show
n—1 n—1
>R /m)[1+wRGYSR(G)] = Y _K(j/m)[1 + wR()SR()] = o (m'?). (B.21)
j=1 j=1
We first work out the consistency of R(j) for R(j). In particular we shall show
IR(j) — R(j)|| = Op(n~2F). (B.22)

By the triangle inequality we have

IR(j) — R(j)|| = IR (j, 0r) — R(j)||
< |R..(j. 07) — Ru(j,00)|| + | R0 (j, 60) — R(j)|- (B.23)

We write for the first term

|Ra(j6r) = Ralj. 60)]| < sup ||VolRa (. 0)][| x ||6r — 60

éE@o

= 0,(T™?) = 0,(n"1?), (B.24)

which follows by the mean value theorem, Markov’s inequality, Assumption 2 and As-
sumption 3(ii). Besides, with Assumption 3(iii) the second term in (B.23) is O,(n=%/?).
This verifies (B.22).

We now verify (B.21). For a,b=1,2,...,p, let Ry(j) (Ra(j)) denote the a-th element

10



of R(j) (R(j)), and let Sy (Sap) denote the (a,b)-th element of X (3). We write
S K20 ml1 + wRGYSRG) - imy’/mm +R()SR()

—ka2 (j/m) ZZR ab_Ra(j)Rb(j)Sab
a=1 b=1
p n—1

= wZZZk2 (/) (Ra(5) Ro(5) — Ra(i)Ro(3)) S

a=1 b=1 j=1

w;bij:kwm Sav = Sav) Ra(5) R ()
+w;§:§‘;k2y/m Ry(5) = Ra(5)Ro(1))(Sap = Su)

=w 2 ; Sab Zf K2 (5 /m)(Ra () Ro(5) = Ra() Ro(4))

+w;; ab = Sab Zk‘2 (/m)Ra(5) Ro(5)

+w;; ab — Sab Zk2 (7/m)(Ra(5) Ro() — Ra(5) Ro(4))
—wgbzlAl—i—w;;Angw;bzlAg, say. (B.25)

To complete the proof we shall show A; = 0,(m!/?) for i = 1,2,3. We begin with .A; and
As. Because by Assumption 2 we have Sy, = O,(1) and Sop — Sap = 0p(1) = O,(1), it
suffices to show Z?;ll k2(5/m)(Ra(5)Ro(j) — Ra(5)Ro(5)) = 0,(m*/?). We have

S KG/m) (R R) ~ B R)
= S RGm) )~ RG)G) ~ B + Z G Bali) - Rl Esl)

T Z k(3 /m)(Ry(§) — Ro(j)) Ra(5)

= ./411 + Alg + ./413, say. (BQG)

11



By Cauchy-Schwarz inequality, we write for A;;

1/2

n—1 1/2 n—1
A | < {Z (3 /m) (Ra(j) — Ra<j>>2} {_Z K2 (j /m) (Ro(5) — Rb(j>>2}

O ( 1/2/n2/5) > Op(ml/Q/n2/5)
O, (m/n*"?)
Op(m'/?) x Op(m'/? [n'1?) = 0,(m'7?), (B.27)

which makes use of m/n — 0, > 77, 'k2(j/m) = O(m) and (B.22). We now focus on Ajs.
By Cauchy-Schwarz inequality, we have

1/2

1/2 ¢4
IA12|<{Z%2 (G/m)(Ra(j) — Ra(j))Q} {ZkQ(j/m)Ri(j)}

= 0, 1/2/n2/5 {
O,
O,

3
,_.

1/2
)+, [k2(j /m) — l]Rf(j)}

1

<.
Il

-0 ( 1/2/n2/5
-0 ( 2/5/n2/5)

/‘\/‘\ HM
,_.

W) 0p(m"/?) (5.28)

where the first equality makes use of the result in (B.27), the second equality follows
by Assumption 3(i), dominated convergence theorem, lim,, o k*(j/m) — 1 — 0 and
|k2(j/m) — 1] < 1. By the same reasonings, we also have A3 = o0,(m!/?).

We now focus on Ay. Given Sy—Sa, = 0,(1) it suffices to show E;L:_ll k*(j/m)Ra(7)Re(j) =
O,(1). We have by Cauchy-Schwarz inequality

1/2 1 1/2
Zzﬁ (j/m)R {Z k(3 /m) B >} {Z kQ(j/m)Rz(ﬁ}
= 0,(1), (B.29)

which makes use of the result in (B.28) This completes the proof.

Proof of Lemma B.4. 1t suffices to show

~ A A

R(j)SR(j) & R(j)SR(j).

By Assumption 2 we have S 5 % The proof completes by the continuous mapping
theorem and by noting that we have R(j) 2 R(j) from the result in (B.22).

12



Appendix C Proof of Proposition 1
Recall the formula of Q.
n >0 K2/ m)pn, (7) = Y52 KA(/m)

Qr = "
Loyt kgm)

Recall the proposition

Proposition 1. Suppose the conditions of Theorem 1 hold. Then Q, 4, N(0,1) under
H,.

Proof of Proposition 1. Recall that p,(j) is the j-th element of p, and that p,.(j) is

the j-th element of A~Y2p,. Let 7, collect {p,(j) + (Or — 04)'Vo[pn(j)] ") Let

ror = A7Y2p, and let 7,,(j) denote the j-th element of 7,.. The proposition can be

given by the following lemmas

Lemma C.1. Suppose the conditions of Proposition 1 hold. Then

WS R )i ) — S KRG m)
Loy thg/m)}

< N(0, 1).

Lemma C.2. Suppose the conditions of Proposition 1 hold. Then

n SR/ m) (,) — r20))
oyt wiim)}

= 0,(1).

O

Proof of Lemma C.1. The result is immediate from the proof of Lemma B.1. The key is
to note that we have from (B.8)—(B.10) /n7,, 4 N(0,A), where the (4, j)-th element of
A is given by A(i,j) = 0(i, j) +wR(i)’XR(j). Repeating the rest of the proof of Lemma
B.1 gives the desired result. [

Proof of Lemma C.2. Put {k?*(j/m) ?;11 in the vector K,5. We have from the proof of
Lemma B.2 that

m’1/2n/3;1Kn2/3n — m’l/Qnr;Kngrn = 0,(1).

13



Next, the proof of Lemma B.4 implies that A—A= 0p(1). By the continuous mapping

theorem
V205 ATV2PK A2 — i P ATV K ATV, = o (1).
Given Z;:ll k*(j/m) = O(m), we have

np, A V2K, A5, — nrl ATV2K, A 2y,
{25707 KA /m)}/?

= 0,(1).

This completes the proof. n

Appendix D Proof of Theorem 2

Recall the result

Theorem 2. Suppose Assumptions 1-6 in the online appendix hold, and let T — oo,
n — oo, n/T — w < 00, m — 00, m/n — 0. Then

/262 RN Zio;pQ(j)/ {2 /OOO k:4(z)dz} 1/2.

Proof of Theorem 2. Given Lemma B.4, to verify the theorem it suffices to show the

following lemmas

Lemma D.1. Suppose the conditions of Theorem 2 hold. Then

ZkQ (j/m) { + (67 — 60)'Vo[p } gif

Jj=1

Lemma D.2. Suppose the conditions of Theorem 2 hold. Then

S KG/m)G) ~ {pu0) + Or — 0 Talpui)]} = op(1)

Lemma D.3. Suppose the conditions of Theorem 2 hold. Then

2

Zk? (/) {pal3) + 61~ 60 Talpu(i)]} = {p() + Br — 60 Valp()]} = 0y(1).

14



Lemma D.4. Suppose the conditions of Theorem 2 hold. Then
n—1
n~t Y R /m)[L+ wR()ER()] = 0,(1).
j=1

Lemma D.5. Suppose the conditions of Theorem 2 hold. Then

m~ Wi, (k) & 2/ k*(z)dz.

0

Proof of Lemma D.1. We write

= S RG/mIRG) + YK G ) (6~ 00 Valp()])
+2 3" K2(j/m)p(7) (01 — 60)' Vialp(j)]
- Bln + BZn + B3n7 say.

To complete the proof we shall show By, 2 Z;’il 0%(5), Ban 2 0 and Bs, 2 0. We begin
with Bs,. By Cauchy-Schwarz inequality we have

B = 3K m){ (61— 00 Voo
< 10r — 6017 Y- K G/m) I 96lp)

= Op(m/T) = 0,(1).

The last equality follows by Markov’s inequality, Assumptions 2, 4 and 5. We now focus
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on By,

5 iﬁ(i)-

The result follows by noting the summability condition in Assumption 6, which implies
> e p*(j) = 7 %(0) > 7v?(j) < oo. This implies that the second term goes to zero,
and that together with dominated convergence theorem, lim,, ,o, k?(j/m) — 1 — 0 and
|k%(j/m) — 1] < 1, the third term goes to zero.

Finally, we write for Bs,

_ZZkQ (j/m)p(j) (8 — 80)'Ve[p(j)]

_ 1/2 o 1/2
<2 {Z /fz(j/m)pZ(j)} X {Z k(G /m){(6r — 00)’%[/)(]’)]}2}
ot x B
=0(1) x 0,(1) = 0,(1).
This completes the proof.
O

Proof of Lemma D.2. By reasonings similar to that in the proof of Lemma B.2, we have
for1<j<mn-1

np2(j) — {pn( )+ (0 — 00)'Volpn(j )]}2

= 2{v/npa(j) + V(01 — 60)' Vo[pu(1)]}O, (/%) + O, (n")
= 0,(1), (D.1)

which implies

720) — { o) + (6r — 8 Volpu()]} = O(1/). (D2
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Therefore we have
Z G /m) {0) = (i) + 6r - 60 Talon(i] )

<m sw {3200 {pu0) + 6r - 0Vl ()]} | {m_1 > k?(j/m}
= Oylm/m) = 0,(1)

(D.3)
This completes the proof.
0
Proof of Lemma D.3. We write
Z BGi/m) {pu(5) + (Br — 60 Volpn(i)]} — {0() + (8r — 80 Valp()]}
= ‘_ k(3 /m)le(5) — +Zk2 (7/m){ (01 — 60)' [V a[pn(5)] = Volp(7)]]}?
23 K /m)o() 61— 00) (V6lpa(3)) ~ Volo(i)]

= Cln + C2n + C?ma say.

To complete the proof we shall show C;, - 0, for i = 1,2,3. We begin with Cs,. By
Cauchy-Schwarz inequality we have

Con = ikQ(j/m){(éT = 60)'[Valpa ()] — Volp(h)II}*
< |67 — 6o|I? Zk2 (7/m)[Volpn(5)] = Velp(i)]II*

— 0,(m/T) = 0,(1).

The last equality follows by Markov’s inequality, Assumptions 2, 4 and 5. We now focus
on Cy,,

Cual =[S K/ m)20) - i K20 /m) )

= 72(0)2 2(j/m) Zk2 (G /m)V2(j
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=[77%( ’ZkQJ/m 7)+ {Zk2j/m 172 |}
- }7_2(0) _’Yn ’611n+7n (0)Ci2n, say.

We have |772(0) — 7,2(0)| C11n = 0,(1), which follows by Markov’s inequality, E[y(0) —
7.(0)] = 0, and Cyy,, = 27;11 G /m)2 ) & >217%(j) < oo as implied in the proof
of Lemma D.1. Because 7,(0) = O(1), to show Cy,, = 0,(1) it remains to show that Cya,
vanishes in probability. Since [2() — 12()] = [1a(7) =1 +2 () (i) = 1), we
have by Cauchy-Schwarz inequality

Cion = Z K25 /m)y(5) — ()] + 2 Z k(g /m) ()] 17a(G) = 7))
n—1 1/2
<2 KG/MmbG) - +2Ci{i{zk2 (/M) () = )]2} :

By observing that we have sup;.;c, ; V[7,(j)] < en™!' given Assumption 6 (see, e.g.,
Hannan, 1970, p. 209) we therefore obtain Cya, = O,(m!'/2/n'/?) = 0,(1). Finally, given
Z;L:_ll k2(j/m)p*(5) & > 521 P?(j) < o0, and Cap, = 0p(1), we have Cz,, = 0,(1), since

n—1 1/2
Can < 2C5) {Z k%j/m)ﬁ(j)} :
j=1
This completes the proof.

O

Proof of Lemma D.j. Because m/n — 0, it suffices to show Z;:ll E2(j/m)[1+wR(j)XR(j)] =
O(m). We write

> K20 1+ wRGYSRG) = YK /m) + Y RG/mBGYSRG). (D4

The first term in (D.4) is O(m) by Assumption 4. We write for the second term

wjk2<j/m>R<j>'zR<j>

<wlZ) YK G/mIRG)?

J=1

18



= w| X {i||R(J')H2 + i[’f2(1/m) - 1]HR(J')HQ}
= 0(1), (D.5)

where we make use of Assumption 2, Assumption 3(i), dominated convergence theorem,
lim,, 00 k%(j/m) —1 — 0 and |k*(j/m) — 1| < 1. This completes the proof. O

Proof of Lemma D.5. We write

m” Vin(k) = 2m™ Z kK (j/m)[1 + wR(j) ZR(5))*

n—1 n—1

+2m Y SR /m)k (G /m)wR() SR(). (D.6)
j=1 i=1
i#]
To complete the proof we show that the first term converges to 2 fooo k4(,z)dg7 and that

the second term vanishes. We write for the first term

o™ S K fm) (1 + wR(YSR)?
= om YK )+ Am 0 R G/mRGYERG) + 2m? YEG/m)[RGYSRO)

(D.7)

For the first term in (D.7), we have 2m ™! Z;:ll kY (j/m) — 2 [;7 k*(z)dz given m — oo
as n — 0o, m/n — 0. In the following we show that the second and third terms in (D.7)

are o(1). We write for the second term
n—1
dm™lw Y K (/m)R(j) SR())
j=1

< a2 S K G /m| RGP

= am w3 { > IR + YK Gm) - 11|\R<j>|12}
=0(m™ ') =o(1), (D.8)

where we make use of Assumption 2, Assumption 3(i), dominated convergence theorem,

lim,, o0 K*(j/m) —1 — 0 and |k*(j/m) — 1] < 1. By Cauchy-Schwarz inequality we write
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for the third term in (D.7)
n—1
2m”w? Y K (G /m)[R() SR())?

j=1

< 2m” w2 {Z k(i/m) | R(j \!2} {Z K (i/m) | R(j )!!2}

7j=1

< 0m™) {Z kQ(j/m>||R<j>||2}
SIRGI + S G/m) - 11||R<j>|!2] }

— O(m™) { ]

=0(m™) x O(1) = o(1), (D.9)

where we make use of Assumption 2, Assumption 3(i), dominated convergence theorem,
lim,, o0 K*(j/m) — 1 — 0 and |k*(j/m) — 1| < 1.

To complete the proof it remains to show that the second term in (D.6) is o(1). By
Cauchy-Schwarz inequality, we write

—1 n—

2™ 30 3D )i G fm) WG ER()

7
< 2m”lw? ; ; K (i/m)k*(j/m)[R(i) SR(j)]?
< 2m~w?||3 ;Zi:L;ll€2<2'/m>HR(i)HQkQ(j/m)HR(ﬁH2
=2m~'w?(|Z {jzj;g (J/m)|| R(j HQ} {Zk2 ifm)|| R(: )IIZ}
=0(m™) {:‘Lzllkz(j/m)IR(J‘>2}2

= o(1),

where the last equality makes use of the result in (D.9). This completes the proof.
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Appendix E Proof of Proposition 2

Proof of Proposition 2. To ease the proof we introduce the following notations. Let r
collect {p(j) + (O — 09)'Vo[p(5)] "} Let p collect {p(j)}i=], let py collect {(6r —

600)'Volp(j)}i={. Let 7, = A'?r and let r,(j) denote the j-th element of r,. Let

p, = A72p and let p,(j) denote the j-th element of p,. Recall the result

Proposition 2. Suppose the conditions of Theorem 2 hold. Then
ml/2 by ) oo 1/2
, /2] K'(2)d :
0 %jzzlpr@)/“o (2]

The theorem is given by the following lemmas

Lemma E.1. Suppose the conditions of Proposition 2 hold. Then
n—1 o0
> KEG/myri (i) = Y pr()
j=1 j=1
Lemma E.2. Suppose the conditions of Proposition 2 hold. Then
n—1
DK /M), (5) = 12 (7) = 0p(1)
j=1

Lemma E.3. Suppose the conditions of Proposition 2 hold. Then

n—1

SR m)r2, () — 2() = 0,(1)

j=1
]

Proof of Lemma E.1. To begin we show Z;‘:—ll K2(5/m)r2(j) & Z?;ll k(5 /m)p2(j). To

that we note py = O,(T~/2) and A = O(1), which implies r, = A~Y2p + 0,(1). With

this we have

S G myr()

- T;Kn2rr
= [A2p+ AT po] KA p+ AT py]
= [A7V2p] K[ AT2 ]
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n—1
=D K /m)pi(i)
=1
In the following we shall show Z;L:_ll k2(j/m)p2(5) & > o021 pi(5). We write

Zk2 (j/m)p2(j Zpr ZPT +Zk32(j/m)_1]P$(j)

j=1

= Dln - DQn + D3n> say.

To complete the proof we shall show D,y,, — 0 and D3, — 0. We first show that D;,, =
Z;’il p2(j) < oo. Denote by A the largest eigenvalues of A™! and we note that
0 < Anaz < 1 because A is given by the sum of an identity matrix and a positive

semidefinite matrix. Therefore we have Z;:ll P2(5) = P AP < ez ol < lpll? =
pp= Z;L;ll p*(j), which, as n — oo, yields Y72, pF(j) < 2222, p*(j) < oco. The last
inequality follows from the result of Lemma D.1. This implies Dy, — 0. Finally, we have
Ds,, — 0 by dominated convergence theorem, lim,, ;o k*(j/m)—1— 0, [k*(5/m)—1| <1
and Dy, < oo. This completes the proof.

0

Proof of Lemma FE.2. We have shown in Lemma D.2 that
P K o — 7, Kpory, = 0,(1).

We also have A — A = 0p(1) from the proof of Lemma B.4. Therefore, by the continuous

mapping theorem
PLATVIK AT g — o ATVEK AT 2 = 0 (1),

This completes the proof.
m

Proof of Lemma E.3. The proof is immediate by noting that we have from Lemma D.3
T;Kngrn — 7 K,or = 0p(1),
which, given A = O(1), implies

r;lA_l/QK,LQA_lﬂrn — P ATVPK ATV = 0p(1).

22



Appendix F  Computing R(j)
Recall that R(j) is given by

1

R(j) = ME{(HH(%%) —a/2)Ve[H(a, 00)]},

and that H;(a, 8)) is given by

Hy(a,00) = 1[Fy, (Yor|Q-1,00) < of x [1 = Fy,jya<vara(a) (Y11, 60)]

1
]I(U,QJ(O()) S Oé) X (1 — U127t(90)).

Because the indicator function 1(ug:(6y) < «) in Hi(a,6y) is not differentiable, we
follow Banulescu-Radu et al. (2021) to evaluate Vg[H; (v, 0)] using Vg[HtEB (e, Bp)], where
the quantity Ht@(a, 0,) is analogous to H;(a, 6y), but with the indicator function 1(-)
replaced by a continuously differentiable estimator. To ensure comparability we use
the same consistent smoothing estimator as that given in Banulescu-Radu et al. (2021,

Appendix E). Therefore, the consistent estimator for R(j) is given by

. 1 1 T+n

R(j) = Ru(j.0r) = a(l/3—a/4)n—j 2

t=T+1+j

(Hy—j(v,0r) — a/2)Vo[HD (o, 07)] |
{

Similarly, R(j) is the analogous counterpart of R(j) with true parameter

R(J) = Ry(00) = s > {(Hisfen00) = /2 Vol (0.00)]}.

t=T+1+j

Finally, we allow as with Banulescu-Radu et al. (2021, Appendix F) a small sample factor
V1 —j/n for R(j) and its estimators. This does not affect the asymptotic properties of

our backtests.
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Appendix G Institution tickers and names

Ticker Institution name Ticker Institution name

ABK AMBAC FINANCIAL GROUP INC HIG HARTFORD FINANCIAL SVCS GRP INC
ACAS AMERICAN CAPITAL STRATEGIES LTD HUM HUMANA INC

AET AETNA INC NEW ICE INTERCONTINENTALEXCHANGE INC
AFL AFLAC INC KEY KEYCORP NEW

AGE EDWARDS A G INC LEH LEHMAN BROTHERS HOLDINGS INC
AIG AMERICAN INTERNATIONAL GROUP INC LM LEGG MASON INC

AlZ ASSURANT INC LNC LINCOLN NATIONAL CORP

ALL ALLSTATE CORP LTR LOEWS CORP

AMP AMERIPRISE FINANCIAL INC MA MASTERCARD INC

AMTD AMERITRADE HOLDING CORP MBI M BIAINC

AOC AON CORP MER MERRILL LYNCH & CO INC

ATH ANTHEM INC MET METLIFE INC

AXP AMERICAN EXPRESS CO MI MARSHALL & ILSLEY CORP

BAC BANK OF AMERICA CORP MMC  MARSH & MCLENNAN COS INC
BBT B B & T CORP MTB M & T BANK CORP

BEN FRANKLIN RESOURCES INC MWD MORGAN STANLEY DEAN WITTER & CO
BK BANK NEW YORK INC NCC NATIONAL CITY CORP

BKLY BERKLEY W R CORP NMX NYMEX HOLDINGS INC

BLK BLACKROCK INC NTRS NORTHERN TRUST CORP

BOT C B O T HOLDINGS INC NYX NY S E GROUP INC

BRK BERKSHIRE HATHAWAY INC DEL PBCT PEOPLES BANK BRIDGEPORT

BSC BEAR STEARNS COMPANIES INC PFG PRINCIPAL FINANCIAL GROUP INC
C CITIGROUP INC PGR PROGRESSIVE CORP OH

CB CHUBB CORP PNC P N C BANK CORP

CBG C B RICHARD ELLIS GROUP INC PRU PRUDENTIAL FINANCIAL INC

CBH COMMERCE BANCORP INC NJ QCSB  QUEENS COUNTY BANCORP INC
CBSS COMPASS BANCSHARES INC RGBK REGIONS FINANCIAL CORP

CCR COUNTRYWIDE CREDIT INDS INC SAFC  SAFECO CORP

CI CIGN A CORP SCH SCHWAB CHARLES CORP NEW
CINF CINCINNATI FINANCIAL CORP SEIC S ETINVESTMENTS CO

CIT CIT GROUP INC NEW SLM S L M HOLDING CORP

CMA COMERICA INC SNV SYNOVUS FINANCIAL CORP

CMB CHASE MANHATTAN CORP NEW SPC ST PAUL COS INC

CME CHICAGO MERCANTILE EXCH HLDG INC  STI SUNTRUST BANKS INC

CNA C N A FINANCIAL CORP STT STATE STREET CORP

COF CAPITAL ONE FINANCIAL CORP SV STILWELL FINANCIAL INC

CVTY COVENTRY HEALTH CARE INC SVRN SOVEREIGN BANCORP INC

EGRP E TRADE GROUP INC TMK TORCHMARK CORP

FHS FOUNDATION HEALTH SYSTEMS INC TROW T ROWE PRICE ASSOC INC

FITB FIFTH THIRD BANCORP UB UNIONBANCAL CORP

FNF FIDELITY NATIONAL FINANCIAL INC UNH UNITED HEALTHCARE CORP

FNM FEDERAL NATIONAL MORTGAGE ASSN UNM UNUMPROVIDENT CORP

FRE FEDERAL HOME LOAN MORTGAGE CORP USB U S BANCORP DEL

FTU FIRST UNION CORP WFC WELLS FARGO & CO NEW

GNW  GENWORTH FINANCIAL INC WM WASHINGTON MUTUAL INC

GS GOLDMAN SACHS GROUP INC WU WESTERN UNION CO

HBAN HUNTINGTON BANCSHARES INC ZION ZIONS BANCORPORATION

HCBK HUDSON CITY BANCORP INC
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