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1 The New Keynesian DSGE Model
1.1 Household

The objective of the representative household is to

max [ Z ﬁiu(ct-s-i — hit4, lt+i)
i=0

subject to the real budget constraint

M, 1 X X
B, | L2 o = 2wk, + Divg + T,
P; Py

where ¢; is real consumption, h; is habit stock (taken to be exogenous to the household), I; is labor supply, wy is the real
frictionless wage, P; is the price level, Div; is a real dividends from firms, and 77 denotes lump-sum transfers. Letting

z}$% = X;41/P, denote the real value of state contingent claims, this can be written as

X P
Et [Mt7t+113:j_%l] +c = criisl + w:lt + DiUt + Tt,

b Py

ﬂ: l
rree P/_ . )
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t
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real

K [Mt7t+1$:j_%l] +c = ;_ + w:lt + Divy + T,
t

where 7 = Pry1/P; is the gross inflation rate. Following Rudebusch & Swanson (2012), recursive Epstein-Zin-Weil prefer-
ences implies that the value function of the representative household is given by

Vi=U(cy — he, 1) + B (B [Vi'5%]) 77,

whenever U(ct,l:) > 0 (The arguments are similar for the reverse case). The maximization problem can be formulated
as a Lagrangean, where the household chooses state-contingent plans for consumption, labor, and asset holdings, i.e.
(ct, Iy, x{j_“ll), to maximize Vj subject to the infinite sequence of state-contingent constraints. L.e.,

L=Vy+E Z Bty [U (Crri = Pusis lisi) + B By [ViR5]) ™7 — Vt+i]
=0

o0 real

. xred

% t+ . l

+I E B* Aiti [W +lipiwyy; + Diveyy + Togy — By [Mt+i,t+i+1$;ial+i] - Ct+i] )

; t+i
=0

where v, and \; are lagrange multipliers. The first order conditions are then given by

oL
5‘7@, =y U (¢t —he,ly) =X =0 (1)
oL .
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oly
oL
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real
oL  xj

87)\15 = P + ltwt + Dz’vt — Et [Mt)t+1$;iﬁl] — Ct — 0 (5)
oL _ 1
3y, U (ct = he,le) + B (B [V)7*]) ™ = Vi =0, (6)
t

where s indexes the (discrete) states in period ¢ + 1 and P(s) denotes the attached probability. Rewriting (1) as
Yelde (et — hesle) = A

and substituting into (2) yields
’}/tUl (Ct — ht, lt) + 'ytl/{c (Ct — ht, lt) ’LU;k = 0
I 1 U. ( hi,le)
c\Ct — N, bt
L Uelomhul) (7
Wy Uy (ct — hy, lt)
which can be interpreted as an intratemporal optimality condition, as it relates consumption and labor hours within a given
period t. Further, rewriting (3) as
>\t+1 (5) 1
At v (8)

Inserting the expressions for A\; (and A;y1) from (1) yields

ﬂ - Mt,t-{-l (S) .

Vegr Ue (Ctr1 — Pug1, ligr) 1
Y U (Ct — hy, lt) T4+1
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for all states. Now, (4) implies that
—Q — —« Ti+1
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t

Hence, we get
e}
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Given the stochastic discount factor, we have
By [My 41 Re] =1 (9)

where R; is the gross one-period risk-free short rate. From (6) we have that
1
Ve =U (et — he, 1) + B (B [V!5%]) 77 (10)
1.1.1 Separable utility

The considered utility function is given by

U (cr = huyly) = ugzf 000 4 g, 12\ (Cosze) ™ 1-1
ss~t - ;

1 (e —be 1 \'7¥ 00— 00— 1-1)%
1 <ct i 1) Ll x ATV ey, o (L) 7

using the external habits h; = bc;_1. Here, d; denotes preference shocks, which we specify below, and ¢gs2; is the level of
consumption along the balanced growth path. The variable n; is an exogenous labor supply shock. Hence, for x, = 0, we
get

(1—1,)7%

1-—1
%)
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as in Rudebusch & Swanson (2012), provided ud, uo = 0, and b = 0. For x, = 1, we get

1 [er—bep1\ X (1-1 )1_é
t — bCp— d — U
% (Esszt ) + ug + nepg 1_ i

Z/I(ct — ht,lt) = Up +dt

which is very similar to the specification in Andreasen, Fernandez-Villaverde & Rubio-Ramirez (2018). Note that we
throughout the present paper impose X, = 0 and ud = 0, although both parameters are incorporated in this Online
Appendix.

Hence, equation (7) is given by
1 Ue (cr — hys 1)
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Equation (8) becomes
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Equation (9) is not changed and finally equation (10) is
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1.2 Firms

Firms are modeled by a two-layer structure. The perfect competitive final good producer bundles together a continuum of
intermediates good (i) indexed by 4 € [0, 1]. Taking prices as given, the final good producer maximizes profits, i.e., solves
the problem

1
maxll = Ptyt — / Pt(l)yt(l)dl,
e () 0

n

_n_
subject to the production function y; = ( fol ye(7) Cn di) n , where y; denotes final output and n > 1. The Lagrangian for

L =Py — /01 Py(i)y, (3)di + ¥ ((/01 ye (i) "nldz) . yt> :

solving this problem reads




First order conditions are

oL
8yt(i)

= —P(i) + 0

oL Lo N
G\Il:</ yt(z)ndz) -y =0.
0

From the first equation,

<Pt§))n = (/01 yr(0) n"ldz‘) T = wli)

ye(i) = e (Ptq(jz)> -

Substituting this into the second first order condition gives

Y = lyt(i)%di T ” Ptq(ji) ) st " — 1Pt(i)1_77di i
’ 0 0
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where P; is the overall price level. Hence, demand for the i’th intermediate good is

ye(i) = e <P;3(j)> B

Intermediate goods producers maximize profits, i.e., the dividend transfers to households. We have for the ith interme-

diate firm that
Divi(i) = (%ﬁ?) wi) — wily(6) — & ( £ (0 ('()) 1 - 1>2yt 26k,
- <Pfg)> w k)5 (57 >y ol

where w, is the real wage payed by the firms to the workers. Intermediate producers have technology given by y;(i) =
zia;k? 1:(7)1 % available, where z; and a; are exogeneous technology processes presented below. Price stickiness is modeled
by the Rotemberg scheme. Hence, the ith intermediate firm solves

Pr(i)' " N & Pg(i) 1 ’
E; Mred — . — l -2 =—— -1 — Okss,
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subject to y:(i) = y; ( &1 )> and v; (1) = zeak%,1;(1)* 9. Here, M;’ﬁk denotes the real stochastic discount factor. The

Lagrangian reads
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where mc,(7) is the lagrange multiplier and can be interpreted as the marginal cost of production. The first order condition

is
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The first-order condition with respect to P (i) is
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All firms are identical, so we can drop the index 7. Hence,
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Or equivalently
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Note, that without sticky prices, i.e. £ = 0, we have (1 —n) y; + nmey: = 0, or me; = (n — 1) /n. Thus, we have that the
markup is 1/me;.

1.3 Central Bank

We assume a Taylor rule of the form

Rt = RssEt [GXP {¢ﬂ log ( 7Tt+*1 ) + ¢Ac (Act—i-l - ACS?)}] .

ssTeyy

1.4 Aggregation and Market Clearing

For the labor market, we follow Blanchard & Gali (2005), Rudebusch & Swanson (2008), among others and introduce a
simple wage bargaining friction in the labor market. Specifically, we assume that the real market wage faced by the firms
wy is given by

W = Koy (Wss2t) + (1 — Ky ) W5,



where the parameter k., € [0, 1) captures the notion of wage stickiness by smoothing the real frictionless wage w; in relation
to the long-term equilibrium real wage wss2;. Inserting for w; we get

- 1 (e —be—1\ ¥ -
we = pow (wssz) + (L= ) [z 00 magpy (1-1) 7% <<~)> ()}

Although this simple rule does not explicitly introduce Nash bargaining between workers and firms, Blanchard & Gali
(2005) argue that it is a simple way to capture the essential features of real wage bargaining.

From the household budget constraint, workers receive the frictionless wage w; and not the actual wage w; paid by the
firms. To eliminate any resource costs linked to wage stickiness, we let the real transfers to the household be

T, = lLw—lw]
= I (w —wy)
= Ui (Kw (Wsszt) + (1 — Ky) wf — wy)
= U (Kw (Wss2t) — Kpwy)
Kl (Wss2t) — wy) ,

to ensure that the wage bill wyl; paid by the firm is also the wage bill received by the household. From the budget restriction

we have
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given that the amount of state contigent claims x; are in zero net supply. The expression for dividends is
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Combining the two expressions for dividends, we get
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1.5 Exogeneous Shocks

The exogenous shocks are given by

Hzt+1 H
log <th+> =Py, log ( Z5t ) +Oou €pn, t+1
Mz ss Mz ss

log dt+1 = pPg logd; + Od€dt+1
log 41 = p,, logng + open i1
log i1 = prelogmy + Orv e 141

log a1 = p,logar + oa€att1

1.6 Model Equations

The equations for the baseline implementation are summarized in the table below.

Household
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[
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Vi

]

To these equations, we add the recursive equations for bond prices, i.e. Bt(k) = Mt7t+1Bf_k£1)]

1.7 Detrending
1.7.1 Separable case
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Ct

) o

Tt+1
*
TssTey1

Tt41
2
TrSS

)

Ct+1

Ct

The remaining equations in the model do not need to be detrended.
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1 Vi =uo+d | <Fxo> +ug+nttp07( 1,)1 Jrﬂ(Et {(‘/t+1uz7t+X1 Xo ) })
e z

(G be st \ Y
2 ﬂjt = wass + (1 - K:w) |:nt500 (1 - lt)_g (W) (ESS)X0:|
3 Et [Mt,t+1Rt] == ].

e

1
1—a T—a
B (v 100 - m)) ” _ U
M1 =6 [[ T desy (Ger1=buzie) ¥ —x(1-x0)=xo _1
, VthrllL(zlYerl)(l—xo) dy (Effbu;i,l'c}_l)_x z,t+1 Tit1
Firm

"[Et = Mcy (]. — 9) atke lt_e
5| (- G+ B fenel (e 1)

= St r1fhy t+1} +nmeyy =€ (,%‘ - 1) Ut :f
Central bank
6 | R, = R..E, [exp {¢ﬂ log ( LIEs|

71'5571'

+ QSA(' (10g (Ct+1> + 1Og p*z,t—i—l - IOg ,uz,ss) }}
Aggregation

~ 2 ~
7 ct+5k35:<1—§(£}5—1)>yt
8 | o =akf1}?

Links
9 (5t—1)t+1 =0t
10- | Shocks

To these equations, we add the recursive equations for bond prices, i.e. Bt( ) = =K, | M; t+1Bt<kH 1)]

1.8 Steady state

Some steady state values are calibrated to certain values, i.e. KoY = 4J s lssy Tssy oy g

1.8.1 Separable utility case

Notice, that in steady state we have

[}

[ [(%+1ﬂ1 x)(1— XO))I_“HIQ » L1\ X
2t di+1 (Ct+1 —bﬂmct) ~X(1=x¢)=xo _1

Mt,t+1 = ﬁ

% 1- 1- ~ _ ~ z,t+1
W“M;”Xl)( ! de (G —bus; 4Cr-1) Tit1
! (1 )
X(1=Xo0)—=Xo
M, o5 = B2
71-55

Then it follows from equation (3) that

Be [Mspo1 R]
¢ 1
B =11,
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From equation (8), we have that 7,5 = as:k?,1}7%. Dividing by k.s # 0 and multiplying by 4

4Yss 1 0—171-0
= = 4 Ssk l .
kss KOY a Ss Ss
Then, as ass = 1, we get
_ 1-9
1 4KoYl,,

kL0 = 4KoviIl]o

fegs = lss (4 KoY)T7 |

From equation (8) then
:’Jss — kﬂ l1—9

88788

and from equation (7)

From equation (5) we have

~ rea Tss Tss ~ ~ Tss ~
(1 —m) Yss + EM 3 : ( v 1) o Ysslz s T MMCssYss = & < v 1) Yss—,
™ s s

SS S8 SS

~ Tss ~ Tss ~ rea, Tss Tss ~
NMCssyYss = § < o 1) Yss —~ — (1 —n)Yss — EM : ( R 1) o Ysstz ss
s s ™ s

SS SS

1 Tss ~ Tss ~ real [ Tss Tss ~
MmCss = —— |:£ < - 1> ySSﬂ_T - (1 - 77) Yss — ngs : < - 1> ﬂ_TySS/J’z ss:|

v
Yss Tss ss

Inserted in Equation (4) we then get
ﬁ;ss = McCss (1 - 9) atk“gsl;e

The parameter @, is set to imply the choosen steady state for labor, i.e. l55. Hence, from equation (2) we get

(Cos)X

Cos — bospt \
Wss = KpWss + (1 — Kyp) [@0 (1— lss)_é (sss'uzss> (gss)x()]

~ 1 533 - basé,uz_,ia * ~ \Xo
Wss = @O (1 - lSS) © T (% \Xo (CSS)

~ ~ ~ 1 —X
Wes [ Css — DCsspi s C (1= 1) E
(Ess)xo (ESS)XO #o 88
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Ty

s — bospzh\ @
1 I 7% o ss ssﬂz7ss Wgs
900( - SS) -\ = ~Xo
Css Css

Gos—baspiz s\ X ~
e Wss
ss

¥o = T
(1 - lss)_; C?so

Finally, from equation (1)

R e A (1—1,)" %
Vss = ug + T (W) + ug + Sooljisl +8 (Vss/lg;sX)(liXO))
SS ©

~ ~ _ 1-x 1—L
1 d 1 Css — szs,uz,is (1 - lss) @
Voo = gt | ( a0 T

)

2 Digression on The New Keynesian Model

2.1 Risk Aversion at the Steady State

We follow Swanson (2012) and compute two measures of relative risk aversion in our model. With recursive Epstein-Zin
preferences controlled by «, there are two measures of relative risk aversion. The first measure RRA® applies when there
is no upper bound for labor and therefore total household wealth A; equals the present discounted value of consumption.
The other measure RRA applies when the upper bound for the household’s time endowment is well-specified, meaning
that total household wealth A, equals the present discounted value of leisure plus consumption.

Throughout this section we use the notational convention in Swanson (2012) where a variable in the steady state is
denoted without a subscript. For instance c is the steady state value of ¢;. Moreover, u = u (¢, 1).

The general formulas with external habit formation are (see Swanson (2012), page 24, eq 53 and eq 54)

RRACZ _ —U11 +/\U126+’w(1 71) +a(c+w(1 71))u1
U 14+ wA U
- A 1
RRA® = ¢ M1t At +a
Uy 14+ wA U
where
U2
w=—-—
U1
_ wurr + U2
U2 + Wu12
Note that
RRAC = —uii+Auia C‘*‘l’w(l—l) + a(c-l—w(l—l))ul
[ +wA u

_ ctw(1=0) —uii+Auis 1 Uy
- c c u1 14+wA +a u

RRA® = (1 + % (1- 1)) RRA®.

Here, we use the notation that
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e y = the utility index

u1 = the partial derivative of u with respect to consumption

us = the partial derivative of u with respect to hours worked

e w = the steady state wage level

¢ = the steady state consumption level

e | = hours worked

Note that these formulas also apply in our case even though we have wage strickiness. The reason is that the household
derives its FOC in a frictionless setting, and the steady state of wage is not affected by the presence of wage stickiness, i.e.,
when using the notation above we have w;/z: = wi/z: in the steady state. Also, Swanson (2012) shows that the above
formulas also hold with balanced growth (see Swanson (2012) page 48). Recall that our utility function reads (ignoring d;
and n; as dgs = ngs = 1)

d (-00-x0) L (a=baa\' TN ook, (1=W)'7F
u (Ct — th_l, 1-— lt) = ('LLO + 'LLO) 2 + q T=Xo _Xo =+ 2 90071
Css 2 1-— Z
Hence, from now on all steady state variables refer to those in the normalized economy without trends. Hence, in the steady
state we have

1—x 1 1

—bep e (x—1) 1 -l

w= (o )+ e () g S = o) + S e b)) o U
® ®

up = Xo(x—1) (c — bcuz’l)ix

uyy = —xcXo= (¢ — bc,uz_l)_x_1
upg = —¢o(1-1)"%
1 -4-1 1 -Z-1

U2 = —74 (=¢o) (1 =10) % (-1) = — 2% (1=0)"~
U192 = 0
Thus ) )
W= —Y2 — _ —po(1=) # — bo(1-1)

w1 CXO(XA)(C,bC#;l)—X CXO(Xfl)(cfbcﬂzl)_X

CXO(X_l)w(Cbe,uz_l)_x

bo = I
(1-1) »
And { 1]
; w 7XCX0(X_1)(cfbcp,z_l)7Xi
A= g = M
—5bo(1=1) #

wchU(X_U(cfbc,uz_l)ixil
L X0 Dw(embenz )X

© _ I
(1-1) *

—1

-1 %
x(e—beuz ')
S la-n7t
x(1-0) .
TCtonT)

Note also that
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WA =

bo(1-)" %

x(1-=1)

X¢o(1-1)"~

1
®

cxo(x—1) (c—bcugl) X

Fe=ten)

Hence, the first measure of relative risk-aversion is:

RRA® = ¢ (= L

= — + ca —T
(cbenz! Y TR (o) SR (embens ) g O
o cx(cfbcuz_l)7X 1t co cXO(X—l)(cfbcp,z_l)7X
L G B L L] G 70 BT
(- ¢ N @ (1-1)" @
using ¢y = wcxouil)(c_bf#;l) -
(1-1)" ¥
xo(x—l)(cibcu—l)fx
= e e - - .
(C—bcuz 1)+T% (u3+u0)+4cxg(_x>:l) (C—bcuz_l)lix-ﬁ-wcxo(x_l)(:*bc“z 1) * (ll:i)
©
_ cx (c—bc,u;l)_x
= —y + ca _
—b z_l w x(1A=1) wd 4 _ wle— CL;] X
(C - )+ ! i 7{,&5(—:*01)) +1*1X (C*bcpzl)l X+#%
- (e e gy
R R et et 2
= sy T !
—buz ) xa- wdtu
O R o e (o
= T X D) + « - 1—x
—bus w x(1—
(1 buz )"F c é (1=x) CX(:((;-T;(;L (C—bCH;1>X+(1—bH;1)+w(l(fl) (17>1<)

Ul
w1 1+w>\+au>

cho(xfl)(cfbcuzfl)—x—l

1

Lexo=1) (cfbcﬂgl)l_x

cxo(xfl)(cfbcuzfl)—x

= + ca
(x=1)(p_ —1 1— L B B 1— 1
T et e () SO (o) i 05
»C c—bepy ) »
_ X0 (x—1) (o —1)7X
c [X (c — bcuz_l) 1] 1 T + ca < (e—bens)

1—L
xeo(1—-l) *

%CXO(Xfl)(cbeuzl)l_X

cx 1

(s a0} + 290 (ebenz ) g UL

CXO(X_l)(cbeu,z_l)7X

1— L
7

c—bcu,z_1 1

1— 4L
X¢o(1-=1) ¥

+ ca

Lexox=1) (c—bcuz_

cx
1

1)1—x

x—1)

(ug-i-uo)-&-%

cXxo(x—1) (cfbcuz_l)7X

X (C_bCN;1)17X+SOO 4(17”11

K3

1— L
©

1— 4L
x¢o(1—=1) ®

+ ca

c—bepy 1 —+

écXO(X*U(cfbauz_l)_X

cx(cfbcu,z_l)7X

x—1)

cXxo(x—1) (cfbc,u,z_1)7X

(ug+uO)+7chJl(_X (c—bcu;1)17X+tpo 7(17”1;;

1— 4L
®

Note when b =0, xy =0, and ug = 0, we get
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c _ X 1—x
RRA® = Tyzain T uf w-1) G—x)
¢ I (1-x) oI T 1
=
= X + 1—-x
1+X‘Pw(1<:7l) (1_X)ugcx_l+1+(1l:i) w(lc—l)
7

Also, when ud = up = 0 (standard EZ preferences) we get
RRAC = N +a L

_p, 1 w x(A=1) wd
A e ) E A S
’ 7

1

1—

X + « X
l—bugl-‘r% X(ll*l) l—b,l,l,;l-f—w(lcil) (1*1)
» »

Thus, to back out o from RRA® we have

X + « 1= x
(1= byt + 220y ) (o ety (1 st 4 2D 0

exo(x—1)+1 c 1—1
©

RRA® =

e _ X
RRA (1—bu21)+%"(1£l>
o = T ®
(ung“O) —1\x Z1\ , w(1=1) (1—x)
(1=30) gtemmar (e—bens ') M+ (1—buz )+ 2072 =%

1— L1
©

Note also that

RRA® =¢ —un 1 + ot
up 1+ wA U

RRAC U1 1 Uy

c uill—i—w)\:au

RRAC U1 1 (3
o = + — —_—
c up 1+ wh /) uy

And therefore

RRA® = (1 + % (1- 1)) RRA® = (1 + % (1- 1)) RRA®

If we condition on a given value of « (for instance, based on reasons motivated by accuracy of the model solution), then
we can alternatively back out the value of ug to get a given RRA€. That is, we get

RRA® = 71X wxa—y ¢ (ud+uo) o wl=h) 1=x)
(1~ bpz VF?? (1—X)cxo<0xifl>o+1(C—bcﬂz_l)x+(1_b“z_1)+wa<;)(11:?
|}
1 X 1
— ~ _|RRaA“ - =
. o) 5w ugtu - 1) | w0=h (1m0
(=) (b #2252 | LB (e —bep ) (1 st 4 20 0
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d
(uff + uo) Z1yX ny,w(@=0(1=-x) a(l—x)
(1-x) o G=DT (c—bepz ')+ (1 —buzt) + T =
¥ c _ X
(RRA (1—bM§1)+% X(Il) )
©
d
(u0+u0) S1\X a(l-x) -1 w(l-1)(1-x)
(=) oo (¢ —bens )" = B e S
c _ X
RRA (lfbuz_l)*F% X(li_l)
¥
cXo(x—1)+1 a(]_ — X)

d _
U0+u0 - (Cfbclulz_l)x(l 7X)

where either ud or ug are zero.

2.2 The Frisch Labor Supply Elasticity
Recall that this elasticity is given by

elCLSF = l(uiilucl)

Uce

_1
(1-1,)" "%
0

1—1
»

P

In our case (given that the utility of leisure is goo%)
©
1
u =~ (1 —1;) »
1 -5-1 1 —5-1
== (=1) =175 (=1) = —po L (1= 1) 75

Ul =0

So, in the steady state we have
_ uy
elasp = (o0

ss | WLl — Toc

— —po(1=lss)
lss —®o %(1_lss)_

NE RS

)

e
los(I—los)

:golss

ss

=¢ ()
When I, = %, then
elasp :w(% —1) =2
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2.3 Intertemporal Elasticity of Substitution
The intertemporal elasticity of substitution (IES) is given by

U
IES, = —
Z/[ccct
_’CVXU(Xfl) (Ct—bct,l)_x 1
. SS zi(o Ei(g Z:m
N —x—1
~xo(x—1) [(ct—bci_1 X s
—XCss —ox0 5
t t
_ ((ezbermy 50N TN
— z:0 ztl_xo
- 1—x0\ —X—1
— ce—bero1 2 ct
X 20 ztl_XU 250

_ (et=bci_a ztl_xo X
Zt 1

1— —x—1
_ ce—bcy_1 Zy X0 X [
X % 1 X0

_ (a—baapn) ™ )
- x (¢ — bét_luz—})‘x‘l ;:Tto Zt—(l—xo)
_ (@& —b&_1pz )~ )
- X (Et - bét—mz_})fxfl crzy X0 Z;1+XO
Ct — bét—l/lz_,%
R
In the steady state we get
5= 0t

2.4 The Equity Price

We have
Ptm — Et [ tr,etzjll (D?:’UtJrl + Ptyil)} ’

where Div; = ¢, i.e. a claim on consumption.

Inducing stationarity
Q — Et Mreal Divt+1 + Ptril Zt41
2 t,t+1 7l o o

P =By My (Dives + Py o

Hence, in the steady state:
PSZ‘L = ;;ags+1 (Di”[)ss + P:;) N’z,ss

pm real o real Dm
Pss - Mss,ss+1/’bz,slevSS + Mss P

:uz,ss ss

real i
Mss,ss+1uz,ssDZUSS

Pm —
ss _ real
1 Mss /Lz,ss
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—x(1=x0)—X0 _ _ _
Recall that Mg, s = 5”2’“?, so Mreal = Mz,?s(S Xo) X0 and we therefore get

55,85

1—x(1=X0)=Xo0 7y,
pm __ B/’LZ,SS D“}SS

S8

1— 6#17X(17X0)7X0

2,88
where bvivss = C45. Note also that

P

pm
Pt Zt

exp {log ]Stm + log zt}

and similarly for dividends.
The requity return is

(DZ'Ut+1 + Ptril)
P
(Dile + Ptinu) Mz t1

P

exp {rﬁl} =

rit, = log (f?%m + Pt"jl) — log (Ptm) + log Hootg1

2.5 The Timing Premium

We extend the definition of the timing premium to accommodate leisure in the utility function. Here, we apply the approach
suggested in Andreasen & Jorgensen (2020). The basic idea is to impose that the household is on the equilibrium path for
the leisure and consumption trade-off. That is, we use the first order condition

_ _ 1 —b _ —X *
L0000 (1) L (Ct c 1) : w;}

(Esszt)xo asszt)xo

ct—bey 1

X wy
1 ((Esszt)xo ) (Css2t)X0
(1—1)7 2 IO

)

(1-1,)% = aadl
(ctfbct,l) wf
(Css2¢)X0 (Css2¢)X0
(i
o]
1— 1—
(1 - lt) _ Zt( x)( XO)ntSOO

ct—ber_1 X wy
(Css2¢)X0 (Css2¢)X0
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This implies that

1-x)(1—
[ Zt( x)( Xo)nttpo

r(l—é)

_ 1 ct—bey_ - p ¥
(]' _lt)l i _ (éssztgxé) X(Ess“ztt)xo
nt@()l_il = ¥ 1_1
® ®
1+p(1-2L 1—x)(1— 1-1
- nlﬂo(lfi)@o p(1-3) Zt( X (1=x0)p(1-3)
t 1TE (a0 et )
(Coaze )0 (@aoze) 02 (1= %)
s8s
I4p—1 (1=)(1=x0)e(1-%
_ n1+go—1<Po v 2t oe(1=3)

- t

1- i <Ct—b0t71)_xw(1_%) (wf)v(lii)

Cas2t)X0 — (-1)
( ss t) (Csszt)xocp 1 %

_1
Elfx)(leo)‘P(lfi) (’Cvsszt)X()‘P(l_é) <thbct71)xw(1 *")

— (nepo)” * (Gosz0)X0
= o1 1
v (wt)t( )
C (nepg)? A0 (e, XD (5 e DY)
= : S
I ° (w; )(50 1)

Hence, we can write the value function as (for negative value function) as

00— 1 —bey )X o0 .
Vi = w00 g, | L (Ct Ct 1) ol x AT00X0) 4 (200x0, o

(Ess zt)XU

5 i)

1—x
1 [ er—beia d (1—=x)(1=xo)
( + ug X z;

(1-1)"%
1-1

(0 x0) = \ Gz
s e e 121700 =x0) (nupq)? 2 VXD (e mbey )X (Ep ) ¥0LP DAY
t 1—1 ) (e—1)
7 (wy)
1
— 1—a
(5 (o)
7
1 (ebea )X (1-x)(1=x0)

d
+ uy X 2

1=x)(1=xo) 17\ (€ss2t)X0

Vi = upz " +d (o

t 0% +dy (napg)® 2T 00X (e, X0 (g, ) X0 (e~ D—x)
T (w;)#=D

1

8 (B [(=Vir) ™))™

23



We define the timing premium II; implicitely as

Vi = wuo(z(l— Ht))(l_X)(l_XO)
1 C be 1 1=x ( ) (1 )
t — 0Ct— 1— -
+di | 1 ( (Coszt)® (1- Ht)) +uf x (2 (1 —10)) " 700X ]
o (ntCPo)LP Zt(lfx)@*Xo)@ ((c; —bey_1) (1 — Ht))XW*l)
t 1 —
-3 (wi) @™

l-«o T—a
—B | Bt —Nopgr (1= T) 00X (1 —11,) Y
—Naipr (1 - Ht)(kX)(liXO) — N1 (1— Ht)X(@il)

Vi = wo(z(1- Ht))(l_X)(l_XO)
dy (¢ —bep—1) X (1
k= <<~> (1- Ht>> +dyuf x (2 (1 —T0,)) 000

(nepy @ Z]gl—x)(l—Xo%P ((c; —bey—1) (1 — Ht))x(sﬂ 1) (@ Zt)xo(sﬂ—l)(l_x)

)
+dt 1 —
-5 (wp) Y

-« T—a
g (m, [ Nowst (=TT - NG (111
7Nd,t+1 (1 _ Ht)(l—x)(l—xo) _ Nl,t—i—l (1 _ Ht)x(cp—l)

Here, Ny + is the continuation value of uoz(l X)(1=xo0)

—x L (1—
dt (?é (Zt)xé) , while Ny, measures the continuation value of dtugz,gl X)(1=xa) Finally, N;;

if uncertainty is resolved in the next period. The variable V. ; measures

the continuation value of 1

is the continuation value of lelsure Note that

Nott1 = wu Zt+1X)(1 Xo) + Bug Zt —x)(1—x0) _I_BQUOZE_ngx)(leO) g

i1, )(1=x0)
UOE:ﬁ t+z ?

1—
i1 dt+z (ctpi —ber14q)\
(, gt+1 — Z 6 ~ Xo

(Css Zt+i)

[e’e)
d i—1 1—x)(1—x
Nd,t—‘,—l — u() ZBZ dt—i—'LZEJ,_z )( O)
i=1
and

(1=x)(1=x0)e x(p—1) (=
z ¢ iibc— i CssZt+i
Nijr1 = E Bl L(nt“%) b (et t—1+i) (Cosztt

pa 1-% (i)

Mz t+1 Kzt
log <z ) = p,, log ( - ) t O, €, ttl
Kz ss Kz ss

logd;+1 = Pd logd; + Od€d,t+1

)Xo(@*l)(lfx)

where we recall that

logngt1 = p,logng + open i1
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2t = Zp—1ly ¢

and
Wy = Ry ({Dsszt) + (1 - Hw) w;k

*_

wt _ Wy — Ry (wsszt)

1 — Ry

We start the simulations of all these sums at the steady state, i.e. where z; = 1, n; = 1, and d; = 1. Also the timing
premium is computed for the economy at the steady state.

3 Data

3.1 Hours

Hours is calculated based on total nonfarm payrolls, which is detrended using the regression filter of Hamilton (2018).

3.2 Wages

For real wages, we use the real hourly compensation for all employed persons in the nonfarm business sector, Index 2012=100,
and seasonally adjusted. This data series is then detrended using the regression filter of Hamilton (2018).

3.3 Consumption

Quarterly consumption is for real per capita non-durables and service expenditures, which are available from the Federal
Reserve Bank of St. Louis.

3.4 Inflation

Inflation is calculated as the year-on-year growth rate in the seasonal adjusted Consumer Price Index (excluding food and
energy) for all urban consumers.

3.5 Bond Yields

We use the 3-month nominal risk-free rate r; from the secondary market. The 1-year, 3-year, 5-year, 7-year, and 10-year
bond yields are from the Gurkaynak, Sack and Wright dataset. This data series is available from 1961Q2.

3.6 Short Rate Expectations from Surveys

Expected future short rates 1,2,3, and 4 quarters ahead are taken from the survey of Professionel Forecasts for the 3-month
T bill. Here, we use the median from panel of forecasts in the survey Professionel Forecasts. These survey data are not
used in the paper, but they are included in the matlab codes linked to the paper.

3.7 Stock Market Data

Dividend and market return series are constructed from two CRSP series, the value-weighted index including distributions
(VWRD) and the value-weighted index excluding distributions (VWRX). A price index is constructed as

Pyy1 =P, (1+VWRX41), (11)
with Py = 1, where s denotes a monthly time index. The related dividends are then calculated as

Dyt =P, (VWRDy — VIWRX,11). (12)
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To remove seasonality effects in monthly dividends, we construct aggregate dividends D¢ = Z;io D,_;. Using this series,
dividend growth is calculated as

Ads =log DY —log DY_4, (13)

and then summing these monthly observations over the particular quarter to get quarterly dividends. The market return
each month is

r" =log (Ps + Ds) — log Ps_1, (14)
which we annualize. Finally the price-dividend ratio is
ps — ds = log Py — log D (15)

We then obtain quarterly time series of the price-dividend ratio by using values at the end of each quarter.

3.8 Related Model Variables

1. Hours

We have
ZData _ ZModel
t - "t I

where we use the standard notation that a "hat" denotes deviation from the steady state, i.e. I, = log ( Lt ) .

lss

2. Wages
We have

~ M odel
thata = w,

3. Consumption growth
The expressions for real quarterly consumption growth is given by

ACt

Il
—
<)
0

= gt *gt—l + log (,uz,t)

because ¢; = log =+

.

4. Inflation
The quarterly inflation rate is given by
log Ty = 1og Tss + e

where 7; = log (L)

Tss

5. The Nominal Yield Curve
All yields are given by

T§k) — .+ fék)’

where k denotes the maturity. Note that rt(l) =7y,

6. Surveys of Expected future short rates

—

By [regi] = 765 + By [1e44)
where i = {1,2,3,4}.

Note finally, that all variables are annualized through a multiplication by 4, except for hours and wages.
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4 Estimation Methodology: Filtering with Shrinkage

This section presents the estimation methodology used in the paper.

4.1 The Estimator

To describe the considered estimator, let 8 denote the structural parameters of dimension ng x 1. We would like to estimate
0 using the observables y;’bs with dimension n, x 1. Given the presence of latent variables x; of dimension n, x 1 in the
model, a log-likelihood function ZtT:1 LEPKE i evaluated by Kalman filtering. Due to the nonlinear structure of our state
space system, we evaluate a quasi-log likelihood function by the central difference Kalman filter of Norgaard, Poulsen &
Ravn (2000) as studied in Andreasen (2013) within the context of nonlinear DSGE models.

To robustify the estimation of 8 from a quasi log-likelihood function, we propose to shrink the estimation of 8 towards
a set of unconditonal moments. The empirical moments are denoted by % 23;1 m; and the model-implied moments by
E [m (0)], which both have dimension n,, x 1. Hence, the contribution from these shrinkage moments are given by

LY mBm(O) ) W (53 mi—E[m @)
T T

= 8ur (0)/ Weg, .1 (0)

Q

where g1.7 (0) = + Z?:l g: (0) with g; (0) = (m;—E [m (0)]) and W is a weigthing matrix. Here, we consider the case
where W is diagonal and its elements are given by the inverse of the standard error attached to each of the moments in
my.

Hence, the considered estimator is given by

N 1

where A € Ry controls the weight given to the skrinkage moments. For the implemention in Matlab, where we use
minimization routines, we use the equivalent formulation

. 1

4.2 The Unconditional Shrinkage Moments

To describe the unconditional moments included in the estimation, consider the following nine variables:
I
Wy
ACt
log 74
i
———

mom

Yi

where i = {1,4,12,20,28,40}. The first set of moments we include contains the first and second uncentered moments for

y7°™, that is
1 T lZT ymom
ey M = Tgt=tot e |
== T 2 (V™)

To describe the second set of moments, consider the Campbell-Shiller regression

. m m
Ti(ﬁimm) _ 7,t(lc) = o + 5kk — (rgk) _ rg L)) n ugk)
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where m indicates the forecast horizon.

for B, is given by

Bk

Here, we apply m = 4 for forecasting four quarters ahead. The population value

' T—m (Tgk) - rgm)))
Var (2 (r — (™))
o (7 9401
(52) ver (0 - i)
Cov (nfimm) 10,0 )
Var( (k) rﬁm))

Cov (i i, g2

—m

We represent 3, by including moments for the covariance and the variance determining ;. That is, we target

1 Cov
Lot [ 1S

T Zt 1 m VAR

where /

1 T c 1 T—m [ (k—m) (k) (k) (m) )

— > m§e = { _ T =T r, —r — slope;

T 2et=1 M3t T Let=1 ( t+ t ) (( t t ) ) k={8,16,...,40}
and /

L 7 var 1 (k) _ . (m) (k) _ (m) )

> my =4 = —r Ty — Ty — slopey ,

T “~t=1 T t 1 ( "t ¢ ) (( ) ) k={8,16,...,40}
with slopet(k) = % ;‘;1 rt(k) (m)) for k = {8, 16, ...,40}.

Thus, we consider the following unconditional moments for the skrinkage part of our estimator

T
T 2—q Moy

T T
1 L5 m
TE:mtEl:thl 1»t]_
t=1

4.3 Computing the Shrinkage Moments

In general, E [m

(0)] and hence @ must be computed by simulation. However, for the pruned approximation (and a linearized
approximation), it is possible to compute E [m
we can easily compute the closed-form expression for E |

(0)] in closed form. When the standard perturbation approximation is used,
m (0)] using the results in Andreasen et al. (2018). For the second-

order projection approximation applied in the paper, we extend the results of Andreasen et al. (2018) to this approximation,

such that it is also possible to obtain a closed form expression for E [m

()] in this case.

The value of E [m; ()] follows directly from the unconditional mean of a control variable y; and its covariance matrix.

For E [mg (O)Cov}, we first observe for the kth element of ms (0)

B (r"

E [mQ (e)gf’“] -

oV that

) (o) slaae )]

= B [((Tt(i;m) B TEk)) - [ ) =t )D (SZOPe o [Slopegkq)}
— Co 5 — el

_ (k
= Cov {TH,”

slopet} C’ov[ ,slopegk)}
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Hence, Cov [ (k) slope( )1 can be computed directly using the expression for unconditional second moments for control

variables, and Cov [rt(im ™) slopeg } follows from the auto-covariance matrix for control variables. As for E |:IIl2 (H)VAR]

lm @] = B[ =) (1 i) B oot
= B[ 4") B o) (1) -8 n])
- var[(t-47)).

which also follows directly using the expression for unconditional second moments for control variables when applied to the
slope of the yield curve.

we have

4.4 The Link Between Campbell-Shiller and Return Regressions

We first introduce some notation. Let Bt(k) denote the price of a zero-coupon bond with maturity £ at time ¢. The m-period
holding period return on a k-period bond is

(k—m)
—(k) By,
hprogm = log< tJr(k) )

= logBéf_mm) log B

= - (k - m) r;f—n:n) + kr(k)a

because r,g,k) = —% log Bt(k). One period in our model corresponds to one quarter, so it is natural to express everything in
quarterly returns. That is, we get quarterly returns as
k k—m k (k
hprzg-‘r)'rn = _T t(+7r;m) + - 4 )
The Campbell-Shiller regression is given by
k— k k
e = = et g (1 =) e

The classic return regression is given by
k m ~ % k m
hprt( )177 — *4 7“75 m) = O +ﬁk (’I"g ) _ ’I"g )> +5t+m,k

To see the link between these two regressions, consider the quarterly holding period returns

| __k=m k-m k(k)
hprt—i—m, - _T t+m + 4
Now subtract mrt(m) on both sides to obtain
k m (m k—m k—m k k m (m
hprwg-‘r)m - ZTE ) == 4 IE-HrL )+ 4 ( ) ZTE )
Then add and subtract ﬂr§ ) on the right hand side
m _k m)y , k m
= T = e K g
k— —m) K m
e B () T
k=m e—m)  k=m ) ™ () (m)

4
= i e g (0 =)

kE—m k—m k m k m
S ) 4 2 A7)
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Multiplying both sides by —— and rearranging, we get

k—m
e (o, = ) = o (S5 () =) + 5 (0 )
0
2 = (A28 () 4 ()
4
EéEOWﬁ%—%ém):E?%Gw_ﬁm>_0%?kww>. (17)

Regressing each of the three terms in (17) on a constant and - (rgk) - r,ﬁ’”)) we get:

: k m,.(m ~ 2 k—m m k m
i) (hP7"§+)m - ng )> =+ (Bkkm ) F—m (rt( ) _rt( ))

) (1 =rf7) =0 (142 2 (5 ()

k—m

i) (rfE) - ) = a o+ Bz (r ™)

Thus, for the constants, we simply insert the intercepts from i) to iii) into (17). That is

x intercept from i) = X intercept from ii) — intercept from iii)
k—m k—m
)
4 X G T 0-a
ap = — QL

k—m = F T k- g

i)
. k—m
Qp = —OQ 1
For the loadings, we get
x slope from i) = x slope from ii) — slope from iii)
kE—m k—m
4 - k—m m k—m
= X — By
k— mﬂk m k—m m &
’ 4
B, =1-
—B=1-8,
Thus the two regressions contain the same information. ~
For the case of m = 4, we thus have the simple mappings & = —ak% = —ay (% — 1) and 8, =1— 5.

4.5 Asymptotic Distribution

The asymptotic analysis is carried out based on the assumption that any filtering errors caused solely due to the adopted
integration approximation in the CDKF are small and none essential for the estimates. The validity of this assumption is
explored in the Monte Carlo study presented in this Online Appendix. Given this assumption, the standard QML estimator
based on the CDKF is consistent (see Andreasen (2013)). We also have that GMM is consistent, given standard regularity
conditions (see Hansen (1982)), and therefore, the proposed estimator with shrinkage is also consistent with respect to 6.
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To derive the asymptotic distribution of 0 for T — oo, let

1 T

_ CDKF
L= L7PRN -0,
t=1
and note that
!
T
oL 1 aﬁtCDKF E[g1.7(0)]
— = = — 2| === W (0
90 T2 50 90 oy, g (0)
ngx1 t=1 ngx1 N XNg m
1 & )
= TZ (s (8) —2)\G (8) Wg, (0))
t=1
where s; (0) = [M%ZKF is the score function for observation ¢ related to the Central Difference Kalman filter and G (0) =
aggigl(e) =7 thl gég?) is the Jacobian related to the shrinkage moments. The first-order conditions are

213 (5 (5) -2 () W (3)) =0
t=1

A mean-value expansion of s; and g; around the true value 8, gives

Zf:{ o)+ H, (9—00)}—2)\(} (é)'w{gLT(ao)Jr(‘;(@_gO)}:

Here, fIt is the ng x ng Hessian matrix of observation t related to the Kalman filtering. The tilde on the Hessian matrix
indicates that each row of H, is evaluated at a different mean value, which is on the line segment between 6, and 6.
Similarly, G is the Jacobian related to the shrinkage moments where each row of G is evaluated at a different mean value,
which is on the line segment between 6, and 6. Thus, we get

13 (510 + 8 (9-0.)) -2 (8) W {rr 0+ (5-0.)} =0

L
T

HMH

61(6,) -2\G () w (; XT:gt (90)> + (; XT:H 2G (0)' W G) (6-0,)=0
t=1

because g1.1 (0) = % Et 1 8¢ (0). Thus

1 Z (-5 0. 4216 (0) W, 0,))

Il
N
Nl =
[~
Th
|
]
>
@
—
D
SN—
(]
N~
—~
D
I
)

Qo
~—

\*
Il
_

N 1 T ~ N\ - ! 1 T N/
(0— 90) - (TZHt —2\G (0) WG) TZ (—st (6,) +2)\G (9) Wg, (00)>

For sufficiently large T', we have

Ti —2)\G (é)/WGLE




Also, let q;(8) = —s,; (8) +2)\G (8)'Wg, (), then given sufficient regularity conditions, we have that %Zle q: (0)
converges to a multivariate normal distribution for T — oo (see for instance Hansen (1982)). That is,

T
1 A\ d
— 0 N (E 0,)],Var 0,
ﬁ;qt( ) =5 N (Bl (8,)], Var (a (6,)))
where E[q; (0,)] = 0. To realize that E[q; (6,)] = 0 recall that 8, solves the population problem

Max E
0cO®

T

1

7 Z LEPEE — Ngir (8) Wgy.p (0)] )
=1

which implies the first-order conditions

0
aieE

1

T
T Z ‘CtCDKF - Agl:T (0)/ ng:T (0)] =0.

0=0,

T

t=1

Given sufficient regularity conditions such that the derivative and the expectation operator can be interchanged, we have

% > (s:(8) — 20G () Wg, (9))1

t=1

E =0.

6=6,

)

E [qt (0)”9:00 =0

as desired. Thus, given standard regularity conditions, as stated in Hayashi (2000), we have
VT <9 - 60) AN (0,A;'Var (q;(6,) A,")
where q; (8) = —s; (0) +2\G (6) Wg, (8). Thus, the asymptotic covariance matric is given by
Var (é - 00) = %A;l‘/ar (qr (6,)) AL

We can consistently estimate A, by

T
o 1 N A\ N
A= H, (0) e (0) WG (9)
t=1
As for Var (q: (6,)), we can use standard estimators to account for autocorrelation and heteroskedasticity in a time series,

which is generally needed because of autocorrelation and heteroskedasticity in g; (6,). We use the estimator of Newey &
West (1987), i.e.

Var (a: (8)) =Ty +VZ: (£ 1)
where . ;Fil (qt (9) Y (é)) (Qt—u (9) —a (9>)/

and k is a tuning parameter.
In terms of the specific value of A\, we suggest simply to let A = T, i.e. the sample size.
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4.6 Alternative Interpretation of the Proposed Estimator

One may alternatively consider the proposed estimator as belonging to the class of Laplace type estimators (LTE) or quasi-
Bayesian estimators in Chernozhukov & Hong (2003) with the endogenours prior specification of Christiano, Trabandt &
Walentin (2011). The use of LTE implies that a potentially misspecified log-likelihood function (as considered in our case)
may be used within a Bayesian setting, whereas such a misspecification is generally not accommodated within a standard
Bayesian framework.

To realize this, let Ly (0) = = thl LEPEF he the considered extremum statistic and let the priors be denoted by
7 (0). The quasi-posterior density pr (6) for the estimator in Chernozhukov & Hong (2003) is proportional to

pr () o< exp{Lr (0)} 7 (6)
)
log pr (0) x L1 (6) +logm (6).
For the priors we use the endogenours prior specifiction in Christiano et al. (2011) based on sample moments m;. For a

sufficiently large pre-sample size T, it follows that the density of the empirical sample moments mp = % E?:l my, is given
by (see Appendix B (page 38) related to Christiano et al. (2011))

p (my|0) = (T)m

o

1—1/2
S

exp {~T/2(mr ~B[m (6))) §~ (mr — B[m (9)))

where S is the estimated co-variance matrix of the sample moments. Letting p(6) denote the primitive priors before
observing my, then

m(0) =p(mr|0)p(6),
or simply
7(0) = p(mrl|6),

when p (0) is set to flat priors. Accordingly

Ly (6) +logm (0)

Ly (6) = T/2 (my —E[m (0)])’ S~ (my — E[m (6))
= Lr(0)-T/2xQ

logpr (0) o
o<

when W = S, which is identical to (16) when A = T/2.

4.7 Monte Carlo Evidence

This section presents a small simulation study to illustrate the benefit of introducing shrinkage when the New Keynesian
model is misspecified. To make the simulation study computational feasible, we consider a reduced version of the New
Keynesian model. That is, we omit preference shocks, labor supply shocks, and shocks to the inflation target. Also, we
omit consumption habits (b =0) and we do not include wage stickiness (k,, = 0), and therefore we also omit wages as
an observable in the estimation. The model is solved by third-order perturbation, as the issue related to the accuracy of
the solution is not essential in this context. That is, the data generating process is given by a third-order perturbation
approximation, which is also used for the estimation. We estimate the parameters listed below, while the remaining
paramters take the values a = —100, I, = 0.33, § = 0.9925, ¢ = 0.075, n = 6, (K/Y),, = 2.5, § = 0.025, Ky ss = 1.0055.
We simulate 1,000 samples, each with 7" = 250 observations and estimate the model using the proposed estimation for various
values of A. We study the performance of QML (i.e., A = 0) and shrinkage towards the first and second unconditional
moments as described in the paper.

Without any misspecification in Panel A in Table 1, we see that QML (i.e., A = 0) gives nearly unbiased estimates with
low degree of variability as measured by the standard deviation of the sampling distribution. Letting A = 7" or A = 106
only worsen the performance of the estimator, as it increases the biases and generates less efficient estimates.

Panel B in Table 1 considers the case, where the data generating model is solved using the true structural parameters
(to get the g- and the h-functions), but when simulating data we use the value p, = 0.8 for the persistence in the stationary
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technology shocks. That is, we introduce a clear misspecification in the model. To ensure that the unconditional variance

of the stationary technology shocks are unaffected by this misspecification, we let o, = \/ % (1 —0.802). Hence, for
this case with misspecification, there is no true value of p, and o, and this explains why we do not report their estimates
in Panel B. We then estimate the model without accounting for this misspecification, i.e., with the same value of p, being
used to solve and simulate the model. Panel B shows that QML with shrinkage (A = T') gives parameter estimates that
are less biased when compared to QML without shrinkage (i.e., A = 0). This is seen clearly from the overall root measure

squared biases

1 n _ .2
RMSB’ = \/n@ S (0:—6:)7,

where 6; is the true value of the structural parameter and 0, is the mean estimate of the ith parameter in the Monte Carlo
study. Here, ny denotes the number of estimated structural parameters. We find RMSB? = 0.116 with A = 0 but only
RMSB? = 0.087 with A = T. The cost of robustifying the QML estimator in this way is that we find less efficient estimate
with A =T compared to A = 0.

We benchmark these results to using an extreme degree of shrinkage with A = 109, which corresponds to estimating
the structural parameters by GMM and obtaining the states afterwards by the CDKF. The Monte Carlo study shows
that these GMM estimates display notable biases in finite samples and are clearly less efficient compared to the standard
QML estimator (A = 0) and the proposed estimator (with A = T'), both with and without model misspecification. These
imprecise GMM estimates of the structural parameters also imply less accurate state estimates when compared to the
proposed estimator with A\ = T". This is seen from the following measure related to the estimated states

States _ 1000 s () _ 50 2
RMSE = 1000 ooo \/ Y X ( t) )

which is RM SEStetes = (0.0223 with A = 10% but only RM SESt*es = 0.0159 with A = T

5 Projection Approximation
The considered second order projection approximation reads (unpruned)
Yt = 8o + 8xXt + Gxx (Xt & Xt)

Xi41 = ho + hyxy + Hyx (X @ X¢) +m€44

where Gyx = reshape (gxx, Ny, n2) and Hyy = reshape (hxx, ) ) whereas the pruned version reads

Yt = 8o + 8x (XZ+Xf) + G (x{@xf)
f o h hox!
X1 o+ hyxy +me; 4

X711 = haexy + Hyx (X{ ® X{)

Thus, the only differences with respect to the pruned state space system for the standard perturbation approximation are
i) the presence of hy in the law of motion for xt and ii) the absence of 1 hwa in the law of motion for x;. We include hg

in the law of motion for xt because it is presence even in a first-order projection solution as it captures a risk-adjustment.
Thus, to get the closed-form moments for the pruned projection solution, all we need to do is to extend the results in
Andreasen et al. (2018) to account for hy. This is done below.

For the pruned version, we can show stability and compute the first and second unconditional moments.
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Table 1: A Monte Carlo Study

This table reports the biases and standard deviation for the estimated parameters in a simulation study using 1,000 replications and T = 250.

Parameter bias Standard deviation

True value | A=0 A=T A=10 | A=0 A=T A =108
A: No Misspecification
X 2.000 0.005 0.076 -0.009 | 0.102 0.230 0.226
ECalvo 0.750 0.010 0.030 0.013 0.040 0.053 0.057
o 1.250 0.026 0.092 0.128 0.073 0.147 0.147
DA 0.250 -0.001 0.019 0.053 0.045 0.143 0.145
Tes 1.005 0.000 0.001 -0.001 | 0.002 0.005 0.004
Pu, 0.500 0.051 -0.141 -0.271 0.106 0.191 0.212
Op, 0.001 0.000 0.001 0.000 0.000 0.001 0.001
Pa 0.980 -0.001 0.005 0.002 0.004 0.006 0.005
Oa 0.010 0.000 -0.001 -0.001 | 0.001 0.001 0.001
RMSB? - 0.041 0.212 0.214 - - -
RMSEStates - 0.0066 0.0269 0.0327 - - -
B: With misspecification
X 2.000 -0.339 -0.084 -0.181 | 0.347 0.192 0.132
& Calvo 0.750 -0.010 -0.079 -0.043 | 0.079 0.193 0.141
O 1.250 0.004 0.175 0.316 0.100 0.217 0.287
DA 0.250 -0.015 0.023 0.148 0.091 0.184 0.279
Tss 1.005 0.000 -0.001 -0.002 | 0.004 0.002 0.002
Py, 0.500 0.120 0.035 -0.239 | 0.151 0.213 0.313
Op, 0.001 0.000 0.000 0.000 0.000 0.001 0.001
RMSB? - 0.116 0.087 0.350 - - -
RMSEStates - 0.0346 0.0159 0.0223 - - -

5.1 Covariance-stationary

Proposition 1:
The pruned second-order approximation for x{ ,X3, and yj is covariance-stationary if

1. If all eigenvalue of hy have modulus less than one

2. €441 has finite fourth moment

Proof
We now form the extended state vector ;
X3
Zy = X
x{ @ x]

We know the law of motion for x] and x{, so we only need to find the law of motion for x/ ® x{. Hence consider
XZ_H Q X{+1 = (ho + hxx{ + "7€t+1) ® (ho + hxxf: + 77‘5t+1)

=hy® (ho + hxxtf + 77€t+1>
hox] @ (ho + huox] + ey )
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+ne, 1 @ (h0+hxx1{ +”l€t+1>
using (A+B)® (C+D)=A®C+A®D+B®C+BoD

=hy®hy+hy @ hex! +ho® N€:i1
—l—hxx{ ® hg + hxx{ ® hxxf + hxxf Q M€y
+ne; , ®hg+ 1€ @ hxX{ +1NE L DM€

=hy®hgy + (ho (%9 hx) X{ + (ho (024] ’l’)) €141
+h,x{ ® hol + (hy ® hy) (x{ ® x{) + (hy ® om) (x{ ® et+1)
n€.1 @hol + (@) (€11 8 %)) + (MO 1) (er1 ® €141)
using (A ® B) (C® D) = AC® BD
=hy ® hy + (hy @ hy) x{ + (ho @ 1) €41
+ (hx @ o) (x{ ©1) + (h @ 1) (xf @xf ) + (e @ m) (x] @ eria)
+(m®ho) (er1 @ 1)+ (0@ ho) (&1 @x] ) + (@) (€11 @ €111)
Note that F [(€;+1 ® €:41)] = vec(1,,). Thus, we get
xly1 @x{, =ho@ho + (hg @ hy)x] + (ho @) €11 + (n ® 1) vee (L)
+ (b @ ho) x/ + (he @ ) (x] @ x]) + (i 21m) (x] @ €121
+(m®ho) ery + (M@ ) (€01 @) + (0@ 1) (€11 @ €14) = vee (1,,))

Accordingly
X{-&-l h, 0n,xn, On, xn2 X{ hy
. Xzf—&-l = 0, xny hy H, x; . + 0
x{+1 ® x,{+1 ho ® hx + hx ®hg  0,2xn, hx ®hx x{ ® x{ hy @ hg + (n ®@n) vec(I,,)
€t+1
n 0 0 0 - I
+ 0 0 0 0 €it1 ®E€t+1® ;’J?C( n.)
hy@n+n®hy n®N nhy hy®n t}jrl t
X3 & €¢t1
(i
Ziy1 = Az +c+ B€t+1 (18)

where Cov (€,1,€&,_,) = 0 for s = 1,2,3, ... because €41 is independent across time. This follows from the observation
that &, is identical to the value stated for §;,, in Andreasen et al. (2018), which show the claimed result..

The absolute value of the eigenvalues in hy are all strictly less then one by assumption. Accordingly, all eigenvalues of
A are also strictly less than one. To see this note first that
p(A) = |A_)‘12nm+ni|

hx - >\Inz Onm XNy OnL xn2

- Onmxnm hx - )\InT Hxx
hy @ hyx +hyx @ hy On?p XNy hy @ hy — )\Ing
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— Bll B12 ‘

B2: B
where we let
— hx - )\Inz Onz XMy . .
B = | O, hy — AL, } which is 2n, x 2n,
Bis = Oﬁxng ] which is 2n, x n2

By = [ ho @ hx +hx ®@hg  0p2xy, ] which is n2 x 2n,
Bos =h, ®hy — )\Ing which is ni X n2

x

= [B11| [Bay|
using’ 0 g = |U||Y| where Uis m x m and Y isn xn

hx - AInz Onz na
_ H O in e AL, ”{hx®hx—>\1n_g|

Hence, the eigenvalue A solves the problem
p(A) =0
)

|hx - )‘Inz| ‘hx - /\Inz|

hy @ hy — ALz | =0

|hy — AL, | =0or |hx®hx — >\In§,| =0
The absolute value of all eigenvalues to the first problem are strictly less than one. That is |A;| <14 =1,2,...,n,. This
is also the case for the second problem because the eigenvalues to hy ® hy are \;A; for i =1,2,...,n, and j =1,2,...,n,

Thus, the system in (18) is covariance stationary if £, has finite first and second moment. It follows directly that
E[¢,,1] =0 and &, has finite second moments if €;41 has a finite fourth moment. The latter holds by assumption.

For the control variables we have y; = Dz; + gy where D = [ gx 8x Gxx ] That is y; is linear function of z; and
y: is therefore also covariance-stationary.

Q.E.D.

5.2 Formulas for the first and second moments

This section computes first and second unconditional moments using the representation of the second-order system stated
above. Note first that
E [X{—H] =hgy + hyF {xﬂ

E [xﬂ — (I—hy) "hy
And

Var [x{_ﬂ} =hVar {xﬂ hi +nn’

vec (Var [xfﬂ]) = (hx ® hy)vec (Var [Xﬂ) +vec (nn’)
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vec (Var [XZD = (I - hy ® hy) " vee (nn')

Hence,

Var [X[ }

Il
=
—~
%
R
|
=
X
R

The system
Ziy1 = C + AZt + B€t+1

y: = Dz +go

The mean values are .
E [Zt] = (12711"1‘77/3 — A) C.

Ely:] = DE[z:] + go

!/
Then note that F [xﬂ is at the top of F [z;] and F [x{ (x{) ] is at the bottom of E [z;], which is an easy way to get these

moments.
For the variances we first have that )
E (2112, = E [(C + Az +BE ) (c+ Az + BE, ) }

=F [(c + Az, + B€t+1) (c’ +z A+ £;+1B’)}

=Elc(c +zA +&,,B)]
+E :Azt (c’ +z, A+ {;JFIB')]
+E [BE . (¢ + 2 A + €, B)]

= FE [cc/ + czjA' + c&; B
+FE ;Aztc’ + Az;z; A’ + Aztéi_HB’]
+E B¢/ + B¢, 12 A + BE, 1€, B

=cc +cFE[z,] A’
+AE[z]c + AE [z,z}] A’ + AE [z,£,,,| B/
+BE[€,,12;] A+ BE[§,,€,,,] B/

We then note that

/ /
Elzé ] =FE xj [ €1 (err1 @ ey —vee (L)) (€t+1 ®X{) (X{ ® €t+1> }
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/
xf €l x] (€111 ® €11 — vec (

/ /
L.)) X{ (€t+1 oY X{) X{ (X{ ® et+1>

/ /

=E X{€ 41 X; (€141 @ €1 — vee (Ine))' X} (€t+1 ® Xf) X} (Xf ® €t+1)

!/ i
(X{ ® X{) €111 (X{ ® X{) (€141 @ €1 — vee (Lne))’ (X{ ® X{) (6t+1 ® X{) (X{ ® X{) (X{ ® €t+1)

0 0 0O
=0 0 0 O
0 0 0 O

Thus
E [Zt+1zi+1] =cc' +cFE|z;]A'+ AF |z c + AE [zz;) A’ + BE [€t+1€;+1] B’

=cE[z]]A’ 4+ (c+ AE[z])c' + AE [zz)] A’ + BE [§, &, | B

Note also that
Elz]| E [zt]/ =(c+ AFE[z]) (c+ AFE [zt])/

=(c+AE[z])c + (c+ AE[z)) E[z}] A’
=(c+AFE|z])c' +cFE |z} A’ + AE [z, E [z,] A’
So
Ez12, 4] — E[z) Ez) = cE[z,) A’ + (c + AE [z]) ' + AE [z,2)] A’ + BE [€,,,£,,,] B
—(c+AFE[z])c —cE[z}) A’ — AE [z;) E [z}] A’
— AB[a2) A’ + BE [€,,,€),1] B — AF [2] F [7]] A’

= A (E[ziz)] - E 2] E[2]) A’ + BE [§,,,&},1] B’

)

Var (zi41) = AVar (z;) A'+BVar (&,,,) B’

)

%ec (Var (z¢41)) = vee (AVar (z;) A') +vec (BVar (§,,1) B)

vec (Var (zi41)) = (A @ A)vec (Var (z;)) +vec (BVar (€,,,) B)

)

vec (Var (ziy1)) (I(2n2+n§)2 - (A® A)) =vec (BVar (&,,,)B')
(i

vec (Var (zi41)) = (I(2n1+n§)2 - (A® A)) vec (BVar (&,,,) B')

Hence we only need to compute Var (£t +1)' Given that the expression for £, is identifical to the one for the pruned
standard perturbation approximation, the matrix Var (£t +1) can be computed as outlined in Andreasen et al. (2018). For
completeness, we reproduce how this is done below.
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€41 €t41

€41 ® €41 —vec(I,,) €41 ® €41 —vee (I,,)
Var =F
(6:1) €11 @ %] €141 ® X{
x| ® €41 x! ® €141
i €t+1
€11 ® €41 —vec(I,,) / /

=F e @x! €ry1 (€41 ® € —vec(Ly,)) (€t+1 ® Xf) (Xf ® €t+1)

L x{ ® €1

[ €11€141 €1 (€41 @ €41 —vee(Iy,))

I
(€141 @ €41 —vec(In,)) €41 (€141 @ €1 —vec (I, ) (€111 ® €41 — vee (In,))
=k €1 ®x] ) €4 €1 @ %] ) (€11 ® €41 — vee ()
x{ @ e€1) € x] @ erp1) (€141 @ €rpr —vee (L))
Y f !
€141 (€t+1 & Xt) €141 (Xt & €t+1)
! !
(€t41 ® €441 —vec(In,)) (€t+1 ® X{) (€t41 ® €141 —vec (In,)) (X{ ® €t+1)
I
(6t+1 & X{) (€t+1 ® X{) (€t+1 ® Xt) (Xt ® 6t+1>
!
[oafomed)  (doad)(doad)

We next evaluate each of these terms.
The first row:

E [€t+1€2+1] =In,
E [€t+1 (€141 ® €141 — vec (Ine))/] =FE [€t+1 (€141 ® €141) — €rp1vec (Ine)/}
=F [6t+1 (€141 ® €t+1)/]

Y Y
E [ﬁtﬂ (€t+1 ® Xt) ] =F {(ﬁtﬂ ®1) <€Q+1 ® (Xt) )]
[ 1
=F €116, ® (th)
r /
=F |E [et+1e7’5+1] ® (x{) }

=F In5® xt

)
n o)

E {Gtﬂ (Xt ® €t+1> ] E {(1 ® €141) ((X{)/ ® 6§+1)]
_ B [(x{)/ ® emegﬂ]
=2 |() e

The second row

E[(€r41® €41 —vee (L)) €411 = B [(€r41 ® €41) €141

E[(€141® €11 —vec (I,)) (€11 ® €41 — vee(In,))'] = E [((er41 © €41) —vec (1,,)) (€141 © €r41)" — vee(In,)')]
= E [(et41 ® €141) (€141 @ €111) — (€141 ® €r41) vee (I,) — vee (I,) (€141 @ €41) + vee (In, ) vee (I,,)']
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= F (€41 @ €41) (€141 ® €41) — vee (I, ) vee (I,,) — vee (I, ) vee (I,,) + vee (I, ) vee (I,,)']

=B [(€111 @ €141) (€141 ® €41) — vec (I,,) vec (Ine)/]

/ § / /

E | (€r41 ® €41 — vec (Iy,)) (€t+1 ® Xf) =E |(€41 @ €141) (€t+1 ® X{) —vec (In,) (€t+1 ® X{) ]

I N ]

=FE [(€t+1 ® €141) (€t+1 ® Xt) }

I / [ /
E (€41 ® €41 — vee (In,)) (X{ ® €t+1) =E |(€1+1 @ €141) (X{ ® €t+1) }
Third row
E (€t+1 ® X{) 62+1} =E [(6t+1 ® th) (€11 ® 1)}

=F [€t+1€2+1 ® X{:|
=1, ®F {X{]

E [(€t+1 ® th) (€141 ® €141 — vec (Ing))/} =FE [(6t+1 ® X[) (€141 ® €t+1)/}

E {(em @x]) (e @ Xf)l] =E {(Gtﬂ @x/) (6;“ “ (X{)/ﬂ
=E [(et+1e;+1) ® <x{' (X{)/ﬂ

=I,.®F {x{ (x{)l]

using (A ® B) (C® D) = AC®BD
E (€t+1 ® xf) (xf ® et+1>/] =F {(Gt_i'_l ® xf) (x{ ® €t+1>/]

Fourth row
E (Xt ® 6t+1 6 t+1 :|

[(x{ ® €t+1> (1 ® 6£+1):| =F [x{ ® (6t+16t+1 ] E [

X{} ®@ L,

)
E (xt ® €t+1)
B|(xf @ eins) (ccn o) |

(x{ ®et+1) (x{ ®et+1>l] =F Kx{

E

(€141 ® €441 —vec (I, ))/}

E [(xt ® 6t+1> (€141 ® €t+1)/}

!
E |:(Xic X €t+1> (6t+1 ®X{) :|

!
x{) > ® (€t+1€2+1)] =F {x,{

(x{ )/} @1,

Exploiting that all third moments of €;11 are zero for the normal distribution, we get

L,
Ong X Mg

I, ®F [x,{ }
E [x{ } ®1,,

1, 9F [(xfﬂ

nZXneng

I, ®F [x{ (X{)/:|

Var (£t+1) =

/
E |:(X{ & €t+1> (6t+1 & X{) :l

All elements in this matrix can be computed (and coded) directly as shown below.

is then given by

On6 xn?2

E [(Et+1 ® €t+1) (€t+1 X €t+1)/ — VecC (Ine) vec (Ine)/]

Ongnz xn2

Ongnw xn2

5| (xf) | om.

n2Xneng

E |:(6t+1 ®X{> (x{ ®et+1>l]
E {x{ (X{)/] ®1L,,

The variance of the control variables

Varly;] = DVar [z D’
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5.2.1 Computing the variance of the innovations

1) for £ [€t+1 (€t+1 (9 €t+1)l]

E (€1 (€11 ®€q1) | = E [{Etﬂ (¢, D}y, ({6t+1 (¢2,1) {er+1 (3,1 )}¢3_1} _1>I]

Hence the quasi MATLAB codes are :
E eps_eps2 = zeros(ne, (ne)?)
for phil =1:ne
index2 = 0
for phi2 =1: ne
for phi3 =1:ne
index2 = index2 4 1
if (phil = phi2 = phi3)
E_eps_eps2(phil,index2) = m?> (e;41 (phil))
end
end
end
end

Note also that F [(€t+1 ® €141) eQH] = (E [6t+1 (€141 ® €t+1),])/

2) E [(€141 @ €141) (€141 ® €t+1)l] —wec (I, ) vec(I,,)
Here

E [(€t+1 ®@€ry1) (€141 @ €t+1)/]

=FE [{5t+1 (@1, 1) {ers1 (92, )}¢2—1} » ({€t+1 (03, 1) {er11 (¢4, 1 )}¢4:1} 1>/]

Hence the quasi MATLAB codes are
E_eps2 _eps2 = zeros(n?,n?)
indexl =0
for phil=1:n,
for phi2=1:n,
indexl = indexl + 1
index2 = 0
for phi3 =1:n,
for phid=1:n,
index2 = index2 4 1
% second moments
if (phil == phi2 && phi3 == phid && phil™ = phid)
E _eps2 eps2(indexl,index2) = 1
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E eps2 eps2(indexl,index2) =1
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E eps2 _eps2(indexl,index2) = 1
% fourth moments
elseif(phil == phi2 && phil == phi3 && phil == phid)
E_eps2 _eps2(indexl,index2) = m* (e;11 (phil))
end
end
end
end
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end

3) F [(etH ®th) (€t+1 ® xtf)/}
Here )
E |:(6t+1 ®Xf) (€t+1 ® x{) ]

e ffeatn o)) (e (o) )]

¢1=1 =1
Hence the quasi MATLAB codes are
E epsxf epszf = zeros(neng, ngne)
indexl =0
for phil =1:ne
for gamal =1 : nx
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for gama2 =1:nx
index2 = index2 + 1
if phil = phi2
E epsxf epsxf (indexl,index2) = E_xf xf(gamal,gama?2)
end
end
end
end
end
where E_zf xf = reshape(FE [x{ ® xﬂ , T, NT)

4) FE |:(€t+1 ®x{) (x{ ® €t+1)/:|
Here )
E {(6t+1 ®Xf) (X,{c ® €t+1> ]

—F l{eﬂ_l (¢1,1) {x{ (71, 1)}% }:F {iEtf (72, 1) {er41 (09, 1)}22—1}::_1]

71=1 =1
Hence the quasi MATLAB codes are '
E epszf xzfeps = zeros(neng,neny)
indexl =0
for phil =1:ne
for gamal =1: nx
indexl = indexl + 1
index2 =0
for gama2 =1:nx
for phi2 =1:ne
index2 = index2 + 1
if phil = phi2
E epszf xzfeps(indexl,index2) = FE xf xf(gamal,gama2)
end
end
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end
end
end

5) E [(x{ ® etﬂ) (et+1 ® x{)/}

Here

E {(x,{ @er) (e ®x{)/] - {E {(em ox]) (x! ®et+1>/”/

so E _xfeps epsxf=FE epsvf xfeps

) | (xf & cn) (xl @) |

Here

B| (< o ens) (b (<) )]

Ng

= E [{wf TR CRRYCIRN) iy ({+ (62, 1) {af (2D}

Thus the quasi Matlab codes are
E xfeps _epsxf = zeros(ngne,ngne)
indexl =0
for gamal =1 : nx
for phil =1: ne
indexl = indexl + 1
index2 =0
for phi2 =1 :ne
for gama2 =1: nx
index2 = index2 + 1
if phil = phi2

Ne !
¢2—1> ]

E _zfeps epsxf (indexl,index2) = E_xf xf(gamal,gama?2)

end
end
end
end
end
where E_zf xf =reshape(E [x{ ® X{] , T, NT)

5.3 The auto-correlations

This section derives the auto-correlations for the states and the control variables.

5.3.1 The innovations

E [£t+1£;+1+5] =

44
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€141

€141 X €41 — VeEC (Inp) , / /
E e ®x! € 11s (€115 @ €145 —vec(ly,)) (et+1+s ® forS) (x{+S ® 6t+1+5>
X{ ® €141
€1+1€¢ 1145 €11 (€rp14s ® €ry14s — vee (Iy,))
(€11 ® €1 —vee(In,)) €14y (€141 @ €41 —vee (1)) (€145 @ €145 — vee (I,.))
=k €1 ®x] ) €1, €11 @] ) (€115 @ €145 — vee (L))
x! @ €rs1) € p1ps x| @ €r41) (1145 @ €rs145 — vee (L))
Y f !
€41 (€t+1+s & Xt+s> €111 (XtJrS X €t+1+s)
. / /!
(€11 @ €141 —vee (I, )) (€t+1+s ® Xz{+s) (€r4+1 ® €41 —vec (In,)) (X{-&-s ® €t+1+s>
/ /
(€t+1 ® Xf) (€t+1+s ® X{+s> (€t+1 ® X{) (X{+s ® €t+1+s>
li /
(th ® €t+1> (€t+1+s 02y X{+5) (Xf & et+1) (x{+s ® et+1+s>
0 0 0 O
oo oo
0 0 0 0
0 0 0 O

5.3.2 The auto-covariances

Recall that we have
x!
t
Zy = X3

x{ ® x{
Zi4+1 = C + AZt + B£t+1
yi = Dz +go

To find the one period auto-correlation, i.e. Cov (zy1,2:), we have
Cov (Zt+1, Z[;) = Cov (C + AZt + B€t+l7 Zt) =ACov (Zt7 Zt) =AVar (Zt)

because Cov (z¢,€,,,) = 0 as shown above. And for two periods
Cov (z142,21) = Cov (c + Az +BE, o, zt)

=Cov (A (c+ Az + B¢, ) + B o, %)

=Cov (AQZt +B&; 1o, zt)

= Cov (A%z,2;)

= A%Cov (z,2)

= A%Var (z)
Here, we use the fact that Cov (Et 12 zt) = (. This follows from the same arguements as above, that is consider
/ x{ / Y ! !
E [zt€t+2] =E X{ [ €£+2 (€112 @ €142 —vec (L)) (6t+2 & Xt+1> (xt+1 by €t+2> ]
x{ ® xf
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I !
X{€Q+2 x] (€112 ® €r4a — vee (L)) x] (€t+2 ® fo) x] (X{H ® €t+2>
i !
=E X{€iyo X; (€42 @ €142 — vee (L))’ X} (€t+2 ® X{+1) X} (Xf+1 ® €t+2)
!/ /
(X{ ® X{) €111 (X{ ® X{) (€142 @ €12 — vee (Lne))' (X{ ® X{) (6t+2 ® X{H) (X{ ® Xf) (th+1 ® €t+2)
=0

Hence, in the general case
Cov (Zt+l7 Z[;) = AlVCLT (Zt)

For the control variables:
Cov (Yf+l7 yzf) = Cov (th+l + %&mUQ, Dz, + gO)

= Cov (Dzy4;,Dz;)
=DCov (Zt+l7 Zt) D’

= DA'Var (z,) D’

5.4 Impulse Response Functions

This section derives closed-form expressions for the generalized impulse response functions in a non-linear DSGE model
approximated by the pruned second-order projection solution. The generalized impulse response functions are defined as

GIRFyay (I,vi,wt) = E; [varyy|v;] — E¢ [vary,)

for a disturbance to innovation i. To reduce the notational burden in the derivations below, we adopt the parsimonious
notation
IRFvar (l, Vi, Wt) = Et [Vﬁtﬂ] — Et [Val‘tJrl]

in relation to the conditional expectation operators. Note that the formulas we derive below also apply even if we want
to explore the joint effects of more than one shock - for instance when simultaneous shocking disturbances ¢ and j, i.e.
GIRFyay (I,vi,vj, wy) = Ey [var,|v;, v;] — By [varyy).

5.4.1 The specification for the conditional information

This subsection explains how we will compute conditional expectations by conditioning on v; - and possible more distur-
bances. Let S be n. X n. diagonal selection matrix with either 1 or zeros on the diagonal, and let the shock sizes appear in
the vector v of dimension n. x 1. For shocks which are not hit by a disturbance, we simply put them to zero.
As an example, consider an economy with three shocks and we want to condition our expectations on the first shock.
Hence, we need the vector
151
€2 t+1
€3,t+1

We can form this vector by letting

wn
I
o O =
o O O
(=R e i)



and

Vi
V= 0
0
Then we have
(1 0 0 V1 0 0 O €1,t41
Sv + (I - S) €41 = 0 0 O 0 + 0 1 0 €2,t+1
i 0 0 O 0 0 0 1 €3,141
- "
= €2 t+1
L €3,t+1

Similarly, if we want to condition on the first two shocks, then we let

1 0 0
S=(0 1 0
0O 0 0
and
Vi
vV = 1Zp)
0
meaning that
Vi
Sv + (I - S) €41 = Vo
€3,t+1

5.4.2 At first order

Recall that we have:
XZ+1 =ho + hxxi{ + N€it+1

and

XL_Q =hy + hxxf+1 + 1M€o
=ho + hy (ho + hxX,{c + 77€t+1) +ne€ o
= ho + hyho + h2x] + hyme, ., +m€,

and
xlys = ho+huxl, + e
= by + by (o + hcho+h2x] + hurre, . +7m€10) + 7164
= ho + hxhg + hih + hixtf +hine,, +hane,n + e
.3 _ 3 _
= hix,{ + 2 hi7ho+ 30 hagcﬂ’?etﬂ'
j=1 j=1
In general
! _ 1 _
x/., =hlx] + 21 h'~7h, + 21 hl 7ne, ;
Jj= j=

With a shock of v in period t + 1, we have
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! ‘ 1 ‘
i{-u = hicX{ + 221 h!7h, + Zl hl no,;
j= j=
where we define d; such that
{ Sv+(I—-S)eqq forj=1
6t+]‘ =

€ttj fOI‘j 75 1

Agents know the size of the shock v at time ¢+ 1, and it is therefore in agents’ information set. I.e. v is non-stochastic.
So

l
<f ol =
Et |:Xt+l — Xt+li| = Et 2

) l )
hi:jn‘stﬂ' - 21 h;jn€t+j]
J:

Jj=1

= Et [hic_l’f] (SV + (I — S) €t+1)]
=hi"'nSv

ang f f f f
Ey {S’t—&-l - yt-H] = gx L {it—&-l - Xt-s—l]

5.4.3 At second order

We need to consider:
X{q = hyxi + Hyx (xf ® x{)

Xiyo = hyxi ) + Hxx (X{-H ® th+1>
= hy (hxxi + Hyx (X{ ® X{)) + Hyx (Xz{-i-l ® X{—&-l)
= hixf + thxx <X{ ® X{) + Hxx (X{+1 ® Xf—i—l)

Xip3 = huXf o + Hyx (Xi{+2 ® th+2>
= (h2x7 + hoHoox (x] @ x{ ) + Hooe (xf %011
+Hxx (X{+2 ® X{-s-z)
=h3x} + h2H, <x,{c ® x{) + hyHyx (X{_H ® X{—H)
+Hxx (X{+2 ® X{+2)
— T3S 2 f f f f f f
= hixi + hiHyx (X3 @3 ) + haHyx (X541 @ X34 )| + Hyx (X510 @ X349
2 : f 7
= hix; + Y b2 Ha (x],; @ x],,)
§=0

and in general

-1
s s 1=1)—j
i = o+ 2 BB (x5 )
j:
forl=1,2,3,...

Thus, to compute E; [X{,, —x{,,], we need to find E; {i{H ® i{H - xfﬂ ® xfﬂ}. Hence, consider:
f f Usef S S Uy SENE S
Xy @ = [ haxy + Zl hy7ho + '21 hi/ne, ;| @ | hax; + Zl hy7ho + '21 hine,
J= )= Jj= j=
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l ) l .
= hix{ @ hix{ + hlx/ > hi7hy + hix! ® > hi e,
j=1 j=1

l , o _ ! _ 1 _ ! _

+ 3 hlhy @hlx! + 3 hi7hy® 3 hi7ho+ 3 hi7hy® 3 h! e,
: - : ; i—1

j=1 j=1 j=1 j=1 J

! , 1 , ! 4 ! 4 ! ,
+ > h;_]nftﬂ ® h;xf + > hic_]"‘ftﬂ' ® > hiihg+ Y h;_“?Gtﬂ‘ ® > hic_JTIEt-i-j
= =1 i=1 j=1 i=1

and l l
%/, ®x],, =hlix] ® hix] + hix] Zl hi7hy + hix] ® Zl hlind, , ;
j= j=
l ) l ) l ) l . l )
+ 3 hlhy @ hlx! + 3 hi7hy® 3 hi7ho+ > hi7hy® 3 hi7inéd,
Jj=1 Jj=1 Jj=1 j=1 j=1

l . l . l ) l ) l .
+ > hiins,,; ®hix! + > hiind, ; ® 3 hivhe+ Y hiind,, ; ® 3 hiind,,;
Jj=1 Jj=1 j=1 j=1 j=1

where we define d; such that:
P Sv+(I—-S)eqy forj=1
t+3 €4 for j #1

This means that:
=f =f f f
By | X @Xy — X X5y

l ) l )
= Ey[hlx] @ hlx] + hix] > bohy + hix/ ® Y B,
J= J=

l l l l l
+ > hihg ® hix! + > hi7ho® 3 hi7hy+ 3 hi7/ho® 3. hiind,,;
j=1 j=1 j=1 j=1 j=1

l . l ) l ) l ) l .
+ > hiins,, ; ®hlx! + > hiind, ; ® 3 hivhe+ > hiind,,.; ® 3 hiind,,;
j:l j:l j:l j:l j:1

“hix! @ hlx! — hix! 3" hivh — hix! ©
x X x X x Xt o X 0 x Xt

!
o
h;7ne,
J =1

J

. Lo N Lo Lo

17y @ hyx] — 30 hiho © 3 hic7ho — 3 hicTho ® 3 hiTne,
i= =1 =1 =1

j=1

l

I
~Yh
j=1

I , ;d , I 4
- _Zl hi e, ; @ hix] — 21 hiine, . ; ® Zl hi/ho — |
= = = =

X l _
= E[0+0+hix{ @ > hiins,
j=1

l ] l ]
+0+0+ X hi'hg® Y- hir/nd,;
. )

Jj=1 Jj=
l . l ) l ) l ) l .
+ > hisins,,; ®hlx! + > hiind, ; ® 3 hivhg+ > hiind,, ; ® 3 hiind,,;
j=1 j=1 j=1 j=1 j=1
l .
—~0-0-hix{ ® > hiine, .,
j=1
! ) l )
—0-0- Y hi7hy® > hiine,
j=1 j=1

l _ 1 , 1 4
- 21 hﬁ:”?‘ftﬂ' ® hﬁ(x{ - hic_jnet-i-j ® Zl h!~7h, —
= =

j ‘

l
Jj=1 j

j=
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) hﬁc_Jnetﬂ‘ ® '21 hic_JTlet-i-j]
j=

. l .
21 hfc_“?Gtﬂ‘ ® ‘21 hﬁ:”?etﬂ]
o



l )
=L [h;x{ ® > hgtijn(sH»j

j=1

l _ l _
> hiihg @ 3 hlind,
J= J=

! , 1 , 1 , 1 , 1 4
+ > h;_]nétﬂ‘ ® hixf + > hic_Jnét-i-j ® > hihy+ Y hic_jnat-i-j ® > hic_jnat+j
j=1 Jj=1 j=1 j=1 j=1
-0
-0
! ‘ 1 ,

—0-0-3" hﬁ?’new ® > hﬁfjnetﬂ]

=1 =1

as Ey[e4+;] =0

= Ei[hlx] @ hi'nSv
l
> hi7hy @ i nSv

j=1
l
+hi-'nSv @ hix! + hi-'nSv @ 3 hi-ih,
j—l
+ (hi‘ln(SV + (I —8)€s1)+ Z hi~ nefﬂ) ® (hi:ln (Sv+(I—8)e€1) + Z hi~ Jnef+]>
Jj=2 Jj=2

! _ ! _
- <h£<1776t+j + 22 hijnftﬂ) ® <h£<1776t+j + 22 h;]’ﬂetﬂ‘)}
j= j=
Sv+(I—-S)eqq forj=1

using that 0.4, = { €t for j #1

and Et [6t+j] =0

l l
= Ey[hlx{ @ W 'nSv + Y hi7hy @ hi 'nSv + hi-'nSy @ hix! + hi- 'Sy @ 3 hiih,
j=1 j=1

) . ) .
+ <hﬁ<177 (Sv+(I-8)€r1)+ > hicjnetJrj) ® (hicln (Sv+(I—-S)ery1) + > hicjnetJrj)
j=2 j=2

l . l .
- <h£c_177€t+j + ‘22 hic_jnet+j> ® <h£c_177€t+j + ‘22 hic_jnet-&-j)}
j= j=

Lo Lo
= Et[<h;x{ +3 h;Jh0> @hl'pSy + h 'S @ <h;x{ +3 h;Jh0>

j=1 j=1

Jj=2 Jj=2

+ <hﬁ:1n(Sv+(I—S>et+1)+ > hiine ;| @ (hir'n (Sv+ (I-8S) 1) + Z hy” ]77€t+g>

! 4 ,
- <h£<_177€t+j + 22 hic_jnft—&-j) ® <h£(_1net+j + ,22 hic_]n‘ftﬂ‘)}
j= j=

l l
= Et[<h;x{ +3 h;—jh()) ® hi-'nSy + hi 'nSr @ (h;x{ +3 h;—jh())
j=1 j=1

l
+ (b Sy + bl n (I S) €41) @ (' (Sv + (I-S) €41) + > hi Jn&w)
=

! ,
+X ht]netﬂ' ® (hilnSV +h ' (I-S) e + Z hi n€t+]>
j=2
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l .
- (hﬁflnem) ® (hilnem + Z%hijnetﬂ)
j:

l . l .
- hic_Jnet—i-j ® (hic_l"?‘stﬂ + > hic_Jnet-&-j)]

j=2 j=2

Lo Lo
= Et[<h;x{ +3 h;Jh0> @hl'pSy + hi 'S @ <h;x{ +3 h;Jh0>
Jj=1 j=1

l .
+hiT'nSv © <hi:1?7 (Sv+(I-8)e) + 2 hﬁ?%ﬁm)

+hiIn(I-9) ey ® (hi‘ln (Sv+ (I-8)er+1) + Z i n€t+J>

j=2

Lo
X hi e, ; @ (hi'mSv + hirtn (I-8) €41)

J
+ Z hi JWEH-J ® Z hi” 77€t+g
=
(h M€ 41 )®h M€t 41
— (b ne ) ® _22 hiine,. ;
J:

l .
- 2_22 hicijnetJrj ® h?l?’lﬁtﬂ

l ) l )
_ Z2h§;met+j ® 22 h!-ine, ]
J= J=

Et[(hl + Z h!- Jho) ®@ hl~ 1nSu+hl 17]Sy® <hl

j=1

+h!=nSv @ hl-'nSv + 0+ 0

+hi-lp (I -8 hl-'n(I-8 0

N(I=8)e1® (hic'n(I-8)en1) +

+0
+ Zth M€ ; & Z hi7ne,

=

(hic 'ney ) ®h 'ne,

-0
Lo Lo
- Z2hx7]n€t+j ® 22 hxijnet—i-j]
Jj= Jj=
using Fy [et+j] = 0 and €;; are uncorrelated across time

+ Zhl Ihy

J=1

l l
= E[[nx! + 2 hﬁ(ﬂ'h()) ®hi 'Sy + hl 'nSv ® <h;x{ + 3 hiihg

j=1
+hi- ISy @ hl-1nSv + 0+ 0
+hl_1 ( S) €11 ® (hl_l (I — S) €t+1) +0
— (hi'ne,, ) ®h 'ne 4]

canceling terms Z hiine,, ; ® Z h ine,
j=2

o1

j=1

)

)



= Et[<hl x] + Z hl~ Jh(]) ®@hl-nSv + hl'nSv ® <hl x] + Z hl~ Jh(]) +hi'nSv @ hi-tnSy

j=1
S) €1 @n(I—S)e€1)

j:
+ (hi 7t @hit) (n(
) (n€t+1 Y 77€t+1)}

— (! @ hi

l l
— Ey[| hix! + > hiihy | @ hi'nSy + bl 'nSv © (h;x{ +3 h;—ih()) + bl 'nSv @ hi 'nSv

j=1 j=1

+ (h?l ® hicil) (77 (I-S)er1@n(I—8) €1 — nNeE 1 ® "76t+1)]

l l
= (h;x{ + 3 h;—ﬁh()) @hl'nSv + bl 'pSv ® (h;x{ + 3 h;—ﬁh()) +hl 'nSv ® hi 'nSv
j=1 j=1

+ (it @bl (BEin(I—S) €1 @n (I —S) €41] — By [N @ megyq])

Hence, we only need to compute E; [n (I—S) €11 @ (I—S)€11] and E; [ne,; @ ne,,,]. We know

By [ne @me ] = B [(n@n) (41 ® €141)] = (n © n) vee (T)
using (A ® B) (C® D) = AC®BD if AC and BD are defined

and
Ein(I-S)er1@nI—S)ert1] =E[(n(T-S)@n(I-8)) (er+1 ® €141)] = (n(I—-S) @ n (I - 8S)) vec(I)

Thus, we have
1 _ l )
E, [itf Loxl, —x[ ox] H} = (h;x{ + zl h;Jh()) @ hlnSv + hl nSv <h;x{ + -Zl h;Jh0> +hllnSy ®
Jj= J=

hi-tnSv
+ (@bl ) (n(X-8)@n(I-S8))vee(I) — (n®n)vee (T))

j=1 j=1

! !
h!x/ + 3 hi7hy | ® b 'nSv 4+ b 'nSr (hﬁcxf + > h;‘jh()) +hi-'nSr @ hi-1nSv

+ (@bl ) (nI-S)@nI-8)) — (n®mn))vee(I)

l l
hix! + 32 h;—jho> ®hlinSv + bl 'nSv © (h;x,{ +3 h;—jho>
Jj=1 J=1
+ (it @hl!) [(nSv @ nSv) + (n (T - 8) ® n (I 8)) vec(T) — (n @ n) vec (I)]

d I
hix! + 3 hi7hy | @ hi 'Sy + b 'pSv © (hﬁtxf +3 h;jh())
=1 =

+ (i @ hi 1) [(nSv @ nSv) + A]
where
A=((nT-8)@nI-S8))—(n@mn)) vec(I)
Then note that l
S hi7 =hlt +hi 2+ +h = (I-h) " (I-hl)
j=1

as we recall the general result that
Q= () + () + oo+ ()" = (1= b~ (T (10)?).

Hence, we have

52



B (&l 0%l - xf @xl] = (blxd + (1- )™ (T b) ho ) @bl 8w + b nSwe (hixf + (1 - hy) ™ (1 - ) o )
+ (bl @ W) [(nSv @ nSv) + Al

Or (using another index)

B (&l o xl, —xl oxl,] = (bixf + T h)™ (1= 1)) ho)ohd 'Sy + hy " nSve (hix{ + (1—hy) ™ (1-hi) ho)
+ (b ' ®@hi ™) [(nSv @ nSv) + A]

for j =1,2,3,...

Thus, we have in general
LS <f <f LS f f
> hi 1T H, (xt_,’_j ® Xt+j) — > hi71=IH, (xt_,’_j ® Xt+j)

Jj=0

By [%7 —xj,] = B

(SN o oxf 7 s

= ]21 h!-1=H,, F, [xtﬂ QXyyj — Xy @ xtﬂ}

the shock hits in period ¢ 4 1, so (i{ ® 5{{) = x{ ® x{
When implementing the GIRF, it may be useful to have a recursive expression. Here, it is most convenient to use the

general expression

. (SENE. o o=l 7 f

By %00 = xin] = X 0 HoR &l o, —xl, ox,]
J:

So

By %1, —x}14] =0

1 .
By [if+2 - Xf+2] = ‘21 b T Ha By |:X{+j ® X1{+j - X{Jrj ® X{+j:|
j=

= Hyx Bt {i{H ® if+1 - X{+1 ® X{+1}

B [§61 i) = 3 W[5, 0%, —xly; @],

= Mo By [R], @ XL - xlo o xfy ]

+Hyx By [i{m O%l,—x,® X{+2}

= hy By [X]10 — X}1o] + Hax By [ii{-ﬂ QK[ y —x[,5 ® X{+2}
So in general

= _ S =f =f f f
E; [th+k - X%g-s-k] =hxE, [X§+k_1 - Xf+k—1] + Hyx B |:Xt+k71 QX o1~ Xpqpp—1 @ Xpyp1

For the total state variable:
By [Xip1 — xe41] = By i{-q—l - X{H} + By (X7, — %))

For the control variables:
Yitr = 8o+ 8x X{-&-l + Xf+l) + G (X{H ® X{H)
Yi =80+ 8 (i{-‘rl + i§+l) + Gxx (i:{ﬂ ® if—&-l)

= _ =f f = =f =f f f
Ei [§5, - Yia) = 8x (Et [Xt+l - Xt+l} + B [%5,, — Xf+l]) + Gxx Bt [Xtu Xy =X ® Xt+l]
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6 Additional Model Output

This section reports additional output from the model.

6.1 Correlation matrix for the estimated state innovations

The table below shows the correlation matrix for the estimated states in the baseline model, i.e., MM:CS |
€t €d,t €En,t Enxt €a,t
€.t 1 =012 0.12 0.10 0.09
€d,t 1 —-0.21 -0.11 0.08
€nt 1 0.03 0.26
Exx t 1 0.07
€a,t 1

6.2 Correlation matrix for the estimated measurement errors

The table below shows the correlation matrix for the estimated measurement errors in by the baseline model, i.e., MM:C5,

it Wy Acy T Tt 7“154) rt(n) 7“7520) r§28) Tt(40)
I 1.00 023 044 025 -0.16 -0.26 -0.09 0.07 008 -0.11
Wy - 100 -0.11 -0.44 003 029 025 006 -021 -0.42
Acy - - 1.00 023 -023 -050 -0.55 -0.46 -0.35 -0.17
T - - - 100 -0.09 -0.11 003 020 034 0.32
Ty - - - - 1.00 009 005 005 007 0.15
r - - - - 100 072 026 -0.08 -0.20
e - - - - - 1.00 080 041 -0.13
r20 - - - - - - 100 083 0.12
r® - - - - - - - 100 0.58
P40 - - - - - - - - 1.00

6.3 Impulse Reponse Functions to Demand Shocks for a perfect foreslight model solution
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Figure 1: A Demand Shock under Perfect Foresight (no Risk)
This figure shows the generalized impulse response functions (IRFs) of a positive one-standard deviation shock to d¢, where the various shadings
cover the indicated fraction of the distribution obtained using 1,000 randomly generated initial states. These IRFs are computed in closed-form
for the second order projection solution using the approach in Andreasen et al. (2018), except for My ;41 that is computed using Monte Carlo

integration with 1,000 draws. Except for the term premium TPt(40) and the nominal stochastic discount factor M ¢y1, all impulse response
functions are expressed in percentage deviations from the steady state (i.e., scaled by 100), with consumption expressed in deviations from the

)

balanced growth path and all bond yields and inflation measured in annualized terms. The term premium TPt(40 is expressed in annualized

basis points.
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