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Proof of Lemma! The proof is done by showing that 0 < < 1. First, we

b(0)—+/b(0)>—4b(6)r
0

b(0) = [éflg f; %d@]l > [ﬁ fgé éd@}l 6 > 4r. Next, note that &) \/(%)

decreases with @ and @ > 1. Thus, we obtain @ — \/<@> — WT(TQ <1l-—,/1- 4l <1,

which completes the proof. m

observe that > () is well-defined because
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Proof of Lemma 2] First, consider an entrepreneur in period s who has not started a business. If
the entrepreneur decides to establish a company and be matched with a lender, this entrepreneur
faces the lender’s belief (-, (s, A*71)). On the other hand, if the entrepreneur chooses not to
establish a company in period s but does so in period s + 1, then this entrepreneur faces the

lender’s belief (-, (s + 1, A%)). Note that u(-, (s, A1) = u(-, (s + 1, A%)) due to the restriction



on p. Therefore, if the entrepreneur has an incentive not to establish in period s, then he/she also
has the same incentive in period s + 1. Then, by induction, if the entrepreneur has no incentive to
establish a company in period s, this entrepreneur also does not have such incentive in the future,
which results in zero continuation value. However, offering an incentive-compatible contract
provides a positive continuation value. Thus, every entrepreneur has the incentive to establish a
company immediately when he/she is born.

For the rest of the proof, we show that no entrepreneur will ever temporarily stop running
his/her business. Consider any history h;_; and an entrepreneur with h, _; and entrepreneurial
productivity  who is currently running his/her business. Notice that the entrepreneur’s period-¢
default decision D, after offering a contract z; must satisfy [0, %) C Dy. The lender’s expected

payoff from accepting contract z; satisfies

0= 1Diedutan. by
< [ (- [o2)]
(o)) (-2)-

— ,2 —
Since z,in = 9=V 0 —40r V%_‘wr is the smallest x; that satisfies ( — %) x; = r, it is necessary for

incentive compatibility that z; > x,,;,, regardless of p. The above inequality indicates that

offering x,,;, 1s incentive-compatible only if the lender believes that the entrepreneur’s

productivity is @ for sure and the corresponding default decision satisfies D; = [O, "’“""91"” >

We now show that an entrepreneur has the incentive to offer x,,,;, with D; = [O, x%‘") if

the lender believes that the entrepreneur’s productivity is@ with certainty. The entrepreneur can



always choose to offer a contract and default on it, which gives g units of expected payoff to the
type (6, s) entrepreneur. This implies that V;1(0, k) > &, where h, = (s, {A'"!, 4;}). By

assumption |1} we have:

Wis(o.hy > 20 5 02 b8) = OO~ @) _ 8 7 i
t , 1) = 5 =

Thus, it is optimal to set D; = [O, "”"5“)

Note that V; (6, h;_1) increases with 6 because a more productive entrepreneur is capable
of mimicking a less productive entrepreneur. Furthermore, an entrepreneur cannot offer a contract
lower than x,,;, as explained above. Therefore, the highest feasible continuation value that an
entrepreneur can achieve in the economy is when an entrepreneur with productivity § consistently
faces the lender’s belief that his/her productivity is@ with the certainty at every period. In this
case, the entrepreneur offers x,,;, and defaults only if A; < x”jT” It has been proven in the
previous paragraph that this arrangement is incentive-compatible in every period. Let V* be such

the highest continuation value. Then,

V* = EAt [Atﬂ -+ (1 — ‘ |:0, xrgm) ') EAt [—l‘mm + BV*] .

This gives V* = ﬁ Note that the entrepreneur’s expected future continuation value
e T

cannot exceed V* in any period.

Now, suppose that the entrepreneur decides not to run their business at some period after

the establishment of the company. Because the cost « to restart the business is higher than V'*, the



entrepreneur will never restart the business again, resulting in a zero continuation value for the

entrepreneur. Therefore, the entrepreneur would never stop running the business in any period ¢. m

Proof of proposition |1} Consider an entrepreneur with history h; _; = (s, A1) and let 6 be the
entrepreneurial productivity of this entrepreneur. Based on lemma 2| and the incentive
compatibility condition, the entrepreneur offers a contractin S = {2 : w,(Z, Dy, hy—1) > 1},
which is nonempty under the restriction on u. If S'is a singleton, the proof is done. Thus, for the
rest of the proof, we assume that .S is not a singleton. Let x;; = min S and 2,5 € S\{z;1}. It
follows that x; o > x; ;. Let D, ; denote the default set associated with z,; for ¢ = 1, 2. By @,
A; € Dy ; if and only if either z;; > V;1(0, hy) or zy; > A0 for each i = 1,2, where

hy = (s, {A"', A;}). Thus, D;; C D, . Further, note, from , that —z;; + BViy1 (0, hy) >0

whenever A; ¢ D, ;, which implies that

Ea, [=2e1 + BVie1(0, hi)|Ae € Dia] — Ea, [=2e1 + Vi1 (0, he)|Ar & Dy o]

=E4, [0 + BVig1 (0, )| Ar € Dyo\Dy 1] > 0.

Finally, it is necessary that [0, 1]\ D; » has a positive measure because the lender’s expected payoff
from accepting z; > 1s no less than r.

Given the above observations, we obtain

(1 - |Dt,1|)EAt [—377;1 + 6Vi+1(97 ht) | Ay ¢ Dm]
> (1= |Di2|)Ea, [—xe1 + Vit (0, he) | Ar & Dy o]

> (1= |Dyio|)Ea, [—2t2 + BVis1(0,he) | Ar & Dy



Thus, the expected payoff from offering x, ; is strictly higher than that from offering x; » as
shown (T). As x5 is chosen arbitrarily, it follows that in equilibrium, the entrepreneur chooses

min S regardless of the entrepreneurial productivity level. m

Proof of Lemma [3| Take any history h,_; = (s, A'"!) such that supp (2, , # & in equilibrium.
Foreach T = s, ...,t, let A7~! be the truncated subsequence of A*~! such that
ATV ={a,... A, _1}.Ift = s, then thq = Upy ) because all entrepreneurs with this history
established their company in period s. Now suppose that s < t and let h;,_; = (s, A*~!) for each
k€ {s,...,t —1}. Suppose that for some k € {s,...,t — 1}, there exists 6 € © such that
Qhk—l =U (0,,0]" Then, the proof is done by induction if we show that there exists ék+1 € © such
that Q4 = Uy 5

By applying lemma 2] and proposition|[I} all entrepreneurs with hy_; offer the same
contract in period £, denoted as . Since supp thfl # &, some entrepreneurs did not default
under the realization of Ay in period k. Now suppose that an entrepreneur with entrepreneurial
productivity ¢ € [0, 8] did not default on contract z;, in period k&, which implies that
min { A0, BViy1 (0, hi)} > xy, as stated in . Note that for any 0" > ¢,
Vier1(0", hy) > Vi1 (0, hy) because an entrepreneur with 0” is capable of mimicking
entrepreneur with ¢, achieving a larger payoff due to higher productivity. Thus,
min {Ax0", 6Vi+1(0", hi)} > xy holds for all #” > ¢', indicating that entrepreneur with
entrepreneurial productivity larger than ¢’ also did not default. This implies that there exists

ék+1 € [ék, 0] such that entrepreneurs with h;_; did not default on z, in period ¢ = k if and only

if their entrepreneurial productivity is larger than or equal to ékﬂ. Furthermore, Qh;H 18



uniformly distributed, so the entrepreneurial productivity of the survivors is also uniformly

distributed. That is, Qhk = U[ékﬂ,é] for some ékH € O, which completes the proof. m

Proof of Lemma@ Take any history hy_; = (s, A""!) such that Q,, = U 4,5 for some 0, € O,
ie., f, = min supp thq- According to lernma and proposition (1} all entrepreneurs with h;_q
offer the same contract z; in period ¢. Thus, the lender’s expected payoff from accepting contract

x is given by (6), which decreases with the measure of default sets D,. This implies that

(e, Dy (- hor) s e y) = / / wemyo ) (dA)m 5 (d6)
O J[0,1\D(0,ht—1)

<// zm (dA)mA—(dH)—x—L%

= JoJay Mo, 1] (AA) M5, 5 t b(ét)'

Using the definition of z*(-) in , we have 2*(6,) = min{z : z — b(””;) > r}. Thus, the lender

will never accept x; if x; < a:*(ét) Therefore, any contract x; must satisfy z; > :v*(ét)

We now show that z*(+) is a decreasing convex function. From assumption (1, we obtain

ab(e)  9-1-log(9) 7 9b(0) e b(0)—b(0) _ 1 obo)
50 = (?ogéflogee)Q > (O forall 8 < 6 and W‘ezé = i;rré? = lim,_; 50 = % > (. Thus,
ox* (0 o0x*(0) 0b(0 1 b)) —2 ob(0
o v _ar@a) L[ o2 oo _,
90 ob(e) 00 2 b(0)2 — 4b(0)r | 00
Next, by letting u(0) = g > 1 for each § € ©, we obtain 3281;(29) = — (”(9)H)elai;‘f()e;)%(“(g)*l). The

term (u(6) + 1) log u(0) — 2(u(f) — 1) increases with u(0) > 1, and it is zero when u(60) = 1, so

9%b(0)
962

< 0forall 0 < 0. Additionally, 24 =

—6% < 0. Then, from lb we obtain

Px*(0)  \/b(0)2 —4b(0)r — (b(0) —2r) _ 9*b(0) (ab_w) )2 =0
0 ’

= X
062 2/b(0)% — 4b(0)r 062

Nl

+2r” (b(0)* — 4b(0)r)



which completes the proof. m

Proof of Propositions 2]and [3| Here, we prove propositions 2] and [3] together. Consider the
entrepreneur’s strategy (z, D) that satisfies the following conditions: For any history h;_1, if

thq = U g for some § € O, then for all § € [é, 0],

(x(0,hi—1), D(0, hi—1)) = (l’*(é), [O, x*e(é)», where 2*(-) is defined in . We call the

entrepreneur’s strategy the “S*-strategy” if it satisfies the above Conditions
We first introduce and prove the following claim, which provides a useful intermediate

step.

Claim 1 Suppose that entrepreneurs adopt the S*-strategy and take any hy 1 = (s, A1) € H.
Foreach T = s,...,t, let AT~ denote the truncated subsequence of A" such that
A = (@, A} and ho_y = (s, A7V, If supp Qp,_, # @, then Q| = Uy, g for each

T=S5,...,t, where 0, is given by (|8)) in proposition

Proof of claim Il The statement holds if 7 = s because the initial distribution of the
entrepreneurs’ productivity at the establishment period is Uy, 5. To prove the claim by induction,
assume that the statement holds for 7 = k € {s, ... ,t — 1}, namely, Qhk_l = U[ék,é}’ where ék is
derived by the rule in (8). Then, according to the S}-strategy, all entrepreneurs with h;,_; offer
2*(6) and default if and only if A6 < x*(6;). Considering the fact that supp €, , # @,

z* (O,
Apg

< 6 holds; otherwise, all entrepreneurs with hj_; would had defaulted in period k, resulting
in supp thfl = . Thus, Qhk = U[max{ék mék)} 9’} = Uy, , g- Therefore, the statement also
b Ak b

holds for 7 = k + 1, which completes the proof of claim|l| =

I'The S-strategy does not specify any rules for h;_1 if thfl is not the form of U, [6,0] for some # € ©. Further,

without a specification of the lender’s belief system, it is not guaranteed at all that S -strategy solves for .

7



Claim |I|asserts that if an equilibrium exists in which entrepreneurs adopt the S-strategy,
then such an equilibrium satisfies the statements of propositions [2]and [3] Moreover, if an
equilibrium where entrepreneurs adopt the S -strategy exists, it must be the e* equilibrium, since
entrepreneurs offer the lower bound for the set of equilibrium offers, as described in lemma

We complete the proof by showing the existence of an equilibrium in which entrepreneurs
adopt the S}-strategy. Suppose that entrepreneurs adopt the S’ -strategy, and the lender’s belief
system y satisfies that for any h,_; € H in any period ¢, pu(z*(6,), h) = Uy, g» Where 0, is defined
by (@) in proposition[3] Then, ;. is consistent, according to claim[I] Also, the lender’s expected

payoff from accepting contract z* (ét) offered by an entrepreneur with h;_; is

l’*(ét) /A L win x*(ét)z B
/@(1— [o, g ))x(et)dU[étﬂ]_x (6:) — "

Thus, the entrepreneur’s strategy is incentive-compatible under .

Finally, we show that the S*-strategy is optimal. Consider any h; | = (s, A™1) € H.
First, by lemma 2] all entrepreneurs with h;_; offer a contract. Furthermore, according to
proposition (1| and the lender’s belief system j constructed in the aforementioned way, it is optimal
for all entrepreneurs with h,_; to offer x*(ét) in period t. We finish by showing that

0

[O, w) is the optimal default decision associated with contract z* (ét) By , it suffices to

show that z*(6;) < BVi11(0, hy), where hy = (s, { A", A,}). By the results of claim and the

2Specifically, consider any h;_; = (s, A*"!) € H such that supp Qp,, , # @. By claim there exists f € ©
such that Q) he 1 = U, (6,9] if entrepreneurs adopt the S’ -strategy, and all entrepreneurs with h;_; offer a:*(é) Now,
consider another equilibrium in which Qh:/_l = Ujj g for some hy = (s, A tl*l) € H. According to lemma ,

the contract that entrepreneurs with b}, _, offer must be no less than z* (9) in this equilibrium.



way of constructing  above, entrepreneurs with any history in any equilibrium are capable of
offering an incentive-compatible contract. Thus, V11(0, hy) > Ey,  [A410] = g, because an
entrepreneur can always choose to offer an incentive-compatible contract in period ¢ 4+ 1 and

default on it, even if it may not be an optimal behavior. Next, given assumption |1}, we have

po _ b(0) — Vb(0)* —4b(O)r 0
5 > 0 X 9 z*(6).

Further, 2*(6,) < z*(0) by lemma@ As aresult, for any § € ©, we have

1

x*(ét) < % < % < BVit1(6, hy),

which completes the proof. m

Proof of lemma If suffices to show that [ %@dU .9 decreases with 6. Take any 6',6% € ©

such that §! < 62. Then, because z*(-) is a decreasing function, we obtain

/@ %él)d%aa] =" (0") (1og(0) — 0g(0"))

z*(6*)

> (%) (log() — log(P*)) = /

dU[éQ,é} 3
(S

which completes the proof. m

Proof of proposition[5} Consider any A'~! € A'! and s°, s € {0,...,t} in the e* equilibrium
such that supp e | # @ and supp thl # &, where h¢ | = (s°, A" 1) and hY_; = (s¥, A" 1).
For each i = {0, y}, let §! = minsupp thil and é};H = min supp th whenever supp th + &,
where hi = (s, {A"!, A;})). Suppose that 6 < 62, which implies z*(6Y) > x*(6?) by lemma@

9



Note that all entrepreneurs with h} ; leave the economy after defaulting in period ¢ if

A, € [0, %ﬂﬁ) . Thus, in what follows, we focus on the case with A, € [w*%é*y), 1] , which implies

supp th = @ for both 7 = o, y. From proposition we obtain:

R * éo . . * éy .
(17) 67, = max 7 t),Qf and 0/ ; = max il t),Q;? :
At At

‘We now consider three relevant cases.

First, if A; € [ GSU), 1] then A; > * ) given that 6 < 62 and 2*(Y) > 2*(6). Thus,

we have 02, | = 02 and 6, , = 6 from 1' resulting in 67, , < 62, . Second, if

@ (07) =*(0)) _ fo Gy = (0]) -
A € —= |, then we obtain Gt 1 9 and 0, o, from (17). In this case, we have

o ) 0?

I . . * ho * hy :
7., < 0,§’+1 if and only if A, > “Y) Third, if A, € [ ; ) = é;”) then A; € [ (; ), = é?”) is
x*(et)

gy = (0)) 1
o and 0/, = T from l) In this case, we have

also implied, which leads to éto =

0y, > éfﬂ because z*(02) < z*(6Y).

By summarizing the above three cases, we conclude that 67 1 < 09 ' for all

A € [ 1) 1] and 9t+1 > 9t+1 forall A, € [ (; ), ﬁéf”) Then, using the fact that

A(h§) = A(RY) if and only if 6y, = = 67, by lemmaand letting A;, = ) and Ay z*gf};)’

we obtain the results of proposition[5| m

Proof of proposition[6} Consider any A'~! € A'! and 5°, s € {0,...,t} in the e* equilibrium
such that supp e | # @ and supp th  F# @, where h | = (s°, A" ') and b} | = (s¥, A").
According to lemma there exist 6,, 0, € © such that thil = Uy, g fori = {0,y}. Assume that

A(hg_y) < A(h{_,), which implies 6, > 6, by lemma [5| Then, it suffices to show that

E 4, [0; — 0, | supp th #+ @ and supp thy + Q] > 0,

10



where hi = (s', {A""1, A;}) and #) = min supp th for each i = {0, y} whenever supp th # 3.

By proposition for each i € {o,y}, an entrepreneur with hi_, and 6 € supp €2 ni_, plays

<x*(9i), [0, x*é&'))), so ) = max {m*ﬁi) , HO} if supp Qhé # @&. Consequently, supp th =%+ & for

both i € {o,y} if and only if A; > max {I*(;"), x*(éey) } = x*(;y) , given the assumption that

8, > 0,. Therefore, the proof is completed by showing that

(18) 5= (1 - x*wy)) E., {eg oA M] - 0.

Let 6* be such that % = %, thatis, ) _0__ — 1 Here, §* € (6, 9_) is uniquely

0 x*(0y)
: z(0) g z*(0) (9y) 06  _ 6 z*(0) 6 :
determined because 5 w0 = 70, <1, 8, @) — 9, > 1, and 5 (0 decreases with

6. Consequently, = ( Zl) <z ( ) if and only if 6, < 6*.

First, consider the case where x*(;y) <z ( o) ,1.e., 8, < 6*. From ( , we obtain

z* (6y)

z*(00)
= — % 2" (o) z*(6o) ot (6,) z*(6y)
E= ﬂ*(ey) 1, dA; + 6, <1 - ) — ﬂ*(%) A, dA;—0, |1 - 0,
0 0
_ * * * x*(go)e_ * 0_
(19) =0,—0,+x"(0,) —x"(0,) + z"(6,) log (Qox*(ey)) z*(0,)log =

Now, define a function F'(#) for each 6 € [0, 6*] as follows:

Q) FO) = 00+ (0, a0 + 2 O)log (T 0 )~ ') o

Note, from and , that F'(0,) = =, so it suffices to show F'(6,) > 0. Taking the first and

11



second derivatives of F'(f) with respect to ¢, we have:

pon 0z*(0) z*(0) x*(0)
ey FO) =1+ log< mCw ) ;

, d*z*(0) “0) 6 dr*(0)\> 1 or*(0) 2 x*(0)
@) FO) ==z log( 0 *(@,)) * ( 26 > “Fo) e o e
From lemma we know that 2 ( ) < 0and 2 592( ) > 0. Moreover, z*(ge) — (éey) >

6 € [0,,0*], we can conclude, from (22)), that £ () > 0 for all 6 € [6,,, 0*]. Consequently,
F'(6,) > F'(6,). Since we have F(6,) = 0 according to equation (20), if £/(6,) > 0, it follows

that = = F(6,) > 0. Substituting 6 = 6, into equation (21}, we obtain

0z*(0) 0 z*(0y)
F'(6,) =1 log | - | — =2
0, =1+ 21 egyog(%) i
Using the facts that [I*e(ey)} <0,b(0) = lég_(g)’ and

Y Y O, ?

ox*(0)
- a0

2(0) |
log (2 — —1— —G(b(B)),
y g(g) 9 -1 60w

where G : (4r, 00) — R is a function defined as:

G(b) = (% - 1) (b—0) +b— /b2 — 4rb.

12



Note that G'(b) < 0 for all b > 4r. Therefore, we can deduce that

F(8,)> 1~ 5G00) > 1~ .G(0) =1~ 5 (6~ V&~ 4r6) >0,

which implies F'(,) > 0. This completes the proof for the case when 6, € (6,, 6*].

Second, let us suppose that x*(;y) > %, i.e., 0, > 0*. In this case, we have:

I*(ey)
- 15*(92;) Oy x*(9y> x*(ey>
0
=60,—0,+x"(0,) {1 — 0—_0 — log ﬂ]
0,

Since = increases with 6,, and we know that = > 0 when 6, = 6* (as shown in the first case), it

follows that = > 0 when 6, > 0*. m

Proof of proposition First, consider the case where A € <O, L@] U [I*Q(Q) , 1} . Suppose that

0

Q = Ujp g in a given period ¢ > 0. Notice that {2, is the average of th_l weighted by the mass of
entrepreneurs with each history h;_; € H;_;. Furthermore, according to lemma /3] for all
hi_1 € H;_; such that supp th_l = &, there must exist ' € © such that th_l = U[e,,gl.

Therefore, €2, = U, [0.0] implies thfl =U 10.0] for all such h;_1, and thus, all entrepreneurs in

period ¢ play <x*(Q), [0, x*e(g)>>.

Given that 0, = U 10,0)° if A e (0, m*eg_e) ), all entrepreneurs default in period ¢. On the other

z*(0)
é B

hand, if Ac [x*e(g), 1] , every entrepreneur survives. In either case, €2, = U, 0,0]° If A=

then an entrepreneur survives if and only if # = #. Consequently, the mass of defaulted
entrepreneurs is 1, and thus, ;.1 = U[Qﬂ—]. Therefore, for any Ac (0, xT@] U [IT@, 1},

13



QO = ULHE] implies 2,11 = ULGﬁ]' Finally, since )y = U[Q,é]’ Q, = U[Q,é] for all ¢ > 0 by induction.

Therefore, the aggregate production in each period ¢ is given as Y (Af) = %fl(@ +0).

Now suppose that A € ( "0 w_(@) Consider any h,_; = (s, A"') € H such that

th_1 =Upg. Let M € (0, 1] be the mass of entrepreneurs with h;_;. According to proposition

all entrepreneurs with h;_; offer *(6), and those with entrepreneurial productivity smaller than
0
55— M. Their entrepreneurial

2 (0)
A

default. Therefore, the mass of survivors with h;_; is

productivity is uniformly distributed over [xl(lg) 0_] and they offer z* (x £G)> in the next period.

By lemma we know that z* (%@) < 2*(f), which implies A0 > z* ( > for all

0 e [%@, 0_} . Therefore, all the survivors with h;_; continue to survive in the next period and

remain in the economy for all succeeding periods without defaulting by offering x* (‘TT@) The
)

=*(0)
A
9-6

mass of defaulters with h;_; is =M, and they are replaced with new entrepreneurs in the next

a*(0) _

period. Let A = —4——. Note that A € (0, 1), since == A € (0, 0). Additionally, the economy

starts with a unit mass of entrepreneurs in period 0 and 2y = U ,0- Then, by induction, in period
t > 0, the economy consists of A’ mass of entrepreneurs whose entrepreneurial productivities are

uniformly distributed over [Q, é] and 1 — A! mass of entrepreneurs whose entrepreneurial

productivities are uniformly distributed over [ *AE ), 0] Thus, the cdf ) ; jt—1 1s given by:

A ING= ifo < [0, 72)
(23) Qg =

+0—0 ) 0A—z*(0) - (0 4
AL (1- A5 g e [0 5]

Substituting (23)) into (10), we obtain the aggregate production as

V(A = IATAD +0) + 3(1 — AY) (x* 0) + flé) , which completes the proof. m

Proof of proposition First, suppose that A € [x*(,@)

, 1} . According to proposition 1, we have

14



V(A1) = A(Q;é), Q, = Uy 5, and every entrepreneur offers 2*(€) in period 7. Since

A9 > A > x*(0), all entrepreneurs in period 77 make the repayment. Thus, we have

Q41 = U}y g Therefore, for all ¢ > n + 1, we have ; = U}y 5 and V(A = (9+9) Y (An1).

Second, consider the case where A € < %@, %@). According to proposition 2, we

have Y(A”‘l) = w, Q,=U [L@ 9—} , and every entrepreneur offers z* (%@) in period 7).

Note that = ( > 0 because A < ( 2@ Thus, we have A’%@ > x*(0) > x* (I*}f)> so all

entrepreneurs in period 7 make the repayment. Therefore, €2, .1 = U [ o*(0) é] . As a result, for all
A I’

t >n+1, we have ), = U[m 9] and Y(At) = 9)+A9 Y(Anfl).
A~ b

Third, consider the case where A € <0, x*(gg)] and A’ € <[l, L@} U [%@, 1} . According

A(0+6

to proposition 1, we have Y (A7) = , 2y = Uy 4 and all entrepreneurs offer 2*(€) in

period n. If A’ € (/NL %@} , then all entrepreneurs whose entrepreneurial productivity below

default because A0 < %@0_ = 2*(0) for all § < 0, which implies Q,,,, = Upp 5- On the other

hand, if A" € [%@, 1} , then all entrepreneurs make the repayment in period 7 because

z*(0)
A0 >

0 = x*(0), and thus, Q, ., = U 0.9- In both cases, the economy returns to the

pre-shock level from period 1 + 1. Therefore, for all ¢ > n + 1, we have ; = U}y 5 and

V(A = 28D _ v oy,

2

—-} and A’ € (m*(0)7 x*e(g)>. Define

From now on, consider the case where A € (O, 5

> \

0'(A) = :”*A(,Q) € (6,0). Given that A € ( : x*gg)} , all entrepreneurs with entrepreneurial
productivity below § who establish their companies in period 7 + 1 or later will offer z*(#) and

eventually default. Consequently, in periods ¢ > 71 + 1, the economy consists of at most two

15



groups of entrepreneurs: 1) Those who have survived since period 7 (existing entrepreneurs), and
2) those who established their companies in period ¢ (new entrepreneurs)ﬂ
In period 7, all entrepreneurs offer 2*(#). Among them, those with entrepreneurial

productivity 0 > 0'( A’) repay the debt, while the rest default. Consequently, in period 1 + 1, there

0—6' (A C oA
are =74 mags of the existing entrepreneurs and 1A -0

-0 9_)979 mass of new entrepreneurs. The cdf of
the entrepreneurial productivity for the existing entrepreneurs is U [0/(A7), 8> and that of the newly

established entrepreneurs is Uy, 4, respectively.

Note from proposition 7| that Y(/l”‘l) = A(Q;é). Then, given the common productivity in

period n + 1 as A, we obtain

V(AT = X +

In period 7 + 1, the existing entrepreneurs offer z*(6'(A’)), and those with entrepreneurial

/SA/)

productivity 6 > % repay the debt while the others default. This leads to three relevant

cases.

w*(f)’(A’))

First, if A > =570

, all the existing entrepreneurs make the repayment in period n + 1
and remain in the economy for all succeeding periods by offering z*(¢'(A’)). Thus,

V(A" = V(A1) forall t > + 2.

Second, if w > A, then all the existing entrepreneurs default in period 7 + 1. As a

3We can neglect entrepreneurs who establish their companies in period 7 + 1 or later whose entrepreneurial

productivity is 6, as they constitute a negligible portion of the overall representation.
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result, the economy starts with all new entrepreneurs in the morning in period 1 + 2, and thus

Y(AY) = (Z D — y(A")forall t > n+2.

Finally, if w < A< m*é?(/i’f‘)/)) , then the existing entrepreneurs with entrepreneurial

.. z*(0'(A")) . . . . .
productivity above ——— make the repayment in period n + 1, while those with entrepreneurial

FEEMCAC))

A
7o mass of

productivity below w

default. Consequently, in period 1 + 2, there are
2*(0'(A") g

the existing entrepreneurs and - mass of newly established entrepreneurs in period

Z:!
0—-0

1 + 2, and the cdf of the entrepreneurial productivities for these two groups are given by

A

U {z*(g,f A7) g} and U 10.0]> respectively. Thus, we obtain

CE@) A (a:*(GgA/)) +9‘> O g A9+ 8)

Y (A"+?) 0__2 X 5 + g—@ _— 5
LA A s @) | ee) - A
2 A6 -0) 2

Furthermore, note that the existing entrepreneurs will offer x* (%) < x*(¢'(A")) and repay

the debt without defaults for all periods ¢ > 1) + 2. Therefore, Y (A?) = Y (A"+2) for all t > 1 + 2.

Note that x*e(,e(:g‘f‘)/)) increases in A’ because 0'(A’) decreases in A’ and z*(+) is a decreasing

. sy THO(A)) : z*(0'(A) _ ()
function. Moreover, 1}}@0 oy = s . EIZI}(G) vy g and
: z*(0(A)) _ =*(0) ( ) * “(0"(B*)) .
A/E% oAy = g > . Thus, there exists B* such that A = 9,(3) . Here, if
[
Ae (I*ge), x*gg ] then B* € <x*(€ R ) while B* is weakly below = ( ) when A € (O %}.

( )

By defining A* = max { (0 ) } € [ 2 (0) x*;9)> we obtain that A > ~ 6A)) if and only if
A < A*
By combining the above cases using the definition of A*, we obtain the results of

proposition (3| m

17



Proof of proposmonH First, consider the case where A € [ @) , ] and A’ € <"ETE0), %@).

According to the proof of proposition [7] the population of entrepreneurs consists of two parts:

g0

~—4— mass of survivors whose entrepreneurial productivity is uniformly distributed over
=*(0) - L ince 4> =)
[ Y 9} and = mass of new entrepreneurs in period 7 + 1. Since A > , all

entrepreneurs make repayments and remain in the economy for all periods ¢ > 7 + 1ﬂ Thus,

D

~ _ Az 0)
- 9 ¢ 9 g Al—77+
Y(At) A % A(Q+9) + A = < A )

S
I
S
)
S
I
S
G

il (9)

-0
———= and rearranging the above analysis, we obtain the first

forall ¢ > n+ 1. By letting A" = —4—

part of proposition [9]

Next, consider the case where A € (I*gg), x*e(g)) and A’ € (0, IT@] . By proposition 2,

6 , and every entrepreneur offers z*(0) in period 7. Since A0 < z*(0),

2y = Upg g» where 0=
all entrepreneurs with entrepreneurial productivity below @ default in period 7, so Q=1 0,0]"

Then, by proposition 2, Y (A = At_"*@ +[1— At_"_l]—JrAg fort > n+ 1, where
L)

A= 3,9_9- Now, consider the case where A € (%@, %@)) and A’ € (%@, %@), In this

case, entrepreneurs with entrepreneurial productivity in [: Ae > default and are replaced with

new entrepreneurs in period 77 + 1, and the other entrepreneurs with entrepreneurial productivity

in [IA(,Q ) , 9_] survive. The mass of defaulted and surviving entrepreneurs are given as a 7— and
g2 .
5+, respectively. Thus,
ooy = m*A,é) —0 AHHA(Q +0) i At*nfl]x*(_) + Af N g — o:*A(,é) A (2(0) 7
T 0_6 2 2 6—0 2 Al

(9)

4Surviving entrepreneurs offer x* ( ) < A and new entrepreneurs offer z *(0) < Af.

18



:L‘*(G_) -

LR i O: - . .
By letting A’ = min {1, A } and combining the two cases aforementioned with

0—0

0

Ac (m 9@ ’ z*(6) ) we obtain the second part of propositionH

We continue with the remaining parts of the proof. First, suppose that Ae [I*@ , 1} and

IS5

Al e (0, %@} U [%@ A) In this case, we have (2, = Ujy 5 and V(A = A((’;@ Y (A71) for

all t > 1 + 1. Next, suppose that A € (x*ég), x*e(g)) and A’ € [%@, fl) By proposition 2,

Q,="U, 4,0» Where = , and every entrepreneur offers x (5) in period 1. Moreover, all

entrepreneurs survive for all A’ € [1*9@ , fl) Thus, Y(At) = A(é;é) = m*(f);“w = 57(121"_1) for

*

all ¢ > n + 1. Finally, suppose that Ace <0, (0 )] which implies that A" € ( , 2 (Q)>. In this

6 6
A(9+0)
2

case, by propositionl, we have ; = Uy 5 and V(A = =Y(A" Y forallt >n+1. m

Proof of proposition 10, Note that 37— 'Y (A*) = S/~ 'Y (A!) and Y (A7) < Y (A"). Thus,
Y (AY) < V(A" forall t > 1+ 1, then we have Y0°, f[Y (A!) — Y (AY)] < 0. Therefore, for a

negative shock to be constructive, there must exist a time period 7 > 7 such that Y(AT) > ?([V).

Based on proposition@ it suffices to focus on the following two cases: 1) Ae [gc*ég), 1} with a

shock A" € (L@, %to)) and2) A € (%@, %tﬂ) with a shock A’ € (””

*(0) x*(é>>
; .

6 0

First, consider the case where A € [m*e@, 1} and A’ € (Z*e@, x*ég)). From proposition@,

we obtain the expression:

, 040 5 =52 A (a9
e Zﬂt V(4] = (A — A) 5 +1_5>< 9__‘2 XE(A’ —Q).

(24) BAA) = -




Note that 3(A, A') € (0,1)

> (. Therefore, for sufficiently

high values of 3, the set (A, 3) is nonempty. Furthermore, note that A’ € I(A, ) if and only if

Fy(A) = 2470 - 0)p™ Y BV (A") — V(AY)]

= AN — A0 - 6% + %A(A’é — 2(0))(z*(0) — A'9) > 0.

x (9)

Here, F(A’) is a cubic polynomial. Since F} ( > < 0and F} ( "¢ )> < 0, whenever

(A, B) # @, there exist A, € (1*9@, *"*;9)) and A, > Al such that Fy(A]) > 0, FI(Al) = 0,

F1(A}) <0, and F{(A}) = 0. Then, there exist A} € <z*9gg)7 1) and

Al e (Ag, min {Ag, (@) }) such that 4 (A”) = F1(AY) = 0 and I(A, 3) = (A, AY). Thus,

I(A, B) is an open interval.

Next, take any Ay, Ay € [x*e@, 1] such that A, > A; and both ]([11, B) and I(flg, B) are
/ A . A A / 9B(A,A")
nonempty. Suppose that A’ € I(As, 8),i.e., 5 > B(Az, A"). Note, from , that —i— >0
because - decreases in A given that A > A’. Then, we have 8 > /3 (Ay, A') > B (A, A", s

A€ I(Ay, B). Thus, I(Ay, B) C I(Ay, B).

6 7 9 6 7 0

Now, consider the case where A € (x*@ x*(@)) and A’ € (“"’—@ x_@> From

)47 —a*(6)
0—z*(9)

(0) z* )
proposition@and letting p(A") = U (g

5 be the mass of defaulting entrepreneurs
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in period 7, we obtain:

D BTY(A) =Y (AN +8 Y gV (A

t=n t=n+1

=Y(AN+5 Y g —p(4)

t=n+1

= V(AN 45 Y g | pa) T

2*(0) — Af 2*(0) + Af o+ (0) 4
9

t=n+1 L
_AO+0) Ay 1L o
= oA X ol ®) ~ A

Using the facts that Y (A) = @ for all ¢ > 1 where § = %@, we can derive from li the

following expression:

BTy BV (A) - V(A

0+0 ., - N Bla(8) — Ag] / :
:T(A—A)—p(A)Xm+(1_p(A))X 2(1— 8
CGva, o B(rOE-r@) [ 1- 3

5 (A —A) +

2(1 — B)(Af — z+(9))
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Taking the first derivative of F,(A’), we obtain:

ra) =77
(27) + 0 _if(;kx*@) [“ — 5&*&)_ Af) + 23:*(&)% —2*(0) — Ad| .

Then, it can be verified from |i and 1Ib that F5 ( z*(0) ) <0, 5 ( )) < 0, and
F (%@) > (). Because A?F,(A’) is a cubic polynomial, there can be at most two positive real
values ¢; and ¢, such that F3(¢1) = Fi(s2) = OiThus, if I} (wTW)> < 0, then F3 is single-peaked

in <%@, %@), so there exists A* € <ngO)’ z (9)) such that F3(A*) = 0 and
A* = argmax Fy(A’). Thus, if F} (%@> < 0and Fy(A*) > 0, then I(A, 3) is a nonempty

open subinterval of (w*(gé), (é)>.

0
First, we evaluate F)) (

(1-p)(z*(0) — A0) -~
1— B3)(AG — 2*(8)) [ 1— BA — (A0 —27(9))

Given that A9 < 2*(0) L8 € (0,1), if A is sufficiently high within the range of

<z*9§9)7 - _(9)) then %ﬁ_@ < Af — 2*(0). Because % increases with 3 while 11;3@

decreases with 3, if 3 is also sufficiently high, then F} <” )> < 0.

>The equation Fy(A’) = a1 A’ + ag + a3 A’ + as A’ ~2 holds for certain real coefficients ay, as, az, and ay.
Additionally, F3(A’") = a1 — CL3A/72 —2a4 A3 = alA,73H1'217273(A/ — ;) holds for some 1, ¢, ¢3 € C satisfying
S1 + s2 + g3 = 0. It should be noted that among the roots ¢, g2, and g3, there can be at most two values, denoted as ¢,

such that ¢; € Ry and Fi(s;) = 0.
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Next, utilizing the definition of A*, i.e., F}j(A*) = 0, we obtain from that

() —2"(0) = 5 (Af—"(0)) —

. B o AD % ) N\ A*2
1 Do L0 Ly (L= AT ()@ + D)4
2 1-BA" 2 282*(0) A
Substituting this result into (26) with A = A* yields:

6 B w@)-A (6+6)A
4(1—p) 41 —-PBA)AG—z+(0)  4a*(H)A

ey

Fy(AY) =

_|_

X

A8 (0) 5~ 1 a(0) - A@)) .

z*(0)

Observe that as A — B

, F5(A*) converges to

2" (6)
A*

> () given that A* > L(é), if 2 is sufficiently large, then li 1S positive.

Since 0 — 3 07

2(0) 2(0)
o > 0

Therefore, when A € < ) and [ are sufficiently high, we conclude that F5(A*) > 0.

Consequently, an open interval [ (1217 B) exists within <%@, %@) [
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Online Appendix B

In this appendix, we demonstrate the existence of multiple equilibria. To accomplish this,

we define a correspondence y : © — R, as follows:

b(0) £
29 6  —, —
@9) ) = [a).min {, "0
] log(% log(6
where z** = min{ z : x — o . Note that 2*(¢) < x** due to the fact that
log 0—log 10g§+ 1088 1ogi-logg
z*(f) = min {x LT — % x> r} and 9 +9 > =5-—2=. Furthermore, for any
- 9 —9

0 € ©, we have z*(0) < min {@, % }, based on the definition of z*(-). Consequently,

z*(f) < min {x**, Lze) @} and x(0) # @ forall € O©.

Now consider the entrepreneur’s strategy (z, D) that satisfies the following conditions:
There exists & : H x M — R, which satisfies &(h, U 4) € x(0') for any 0’ € [0, 0) and h € H
such that for any 6 € supp Qp,, (0, h) = @(h,€,) and D(0, h) = [0, @) N o, 1]HHere, we
define a “y“-strategy” as the family of the entrepreneur’s strategies that satisfies the
aforementioned condition. We say that such a x©-strategy is represented by Z. Since the set x(6)
is uncountable, there exists a continuum of y°-strategies. It is important to note that the
X©-strategy does not impose any restrictions on z(h, Qh) if {2y, is not in the form of U a)-

In the next proposition, we demonstrate the existence of multiple equilibria. Specifically,

we show that for any Y °-strategy, there exists a belief system that supports the entrepreneurs’

strategy as an optimal choice.

1F Q)), = U[e/,é] for some ¢’ € [0, 0), then, in equilibrium, § > ¢’, thus, by the definition of x(-),

Lw;fzh) < %9/ X % < 1. Therefore, [0, 7‘%@(’9@“) C [0,1].
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Proposition 11 For any x¢-strategy (z, D), there exists a belief system p such that ((x, D), i) is

an equilibrium.

Proof. Consider any x°-strategy (z, D) represented by z. Let H C H be the set of all feasible
histories generated by (x, D), i.e., the histories of entrepreneurs in some periods who play

(x, D)We define a function 6 : H— 6 recursively as follows:

0 ift=s

0i(s, A1) = .
min {0_, max {9;(3, At=2), HEAT )0 ae2) }} forall t > s.

Ay

Now, suppose that all entrepreneurs adopt the y°-strategy. Entrepreneurs who establish

z

their company in period s > 0 play (#, [0, %)) in period s, where & = & (fs_1, Q, ,) € x(6) and

he_1 = (s, As~1), because (), , = Ujy g- Thus, if supp Qn. # @, where hy = (s, {A*71, A)),

we have th =U, [ . Then, using induction as explained in the proof of claim

max{ 0% (hs—1), 2= }.6]
we can verify that whenever supp thfl # @ forany h,_; € H, we have thfl = Ul (n,_1).-

Given the function 07, we construct a belief system p such that:

"There exist histories that cannot be generated by (z, D). For example, suppose that Ay = 0. Then, all
entrepreneurs who were born in period 0 default and leave the economy in period 1. Thus, (0, {@,0}) cannot be a
history generated by the entrepreneur strategy. Although (0, {&, 0}) € H, it cannot be a history in period 1 for any

entrepreneur, so (0, {@,0}) ¢ H.
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By construction, it is straightforward to verify that the belief system  is consistent, given the
entrepreneurs’ strategy.
Now, take any h;_; = (s, A1) € H. Dropping the arguments such that

i = i(hi_1,Qp,_,) and 6% = 0%(he_1), the lender’s expected payoff from an entrepreneur with

52‘2
1— (10,2 )| ) 2dUpp 5 = 2 —
[, (= {0 5)]) i =255

_a?

b(07)

hi_q 18:

=

b(03)
2

since p(Z, hy—1) = Uy, 5. Note that z — increases in « whenever © < —2-, and that

*(0*)2 -~ *
x*(0%) — JCb((gg)) = r. Therefore, & — #i) > rsince 2*(0%) < & < b(gi), which implies that the
entrepreneur strategy satisfies the lender’s incentive compatibility condition given .

To conclude, we need to show that the entrepreneur strategy is an optimal strategy for

entrepreneurs. The lender’s expected payoff from an entrepreneur with h,_; playing (2/, D) in

period t, where ' < z, satisfies

/(1 —|D|)x'dU
(S

046
Qv'T}

< ma (1 |[0.5)]) o0V,

which implies that playing =’ < Z in any period does not satisfy the lender’s incentive
compatibility condition given . Thus, Z is the minimum incentive-compatible contract in which
w,, > r at each period. Moreover, for any h;_; € ]ﬁl, th,l = U[ef (he_1).0]" Therefore, by lemma

and proposition |1} every entrepreneur with h;_; offers 2. Additionally, note that
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Z(hi-1, thfl) < w by construction of the correspondence x in . Thus, the optimal

&(hi—1.m, )

default strategy after making contract &(h,_y,Qp, ) is D, = [0, 5

) , as explained in

the proof of propositions 2]and 3| =
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