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1. Proofs of the Main results

Plug-in Bias Adjustments

The first bias adjustment is based on the noncental Chi-square distribution, assuming normality and a given
covariance matrix. The estimated conditional mean return is 5 'Z: and its conditional variance is Q = Var( ( é‘ -
0YZJZ) =V [Z,(2°Z)"'Z,]. The quadratic form [( 5 - 8yz] Q! [(5 - 8)°Z4] is central Chi-square with N degrees
of freedom. The quadratic form [(3‘ VA [(3‘ - 0)’Z:] has mean equal to [Z; (Z’Z)"'Z] and the sample
squared conditional Sharpe ratio, [& VAN [& ’Z(] has mean [8°Z,]" V"' [0°Z] + N [Z: (Z’Z)"'Z]. The bias-
adjusted conditional ratio is:

S1'%(Zy) = [é VAR [5 70 -N[Z.(Z°Z)"'Z4], (A.1)

where the true variance matrix V is assumed in this adjustment. The adjusted UE maximum squared Sharpe ratio

1 T
is then found as [ ?Z (1+ S1(Z)) " 1 -1

=1
The second bias adjustment works similarly, but following Jobson and Korkie (1980) uses the assumption of

a non-central F distribution, accommodating estimation error in the covariance matrix. If the estimated conditional

A

mean return  8Z, is normal and the estimated conditional variance @ is Vo,

E (I}fl ) =1 {(Zfl G )1} T NT— L-1 v %Zj—l(& ~8Z, )(Rf 82, ) ) % ’Tzl i her

T A Ay . . . . . . .
Zt:l €,€, has a Wishart distribution with scale matrix V" along with degrees of freedom 7'— L . The sample

then

squared conditional Sharpe ratio has expectation
E{(S’Zt ) i7(5z )} - {(S’Zt ) V(82,)+N|7,(22)" 7, }}T /(T-N-L-1).

Solving for an unbiased estimator we obtain our second bias adjusted estimator for the conditional ratio:

T-N-L-1

§2%2(Z7,)= (S’Zt ) y (S'Z,) - N[Zt (zZ)" zt} (A.2)



1 ¢ .
As before, the adjusted UE maximum squared Sharpe ratio is found as [ ?Z (1+ S2°%(Z))' 1 -1. Note

t=1
that even if an unbiased conditional Sharpe ratio is used in the first two adjustments, the UE Sharpe ratio
can retain some bias because of its nonlinear relation to the conditional ratios.

The third bias adjustment follows Noh et al. (2019) by using odd versus even months to estimate the
regression coefficients. The bias of [5 Z4t) p ! [5 ’Zt] comes in part from nonlinearity, via Jensens’

inequality, and partly from the covariance between estimation errors in the two [5 ’Z4]. Our third bias
adjustment method splits the time-series into subsamples with odd months and even months, and

estimates the two terms using the subsamples. Then

S3Z) = [ oad’Z]’ V' [ & even’Z4]. (A.3)
If the autocorrelation of returns are fully captured by 6’Z:, and residuals in regression (10) are not
autocorrelated, the errors in odd and even months should be uncorrelated, which should reduce the finite

sample bias. This approach, however may lose some efficiency.

B. Partial derivatives for Proposition I1:
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Where a=1V"1, b,=1V"'y,, c,=1+u,V 'y, and d, =ac, —bb, and their estimates are

a=1v"1, b=1v"j, ¢é =1+p Vi, where d, =aé, —bb, . Then the consistent estimates are
N l <«r ¢, L~ or 5, A a~r 1
o, :?Zz:l'\_’ o, _? t:lcz ? and Qs :FZz:IdA_'

1 123 1

Applications of Asumptotic Variances for Optimal Zero-beta rates

Case 1: Test for Squared Sharpe ratios of two UE portfolios.

The true squared Sharpe ratio for a UE portfolio is

as+a a3 —2¢a+¢*(1-as)

2 _
56 = a1(1-az)-a3 (A4)
The squared Sharpe ratio is a quadratic function of ¢p. Hence, we obtain:
_ ditajaz
- a;(1-az)—a3’ (A.5)
— 2
b= e (A.6)
(=1t (A7)

a;(1-az)-a3’

~

*

Since a, b, and c are all continuous differentiable functions of a;, a, and a3, we can expand @, a*, b, b*, ¢

2
N A~ aj; A~
and ¢*: a—-a=——="—-—-(@; —a;)+
(al(l—ag)—a%)z( 17 a1)

af
(a1(1-az)—a3)?

2(11(12

(a1(1-az)—a3)?

(@ — ) + (@ —a3) +0(3),

A% * (a;)* Ak *
a—a =- a; —ap)+
@ -ap-Gape (G T )

* *
2aias

(a1(1-az)—(a3)?)?

Ak * D2 Ak * 1
@ - a3) + ——— (@5 —a3) +0(3), (A.8)

(a1(1-a3)—(a3)?)?

P %-az) 5
b=b=-Gag-az @ -+

a (1-az)+a3 _ a e, L 1
(al(l—(x3)—a%)2 (az aZ) + (061(1—063)—0{%)2 (a?) a3) + O(T) ) (A.9)
B* — b =— a(1-a3) (&I _ a;) n

(a1(1-a3)—-(a3)?)?

a;(l_a§)+(a;)2 Ak * a;(l;
a, —a,) +
(ai(l—aé)—(aé)z)z( 2~ @2) (s (1-a%)—(ab)?)?

@ —a3) +0(3), (A.10)



A —-(1-a3)? 5
€= €= Grtay-ay G~ @)+

2az(1-az) A
@ -ag-a? (P2~ 2)

al ~ 1
72 (@3 —aj3) + 0(;) , (A.11)

(a¢1(1-az)-a

2a;(1-a3)
(ai(1-a3)-(a3)?)?

Ak * _(1_‘1;)2 % *
c'—c = a; —aq) +
@ a-ap-ape (G~ )

(@ — az)

2)? Sk " 1
(@2) (@ —a3) +00). (A.12)

(a1(1-a3)—(a3)?)?
The canonical matrices of a;, @, and a3 can be expanded in the same way as 8 in the Theorem I, as shown in

the Internet Appendix. Also, @, b, é,a*, b* and ¢é* can be similarly expanded and the canonical matrices are:

a? 2010y ai

o= - (a2 (1-az)-aZ)? Ca, + (a1 (1-a3)—a?)? Cay + (a;(1-asz)-a3)? Cas (A.13)
Ca == (ai(l—gg)—z(a;)hz Caj (ai(l—zaéi)iia;)Z)z Coy * (ai(l—g))—z(a;)hz Cog, (A1D)
Dy=-——% __p, CLIC N S S, (A.15)

(@1(—az)-ad)? A " (a;(1-ag)-ad? %2 (e (1-az)-a3)? %
Do =~ (a;(l—g)—z(azﬁ)z Daj + (a1<1—2a0?)0—é<a;)2)2 Da; + (a;(l—iagif(a;)2>2 Doz, (A16)
C :_(al?lz—(zlx;g%)z *1 (;1((11—_013;—:2%)2 2 WC‘“’ (A-17)
Cp = (a’;(la—;«g)_f(%;)zy it ﬁff-_ﬁff(fff)z Caz + (a;(l—zif(azmz Cazr (AID)
Dy =~ (afffifflg)z Da, + <:11((11—_013))—+:%%>2 D, + (a1<1f;:)3—a%)2 Deyr (A19)
Dy = _(a;(la—;oi)_—afozz)Z)z @ (21(21:2,;));(%;))22)2 @ (a;(l—zg—;(azﬁ)z Doz (A20)
c” % a (alz(fz—(o:)oii%)z @t (al(l—f)—a%)z @5’ (A-21)
<= (a;(l_—(i;,_)oig():DZ)z @ (a;(ic—ri(;l)_—?i)paz o (a;(l—ia;;))—z(amz Cay - (A22)
< (ai(l_—(;;_)oi;():;)Z)z a + (ai(ii(;t_—ﬁ);)az a+ <a’;(1—i?))—2<a§>2)2 D (A-24)

Case 2: Test when one Squared Sharpe ratio is for a maximum correlation portfolio with respect to Z.
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The squared Sharpe ratio of the maximum correlation portfolio, p, can be written as Sﬁ = o !
p
e u 1 . .
a ==L, b ==L and ¢ = <. Following the derivation for case 1,
%p %p 7
. 2pp up)? A 1
a-a=22(,- ) - L2063 - a3) +00), (A.25)
P P
P 1 Bp r~2 2 1
b_b—?(.up_:up)_y(o-p_O-p)+0(;): (A.26)
14 14
t—c=—=G2-a})+0(). (A.27)
14
From equation (A.113) and (A.114),
2u (up)?
Co = G_zpcup - ;4 Copz (A.28)
14 14
1 I
Cp = ?Cup - U—ZCGI,Z , (A.29)
P P
1
C. = —a—gCJpz , (A.30)
2u (p)?
D, = U—ZpDHp - U—ﬂD(,pz , (A.31)
14 14
1 H
Dy = —Dyp — G—ZDGZ,Z , (A.32)
14 14
1
D, = _a_gDGPZ . (A.33)

The other squared Sharpe ratios can be written as a* — 2b*¢ + c*¢?, and @*, b* and ¢* can be expanded in
the same way as @ in the Theorem I, with canonical matrices Cg+, D4+, Cp+, Dp+, C.+ and D+. Then the asymptotic

variance of BS test with a common optimal zero-beta rate also follows the same procedure in case 1.
Case 3: Tests where one of the Squared Sharpe ratios is for a fixed weight portfolio.

Similar to case 2, the squared Sharpe ratio of the maximum correlation portfolio can be written as Szf =

Hp—2up@+e?
2

u 1 . ) )
. Pandc = e The estimates for the canonical matrices are
p 14

p:
.Definea===,b ==L
%p %p

A7t ,
Cuy = El=1 Ze—)W', Dy, =0, (A.34)
(A35)

2471 / : .
CO’% = ’11.:=1 Zyq[=(ue'w — :up)]w ’ Da,% = —ww.



Proof of the Theorem 1.

We first express O in terms of ¢, as follows:

0=0+ ZH t(—z lngl'le‘lzt1+tr[D%ZIT_1(8[8;—V):l-l-op(l/T) (A.36)

where we have used the fact that {1, —, =(8—8) ( z A lj Z,.,=0, (1/\/?) whch
follows from (13), and the fact that V—V:%ZIT_I(SISZ—V)+Op(1/T) . Then

A

%zt1;;’:%21{8[—(8—5)'2,1}{8;(5—5)21]
SR 5 ST SICRY (€5 W | RICRU PR
=—Z gg +0,(1/T)

=1 t°t

Using the L x N matrix (without subscript) C = 4~ Z L ,C’, we may rewrite (A.1) using matrix

commutativity within the trace operator as follows:

é=e+z{z;A-lzﬂc( > llﬂ+t{D%z;(sta;—V)}+OP(I/T)
= e+z{cGZTlglzl IHH{;ZL(DS,S; —DV)}+OP(1/T) (A.37)

1
=0+ ;Z;(ZJ_IC% +€De,)~tr(DV)+0,(1/T)
Where C,D and V are the true values of the coefficients.

Now we let : = Z..’Cet + & Der. The unconditional asymptotic variance of 0 is

VT Var{(1/T)Z (Ze1’Ce: + & Der)} and this may be estimated simply as:



VT { (UT)Zewd - [(1/T)Zew]? ). (A.38)

This follows because ¥t has a moving average structure of order zero, as may be seen by examining

for any j>1 the autocovariance, using the independence of &t:
Cov(¥t, ¥j) = Cov(Zi1’Cet + & Det; Zij2’Cerj-tr + &r-1” Detg-1)
= Cov(Zt-1’Cet ; Ztj-2’Céetj-1)

=E{ Zt1’C E(et | &tj-1) &tj-1” C* Zej2} = 0.

Substituting consistent estimates C , and D along with §, = R —§'Z, , to obtain a consistent estimator of
V, we have a consistent estimator for the asymptotic variance. [

Note that it is possible to find the asymptotic variance of a combination of two estimators by using
the C and D matrices associated with each estimator. For example, the asymptotic variance of the sum
of two estimators, 0+6" , 1s characterized by matrices C+C" and 15+15* due to linearity of (A.1),
allowing us to combine the estimators’ C and D matrices. The asymptotic variance of the ratio 0/6" is

6°C-0C"  6D-6D

characterized by matrices — and — , as may be seen from the following expansion:
0" 07




:E*|:1+l T= C’(Ql —ut)+%tr[D(I}—V)}+Op (I/T)}x (A.39)

Al A A\ Ay Ap\2
The asymptotic variance of s is characterized by the matrices [(1-1—9 )C —(l-l-O)C }/ (1+ 0 )
_l_

A A A\ A A2
and [(1 +0° ) D- (1 + 9) D*} / (1 + 9*) , as may be seen from the following expansion:

(A.40)

-6 r|lc-c’oc . D-D° D /s
s 1+Z,_1[ oo —WJ(ut—u,)H{ W—1+e*](V—V)}+OP(1/T)}
. (1+07)C-(1+0)C] (1+6')D-(1+0) D’
(1+9*)2

(VV)]+OP(1/T)

0-0
"o e (1+0)

Proof of Proposition II:

From Ferson & Siegel (2001, pages 976-977) the weights of the UE portfolio with mean p ,, in the

absence of a riskless rate, are



W(Z)= IIAA((ZZ))I K )(A(Z ) ——A(IZ, KI(IZ?I(Z)] (A41)

where our o, represents 1 —a,; from Ferson and Siegel (2001). We will write with implicit Z, |

(the conditioning information) dependence as

_ 11[(\1 " Hlp_—ozz ( A /;Iilf\j (A42)
where
A=A(Z)=[V+u(2)0(2)] =(V +m)" (A.43)
The portfolio variance is
o, = (al + li j o T (Ad4)
To simplify notation in what follows, we define the following:
a=1V"1, b=1v"'y,, ¢, =1+u ¥ 'n,, and d, =ac, —bb, (A.45)
along with their estimates
i=1V"1, b =17, ¢, =1+Q, Py, and d, =aé, —bb, (A.46)
Consistent estimates of the portfolio constants are then:
I—Z, ld &, = Tz;%, and G, :—Z, ‘d (A47)

i

Here we restate the proposition for convenience.
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Proposition 11: The estimation bias of the estimated maximized squared Sharpe Ratio at zero-beta

rate ¢ :

$2 a, —2¢a, +(Pz&3 _1

~ A - A48
o0 = O‘i ( )
with respect to the true (but unknown) maximized squared Sharpe Ratio

2
52 =BT 200 e (A.49)
! o0 — Ay

may be expressed asymptotically by taking the expectation of its second-order Taylor Series

expansion:

Bms:E(s;_qu);ﬁz;_lE(di_ai)g} s -l -a)] o

oo, b=l 2 do,0a

(A.50)

for which the partial derivatives are derived in Proposition 2, with the expectation terms following in

Propositions 3a, 3b, and 3c. Note that the estimated bias may be obtained using estimates in the formulas

for derivatives and expectations that follow.

The partial derivatives for Proposition 1 are as follows:

2 2
aS‘i = —( %y ~ 90, ] aSci _ 2(0‘1 _(Paz)(az _(Pas) aS(ﬁ _ _( o, — 9, ]

2 2 ’ 2
oo, 0,0, — Ol oo, (Oh% — a;) oa, 0,0, — O

3

8’S; 20, (0, —¢a,)’ o’S; _ 5% =290, +¢’a, Lg% (o, —oa, ) (o, — o)

2 3 2 22 5
o, (ocloc3 —oci) dat, (ocloc3 —ocz) (ocloc3 —ocz)

3 b

2
62S(§ :zal(al _(Paz) azsj

s =_2 -
TR P T

o +o,(a, — 2(p0L2)

2 3
(oc,oc3 —az)

, (A.51)
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62Sj _20‘2(0‘1_@0‘2)(“2_@0‘3) and 8255 _» 0‘1‘@“22 (p_2a‘2(al_(Pa2)
) o0, — o

- . , -
da,, 0o (a1a3 - ai) dai,00, (ocla3 -

Proof: The expression for the approximate asymptotic bias represents the second-order Taylor Series.
As in Siegel and Woodgate (2007) “we use the method of statistical differentials to find Taylor-series
approximations to expectations of random variables, obtaining results that are asymptotically correct when
the number of time periods is large and that remain statistically consistent when estimated values are

substituted for unknown parameters.” Note that the @, are not necessarily unbiased, so their expectations

are necessary in this expression, concluding the proof. Partial differentiation shows:

aS(ﬁ B (OHO% _aé)_(al - 200, + (p20c3)(x3

2
da, (ocloc3 —ocﬁ)

2 2 2 2 2 2
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2\? 2\?
(a1a3 _az) (0'1(13 _az)
2
_ _( oy — A, ]
2
o, 05 — O,
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(OHO% — )2 (OL10L3 — )2
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2 2 2 2
_TPo T +2¢0,0, :_( o, —Qa, J

2 2
2 —
(ocla3 - ocz) o0 —Q,

8255 __ 0 (az_@as jzz 0 (OLZ—(pOL3)2

2 2 N 2
do, do, o0 —Q, da, (OLIOL3 - OL%)

_—2(oc2 —(pon3)2(0L]oc3 —aﬁ)% _ 20,(o, — g )

2\* 2\3
(al% —ocz) (ala3 —ocz)

asz _9 0 {alaz —QQ,0; _(Pag + (PzazasJ

2 2
2
dat, dat, (a1a3 - oc2)
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- 2 2

'S, 0 [ a, -9, 2 (oo, (—(p)(o,l%—o@)—(al—(paz)(—ZOLz)
oa,00, oo, \ 0,0, — ol o0, — Ol

N2
(a1a3 - az)

((Pala3 - (POtg) —2a, (al - (Paz)

=2(a, —oa,) (aa _a2)3
( 2‘) P (A.52)
elo,0; —a a, (o, —pa
=2(0, — ga,)~————2 ~4(a, —@az)Z('—(pzi)
(ocloc3 —ocz) (ocloc3 —ocz)
_ 2w(¢_ ZM]
(OLIOL3 —a; )2 oL,y — 0
Expectations of the form E (&, —a,) are estimated as follows:
. 1 r 2azctt+a|:(n—4)cn—2 ]dtt—[(n —3)+(n—2)cﬁ]d§
E(OH—OH)ET(T_L)Z,:l &
+L2 T7 —4a2cﬂ + a[4 - (n - 53)Cn]dn + (n - 4)d§ Z;,IA_]Z,,I
T ! dtt
2 _ _ _ 2 _
E(d2 _ %) - lZT, b 2a° + (n 4)adﬁ (n 2)dn _ab, 4a + (n S)dn 7 A7
T~ d,(T-L) a&’T
and
. a~—T 2a2+(n—4)adn—(n—2)d§ 4a+(n-5)d, y
E(0,—a,)=— - Z AZ A.53
((13 OLS) th—l[ (T—L)d; a Td; t-1 -1 ( )

To see this, begin by noting that each of these expectations has the form, expanding to second order:
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(A.54)

A 2
X — X, — ] - ] - dtt_dtt
E%Zil;c_; E[xtxzxt]_El:(xt . xz](dndndn J:I_E[dndndnJ_,’_E ( di )
|:(‘5et _xt)(aA,tt _dtt):| 1 T E(C’l\tt _dtt )2 E( 1t _dtt)

1 TE()Z' —x) lr E
Tl g e g et T T

73

where x, =c, for a,, x, =b, for a,,and x, =a for a,.Making use of the expectations in Lemma

9, we find



n+1 1) n .,
=— 7' A7
Zt l( T L)d + Tdtt t-1 t—l]

1 < | 2a(c, —1) -2b}(c,—2) 4(d,—a)_,
- Z A Z
TZt=1[ (T_L)d; + Td; t-1 t-1
2 _ _ 2 _ 2 _
+lZT, ., 2a +(n 4)adﬂ +3(3 2n)d” N 4a (n3 S)ad
T (T-L)d, Td;

. Zt'—lAlzt—l]

(n+1)( l)dj—2a(c”—l)zd”+2bt2(c”— )d, +2a’c, +(n—4)ac,d,+(3-2n)c,d,;

17

_ mn mnt
Zt 1 (T L)d[-’;

r nd, —4(d, —a)d,—4a’c, —(n—>5)ac,d

_zl 1 Td3 wu Z A IZ
|, 2a°c, +[—2a(cn —1)2 +2b (¢, —=2)+(n—4)ac, }d +|: 3-2n)c, +(n+1)( ]d
T (T-L)d;
—4a’ 4a—(n-5 d,+nd.—4d’
+%ZIT_1 awc, +[ a (n Td);zctt} L, tn o 70 1Zt_1

(A.55)

continuing, we find
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1y 2a°c,+ [—20,, (ac,t -b’ )—Za —4b7 + nacttJdﬂ + [(3 —2n)c, +(n+1)(c, - I)Jd;

E(&l_a’l)g?2t:1 (T_L)d;t

+12T, ~4a’c, +a[4—(n- 53 )e, |d, +(n— 4)d§Z 7
== Td,
~ . 2a’c, +[—2a + 4(acﬁ—b,2 )+ (n—4)acﬂ]d,t +[—20n +(3-2n)c, +(n+1)(c, —1):|d§
"7 (T-L)d;

+12T —4azctt+a[4 n 5 n}d + n 4)d§Z Az
y il Td3

1 r 2a’c, +a[ n—4)c 2]d,, [n -3) (”—2)%]“1;
T(T—L)Z d,

L T —4a26’ﬂ +a[4_(n_5)ctt:|dtt +(n_4)d5 Z' A Ithl
T2 t=1 dt:;

(A.56)

Next, we have



( b) 1 ’
:_Zt 1 _?z d2 +F2t:1 t d3 - d2
l «r (n+1) l «r 2bd
~ —  ph|-= [t kS
TZ“IL(T—L)dﬁ J Tz"IL(T L)dj}
z , 2a° +(n—4)ad, +(3-2n)d, +—4a2—(n—5) ad, 7 A7
= (T-L)d, Td;
_ 1 ZT (n+1)b, 2bd, b 2a° +(n—4)ad, +(3-2n)d,
T(T-L)="' d, a d
1 —4a* —(n-5 ad, ,
+F tT:I t ( 3 ) Zt—lA th—l
o 5 ((nH)b,dj 2b,d? +2a°b, +(n—4)abd, —(2n - 3)btd,,J
T(T-L) d,
_LZ r 4d* +(n—5)adn Z[]A’IZ )
T (=1t ; t t
o S 2a° +(n—4)ad, +[(n-1)-(2n-3)]d;
T(T-L)="" d
2 p—
_Lz ,T,l [4a +(n3 S)adﬂ Z,',IA_IZH
T - d,
1 2a° +(n—4)ad n-— Zd2 4a+n 5)d, .,
= T(T_L)ZtT=lbt ( )d?’tt ( - __Zz l t—)ttZt’lA IZt*I

T

t=1

and finally

Ly (b 2a’ +(n—4)ad, —(n-2)d;
t

b 4a+(n—5)d

t

d3T . Zt,—lAIZt—lJ

(A.57)
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s e

2a° + n 4)ad +(3 Zn)af2

—4q° —(n —S)ad

—Z, ! ( (T-L)d:

(n+1)d; -2d; +2a’ +(n—4)ad,

Td; : Z;—IAIZI—IJ

— l r it 1t
_Tz”a[ (T-L)d:
Ly (az ~4a—(n-5)d, Z,’_IA‘IZ,_J
T t=1

Td.

+(3—2n)dj]

+(n—5)d

2a° +(n—4)ad,—(n-2)d,  4a
-a

axor 1
‘sz—l( (T-L1)d;

Expectations of the form £ [(di -, )2} are as

N 27 2 T (Ck,—l)2
E[(Oh —a,) ]mzk,t{w

’ -1
Td; - Zt—lA ZtlJ

follows:

Y a (1 —-c; ) +bic, +b’c, + 2(% - l)dk,
! dkkdj

tt 2 g2
dkk dtt

o) ’ { a2(1+ckkcn—c,f,)+2a(ckt—l)dktJ

(A.58)

|

20
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. d.d, +4bb(d, —a)_,
E[(az_az)zJ;%z;hl Kk u dzkdtz( kt )Z —1A 17
k™" 1t

N 1 ZT 2abb,(a +ac,c, —b,be, ) +2abb,(c, —2)d, —4bb}d,, +(ac, —a—3bb,)d,d,
T2 (T - L)<+ dyd,

: 4a' o1 dy-a,
E|(6,-o,) |25 30 Sz a7,

T3 kot=1 d2 d2
A.59
N 2a° ZT —ab, bc, +a’ +a’c,c,—b;d,-b’d,, —2ad, +ac,d, —d,d, (A.59)
r (T_L) e dkkd;
Proof: Begin by noting that each of these expectations has the form
A 2 o A
£ lz,r_l RN :Lzz:[_l XX, 1+(Ax —x, )/ x, B 1+(3ct—x,)/xt 1
r=\d, d, Pt dyd, 1+ (dy —dy ) dy )| 1+(d, ~d,)/d,
1 T X5X 1+xk xkj l_dkk_dkk _1 [l_i_)’et_xt] l_dn_dtt _1
r*=rd,d X Ay X d,
1 ZT XXy X X c’l;kk —dy || % =X, _ a?n —d,
BN ity ‘dyd, Xk dy ‘ d,
NLZT X, X, E[ X f):l _E|:(5ek xk)(dtt _dtt):|
TR d X, X x,d,
1 ToXX E|:(xt xt)(dkk dy )J E|:(dkk dkk)(dtt d, )}
+
T 'd,d x,dy dyd,
(A.60)

where x, =c, for a,, x, =b, for a,, and x, =a for o,. Noting that the summation indices (,¢)

may be exchanged within an additive term of the summation, this may be written as



T XX, EI:(fck —xk)()@ — xt)] 3 ZE[(;C/( - xk)(‘?n - dtt ):| N E[(‘;’kk - dkk)(

d,-d,)]

1
B T’ Zk’t:l dyd, XX xd, dyd,

A

I wr | E[(Z %) -x)] ) 2xtE[(fck —xk)(c?n —d,t)J . xkxtE[(dkk - dkk)(c?tt —d,,)}

T2 =k dud, dkkdj dlfkdj

We find, using the expectations from Lemma 9, as follows:

(A.61)
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1 ZT E|:(CAkk —Ci )(CA‘H -c, )] 2cttE|:(ékk ~Cik )(dn - dtt ):| ckkcztE |:(dkk - dkk )(dtt - dtt ):|
> — — +
T? b d.d, dkkdj dlfkdj
2
| 2(0,“ - 1) N 4(% - 1) Z}L—lAilzt—l
~_+ N7 T-L T
B i dud,
2a(c, —1Y —4bb (c, —1)+2b%, 4(d, —
2{ a(c,~1) U L( )+2blc, 4(d,-a) Z;IAIZH]
A e -
72 e dkkd;
e —2ab, bc,, + 2a* + 2azckkc” - 2b,fdn - 2bfdkk —dad, +2ac,d, ‘4 ad,, — a’ 7 4z
1 . kk™ 1t T—L T k-1 t—1
2 Lt d>d>
kk™ 1t
2
- Lz T ) Z(th — l) N 4(% — 1) Z,;_lAle,_l
T bl (T - L)dkkdtt Tdkkdn
1Y =2bb (¢, —1)+b’c, 8¢ (d, -
+Lzzzl_l _4Cn a(ckt ) k t(ckt _ ) '« Cu _ ctt( Kt _ a)Z/i,lA_lz,,l
. (T - L)dkkdtt Tdkkdtt
2 2 2 2 2
+Lzzr 2e.c, -ab, bc, +a” +a'c,c, bka?n2 ]Zt d,, —2ad, +ac,d, +deyc, aa’,a2 c21 Z]LIA_IZH
frt (T_L)dkkdtt Kk
(A.62)

continuing, we find
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2

E|:((3L —qa )2i| ~ LZT Z(th _1) —4¢ a(ckt _1)2 B 2bkbt(ckt _1)+blfctt
PV ek (T - L)dyd, " (T-L)d,d;

l or —ab bc, +a’ +a’c,c,—b.d,—b'd, —2ad, +ac,d

+ _22k » 2 Co k Skt k™1t k ttz 2t ke kt Kt kt (A63)

’ (T—-L)d,d,
4(c,-1) 8c,(d, — -a’
N — :t:l (th ) _ Ctt( kt _ a) n 4Ckan adkt% ZI;_IA—IZI_l
T ’ Td,d, Td,d, Tdyd,
Making use of the fact that
a(c, — 1)2 —2b,b,(¢c,, —1)+bjc, =ac;, —2ac,, +a—2bbc, +2bb, +bc,
= (—ac,f, +2ac;, ) +a-2bbc, +bc, - Z(ack, -bb, )
=—ac, +a+b’c, +2c, (ac, —bb)-2d (A.64)
kt k-t kt kt k™t kt

. 2 2
=a-—ac, +bc,+2c,d, —2d,

2 2
=a—ac, +bc,+ 2(0,“ _1)dk;

and also replacing —b’d, —b’d,, with —2b’d,, (which is permissible because its multipliers are

exchangeable in (k,¢)) we find



2

f— — 2 —
E[(dl—al)z ELZZT [(Z(th 1) _4ca ackt+bkcn+2(ckt l)dkt}

} T v T_L)dkkdﬁ ' (T_L)dkkdj
l «r —ab, b, +a’ +a’c,c, -2b’d, —2ad,, +ac,d,,
+Fz"”‘l(2c""c" kk T J
+LZT 4(th_1)—80”(611]“_a)Jr4c c ad;, — 7' A7
r* =4 Tdd, Td,d, o el - -
) L ’ (A.65)
:LZT 2(ckt_l) —4¢ a_ackt+bkctt+2(ckt_1)dkt
= T2 fe,t=1 (T_L)dkkdtt t (T—L)dkkdj
2, 2 _ o2
+L22T | 2epe, -ab, bc, +a” +a ckkc; +2a(ckt Z)dkt +2ec, 2b; 2
r o (T_L)dkkdtt (T—L)dkkd”
1 T 4(Ct_1) 8ctt(dt_a) Cldt— ,
+FZI¢,;=1[ lelkd” - Tdkl]:d; +4ckkctt Ckl dz Zk IA 1Zt—l
and
E[(&l -0y )2}
1 2(c, -1)° a—-ac, +blc, +2(c, -1)d, 22
= — ’ L (¢ 1) —4c, & ( : )4 +20,0,
T (T—L)dyd, (T-L)d,d, (T-L)d,d’
L ) -ab, b, +a’+a’ CuCy +a(ck, —2)de
T | e (T L)d}d}
1 4 C —a ad _ 42 ,
=22 [ dkt d, Ta’ d2 e, W]Z" A2

1 [2(% 1y » a(1=c2)+be, +biey +2(c, - l)dk,J
T2 k=1 (

T L)dkkd ' (T_L)dkkdj

l or —ab bc, +a’ +a’cyc, +a(c, —2)d,
2
ey, (Hash Sl oot

7 Td d Ta gz T Aeuls : ]Z;Z_IA"Z,_I (A.66)
Kk ™ 1t k™ 1t

Kk ™" 1t

We next use
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2 22 22 2 2
—ab be, =a’c,, —ab, b, —a'c, =ac, (ackt -b, b, ) —a'¢, =acd, —ac,

to find
2(e, 1) 1-c; )+blc, +b’c, +2(c,—1)d,,
e SUALLC S
- k% it - Wy
| r ac,d, —a’c, +a’ +a’cyc, +a(c, —2)d,
— 2
+ 72 Zk,[_l( CreCo (T —L)dkzkdj
— - 2
+%Z:,tl(47(ﬂzkt d 1) a 8cn;jktdz a) + 4Ckkczz aj,;z dczl JZIL_IA_IZZ—I
e e e
2 2 2 2 (A67)
_ 2 ZT (¢, —1) By a(l—ckt)+bkcn+bt cu +2(c, —1)d,
r (T_L) S ! d,d;
N 2 ZT . a2(1+ckkcﬂ —c,ft)+2a(ck, —l)dkt
TZ (T_L) k,t=1 Kkt d]fkd;

Next is
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|5 E| (b -b)(b-b)] 26E|(-b)(d,~d,)| bbE|(dy-dy)(d,~4,)]
=— - +
r* e dyd, dyd, dyd,
a(ckt _1)+bkbt a -1 Zbkd”
L T s R ‘T-L
= FZk,t:l d. d + FZM:I o d d2
kk ™" 1t kk ™" 1t
b ~2ab, b, +2a’ +2a’c,c, —2b}d, - 2bd, —4ad,, +2ac,d, N 4adkt -a’ 7 gy
1 o e T-1L k-1 i1
7 &k &,
_Lgr fale,=)+bb _ 4hbd, g A7 b, = g gy
T e (T_L)dkkdn (T_L)dkkdj Id,d, a . o Td/fkdi - .
N 1§ bh ~2ab b, +2a’ +2d’c,c, —2b}d, -2b’d,, —4ad,, +2ac.d,
y il (T-L)d.d;
_ 1§ a(c, -1)d,d,+bbd,d, -4bbdd, N Lzr ad,d, +4abb,(d, —a) 7 47
T2 (T-L)dgd; (T-L)dgd; ) T*<*+= Td;d; e

«Cu — 2bk2dtt —

2b'd,, —4ad,, +2ac,d,

l or —2ab b, +2a’ +2a’c
+sz,t=l(bkbt = ‘

dkk J

~1)dyd, -3b,
(T-L)dyd,

bd

M

(T - L)dkzkd;

|

+L2T ~2ab bbb, +2a’bb, +2a’bbc,.c, —2b bbd, —2b'bbd, —4abbd, +2abbc.d,
7 (T~ L)dd;
d,d, +4abb (d, -
+%Z:’t=l aaua, azk 2t( kt a) Z]LIA—IZFI
T Td, d,
_ Lzr —2ab;b’c, +2a’bb, +2a’bbc,c, —4abbd, +2abbc.d, —2bbd, —2bbd,
e (T~ L)d3d;
"‘LZT (ac,, —a—-3bb,)d,d, +LZT ad,d, +4abkb,(dkt —a) 7' 47
T N (A V7 A SR W

(A

68)
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exchanging summation indices to replace b;h,d, with b b’d,, , we find

) dyd, +4bb(d, —a)_
E[(%-%)Z}E%ZZ,H — dzkdz( - )Zk—lA 'z,
e

1 ZT 2ab,b, (a +ac,c, —bkb,Ck,) +2ab.b, (ckt - 2)dkt - 4bkbt3dkk + (ackt —a- 3bkbt)dkkdﬁ
T*(T - L)~ dyd,

(A.69)

Next is
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A 2 A > ~ ~
s E[(a-a)| ) 2k (a-a)(d,-d,)] . E|(dy - d,)(d, -d,)]
Y i dud, dkkdj d/fkdj
24° ) 2ad,
LI IV PR L B 1Y )
T* =k dud, T? =k dkkdi
2 ~2ab, b, +2a° +2a’c,c, —2b;d, —2b’d, —4ad,, +2ac.d, ‘4 ad, —a’ 7 A7,
1 T T-L T
2 7
2
, , a’ 4%7612;7114712,{71
1 T 2a 1 T 4q 1 T T
T2 Lk +_ZZkt=l - +_22kt=1 2 12
T N(T-L)d,d,) T ’ (r-L)d,d,| T ; d.d’
2 ~2ab, b, +2a’ +2a’c,c, —2b;d, —2b’d, —4ad, +2ac.d,
1 T T—-L
T 2k 2 12
r ! dud,

l or -2a’ | «r (4dd,-4a*
=— — |+ — et SRS, A 4
T2 Zk’t_l((T_L)dkkd”J T2 zk,t—l( lefkdj k-1 t-1

1 <r (az [2ab, be,, +2a* +2a’c, ¢, - 2b}d, - 2b}d,, —4ad,, + mcktdk,]J

2 kil (T-L)d>d>

4’ <r d,—a O
=—> Z A7
17 Sk f

N 24° zr -ab, b, +a’+ azckkc“ —b,fd“ —bfdkk -2ad, +ac,d, —d,d,
T (T — L)~k dud,

(A.70)

1

Expectations of the form E [(&i - ou)(&]. - oc_l.)] with i # j are as estimated as follows:
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. . 2a, (0, +aa 2 b 2b(d,, —a) Z2abc,\d,—a)),.,, .
(6, -a)(0, )] - By (A o) 2helb )y g,

[b <y ale —1)’ =25, (¢, —1) +b, (b, +b,)c, +bfckkJ
1

Z " dyd, " dkkd;
—ab b, +a’+a’c,c,—2ad, +ac,d,
Zkt 1 d dz
Kk ™" 1t
. . -2 2 a(c, —1) =2b,b,(c, —1)+blc, +b(c, +c
E[(O(’l _al)(a3—0t3):|5 % _ a zz,le ( ki ) k f( ki ) k ( Kk n)

(I'-L)a T*(T-L) dyd,

2 T b, bc,, +a+ac,c, +(ct—2)dt 4a (a dt)b
+m2k¢_1{azcﬂ — > : k} Zkzl—k

Z, A'Z,_
dyd, r’ dgd, 1
and
. 20,0, 4a’ b(d,—a)_, _
(o), -] 2R A5 Mtz az,
kk ™" 1t
, (A.71)
2a T a+acyc, —bbc, +(c,d —Z)dkt b, (bk +b;)
+2—z - abt 2 12 - 2
T*(T-L)<* d.d’ d.d

To see this note that each of these expectations has the form
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EL T X g X X% _dy—dy [ V-y, d,—4d,
r*=*"d,d, Xk dy Vi d

~ 1 ZT X E[()%k_xk)(j}t_yt)]_E[(&k_xk)(&tt_dtt):|

B F wrt dkkdtt xkyt xkdz[
1 T VX, E|:(j>k _yk)(citt _dtt):| E|:(a,;kk _dkk)(c,l;tt _dn)i|
’ szﬁ:l dd| d " (A.72)
oA iy jram

where x, or y, is ¢, for a,, x, or y, is b, for a,,, and x, or y, is a for o, and we exchanged the

summation indices in the final summation. Continuing, we have

Isr| % _x ||| Lyr [ J_2
E{[TZII C’l\ﬂ dﬂ]:|[TZtl(ﬁﬂ dttj:l}

R TTE) I (e )

A.73
T ’ bl dkkdtz t dkkdti ( )
1 T E[(j}k _yk)(c;tt _dtt)j| E[(‘;’kk _dkk)(d\tt _dtt)j|
+F fet| "N d d> + Vi, d2d>
kk™" 1t k™" 1t

Evaluating these expectations we find
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Bl - -]y, | L)) el o)

e d.d, f d, d’
E(b-b)(d,-d,)]  E|(di-du)(d,~d,)]
| Al A

2b -1
1 : (th ) + 27@{21271‘4_12171
T T-L T

2 J,t=1
T dkkdtt

IR

2a(c, —1)’ —4bb,(c, —1)+2bc, N 4(d, —a)

1 T b T-L ZI;—IA_IZFI
T ) T d,d’
e
2bd,
+L "ol L=L

2 k,t=1 i 2
T dkkdtt

—2ab, b, +2a* +2d’c,c, —2b}d, —2b’d,, —4ad,, +2ac,d,  ad

2
w4 ’ -1
L P, T_1 +4 T Zi AZ,
T2 k=] TKTH d/fkdz
it
_ 1§ 2b, 4b, (d,—a) . 4ab,c,(d,, —a) 7 4z
r*=+=\1d,d, Td,d, Tdgd, - .
4 1 ¢ 2b, (th - 1) _b 2a (th - 1)2 —4bb, (ckt - 1) +2bc, —c 2bd,
77 2\ (T-L)dpd, (T-L)dyd’ “(T-L)d,d’

L 57 [he —2ab, b, +2a° +2a’c,c, —2bXd, —2b*d,, —dad, +2ac,d,,
Y (T-L)d.d,

_ % Z,-l[ b, 2b(d, z—a) N 2abkc”2(d,; - a)]Z,ilA*ZH
r =\ dyd, dyd, dyd,
N izr b, (c, —1)-b, 5 (¢, — 1)2 —2b,b, (¢, —1)+b/c,
=% (T-L)dyd, (T-L)d,d,

+izr be —ab, b, +a’ +a’c,c,—b.d,—b’d, —2ad, +ac,d,
T2 k=] R T-L)d>d?
(T-L)d.d,



(A.74)

Manipulating the final summation (including an exchange of the indices) we have

2 =
T k,t=1

2 T b -ab, b, +a’+ azckkctt —bkzd“ —b,zdkk -2ad,, +ac,d,
o (T-L)d}d;

2 «r -ab, b, +a’+ azckkc,, -2ad,, +ac,d, —bkzd,t -b'd,,
- szﬁ bt T-L)d>d’ e T D at e
(_)kktt (_)kktt
2 r _abk btckt +a2 + azckkctt — Qadkt +acktdkt _blfcttdtt _bkbtzcttdkk
- FZk,t:l bee T —1)d2d> T—1Vd2d> (A.75)
(_)kkn (_)kktt
_ i " 1pe —ab, b, +a’ + a2ckkctt —2ad,, +ac,d, _bt3ckkdkk _bkbtzcttdkk
Y (T-L)d.d, (T-L)d.d;
— i r bec _abk btckt +a’ + azckkcn — 2adkt +acktdkt _btsckk — bkbtzctt
T2 ks e (T-L)d.d, (T-L)d,d;

which leads to
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. . 2<r [ b 2b(d,-a) 2abc,(d —a)j .
El(& —a & —a ~ = (. t \ "kt K u \"kt Z’,A]Z,,
(6= X gl e S
+£ZT b, (¢, —1)—bc, e —1)2 —2b,b,(¢,, —1)+blc,
r* ==\ (T-L)d,d, ' (T-L)d,d,
2 1 —ab bc, +a’ +ad’c,c, —2ad, +ac,d, —bc, —bb’c
i b k “t Skt k™t kt kt“ ket t “kk k2t Cu
+T2 Zk,tl{ kc” (T_L)dkzkdti " (T_L)dkkdtf J
2 b 2b(d,,—a) 2abc,(d,—a)),,
:FZZ,I_l(d ;1 - tc({ k;lz )+ k;;z(di )]Zk—lA 'z,
k™" 1t k™" 1t k™" 1t
+iZT bk (ckt B 1) _bkctt —b a(ckt B 1)2 B 2bkbt (ckt B 1) + bkzctt ~b +bzzckk +bkth”
r* ==\ (T-L)dud, ' (T-L)d,d, ‘(T-L)d,d,;
2 or —ab, bc, +a’ +a’c,c, —2ad,, +ac,d,
+sz’,_1[bkctt k Y Ch (T_Lk;dkzde ki %k J
1t
2 b 2b(d, —a) 2ab.c, (d, B —a .
:F Z,t—l[d kd B tc(i kc}z )+ k;z(dlg )jzk—lA 'z,
k™" 1t Kk ™ 1t k™" 1t
+i r | b (ck, —1) —-b.c, b a(ck, —1)2 —2bkbt(ck, —1)+bk (bk +b,)c” +b’c,,
= (T-L)dyd, (T-L)d,d’ (A.76)
+i T c -ab, b, +a’+ azckkcn —2ad, +ac,d,
T2 Aka=t| T (r-L)d.d;

We next make use of the facts that (¢, /d,)=Ta,, and b,/ d, =Ta,, and £(1/d,)=Ta,/a so

that

i T _bk B bkctt - _ 2 r bk — 2 ’ bkC,,
T2 Zk,z:l (T _ L)dkkdn T? (T — L) zk,z:l dkkdtt T? (T — L) Zk,z:l dkkdtt
2 r b2 r be,

TZ(T_L)ZM1 dyd, r (T_L)Zk’tl dyd,,

R DEARE R e A

20, (o +aay)
a(T—L)

(A.77)

- (T-L)a (T-L) (T-L)

20,0 20,00 2 o,0l
223 12 23+0L10Lz =
a

and therefore
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2

A R T -b, —b,c,
£l(6- oo, 2, [t
Kk~ 1t

T
2 «r b, 2b (d,,—a) N 2ab,c,(d,, —a)

+— 7 A'Z
T dyd, dkkd; dkzkdj } o -
NERSE X a(e, —1) =2bb,(c, —1)+b, (b, +b,)c, +bc,
* = N\(T-L)dyd, (T-L)d,d,
+%ZT A be, -ab, b, +a’+ azckkcﬂz—fadkt +ac,d,
T2 k=l (T-L)d;d,
_ 20, (o, +aa,) +%ZZ ) b, 2b(d, z—a) . 2abkc”2(d,; —a) 7 A7
(T —L)a T "\ dyd, dud, dud,
N 5 by (e = 1)" =2b,b, (¢, —1)+b, (b, +b,)c, +blcy
T (T - L) wret d.d, t dkkdj
2 T —ab be, +a* +a’c,.c, —2ad, +ac,d
+ b c k “t kt Kk~ 1t kt kt ™" kt
e i ] (78

Next is
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. .  — E[(a a)(c Ck):l E|:(Ckk ckk)(d d:z)}
E[(&, —a,)(6, —a3)]zT—Zkt 1 dkkdkk wl T
L E|(a-a)(d,~d,)|  E|(dy-dy)(d,~d,)]
+—Z, c, 5 +ac, —
re = dud, dyd,
1 2 2a(c, 1)’ —4bb, (¢, —1)+2bc, |4, _a)Z,i_lA"Z,_l
~ _zT 2bk —a T—-L
T (T_L)dkkdtt dyd,
+L T 2ad,
T? kel (T Lyd,d,
1 ~2ab, b, +2a’ +2a’c,c, —2bd, —2b’d,, —4ad,, +2ac,d, N 4ad,d ~-a’ 7 A7,
T T-L
+FZ/{,[=1 ac” dede
1§ 2 24, ~1)" —4b,b,(c, 1) +2bc, . 2ad,
7* ==\ (T-L)d,d, (T-L)d,d,; “(T-L)d,d,
l or ~2ab, b, +2a’ +2a’c,c, —2b}d, —2b’d,, —4ad,, +2ac,d,
-|'—2 ac, )
T (T-L)d;d,
| 4a(d, —a ad,, ,
+F2k,t1[_#+4acﬁ sz dz jZk A 1Zr—1
(A.79)
continuing, we find
. . 1 < 21} 2a(c, —1)’ —4bb,(c, —1)+2b%c 2¢.d
E o —a a_a k —a kt k~t kt ktt_a Y
[( 1 )( 3)] r ZkIIL(T_L)dkkdtt (T_L)dkkdj (T L)dkkd;

L ~2ub b, +24° +2d°c,¢, —dad,, +2ac,d, | -2bd, ~2bld, ]
kt 1 2 i 2 72
(T-1)d>d; (T-L)d.d,

a d ac t ) ! -1
k,t= ](Td dk; Td d2 jZk—lA Zl‘—l
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(A.80)
Selectively exchanging the indices, we find
. . | «r [ 2b}-2ac 2a(c, —1) —4bb,(c, —1)+2b%c
E _ _ ~ k kk kt k=t \ "kt k>t
I:(al a,)(8, a3)] 72 Zk,t:l((T_L)dkkdﬂ a (T-L)d,d’
1 <o ~2ab b, +2a° +2a’c,c, —4ad,, +2ac,d, N —2ac,b}d,, —2ac,b}d,
77 Sermi| (T-L)dd; (T - L)dgd,
+4_‘21 T i (Cl - cikt )dek n ac, (dzkt :Cl) Z]:_lA—IZZ_l
r “E\ 0 Tdyd, Td,d,
_ LZT -2d, . 2a(c, - 1)2 —4bb, (¢, —1)+2b/c, N —2ac,,b’ —2ac,b’
7* =+ (T-L)d,d, (T—-L)d,d,; (T-L)d,d,;
1 <o ~2ab, b, +2a’ +2a’c,c, —4ad,, +2ac,d,
Y il (T-L)d,d,;
4q 1 [(a_dkt)(ackk _bkz)_(a_dkt)ackk] ,
2 L= 2 12 Zi,AZ,
T : Td,d,
1 5 2, ale —1)" =2b,b, (¢, —1)+bic, + b2 (cy +¢,)
=— —2a
T? ==\ (T-L)d, (T-L)d,d;
(A.81)

2 b b —2d. +cd ) 4 (a—d B
+ =Y | et AW T Mt S TG | 2N (afldz)k Z,AZ,,
T , (T — L)dkkdtt T s Tdkkdtt

continuing, we find

1) . 2 2
E[(6,- o) (6~ o) ] = 3 (( 2 gl l) Z2hb (e ") vhi, +h (Ckk”")}

=7 4| (T-L)d, (T—L)d,d’
2 7 b bc, +a+ac,c +(c —Z)d 4q 71 (a—d )b2 .
+F2k,t—l£azctt = (T—llkl){dttlfkdj - kt]_FZk,t—l[ lefkkct];_k Z,4 1Zt_l

(A.82)

1
Recalling that o, = a E T_ —, we have
T<"d,
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. . 20, 2a roa c,—12—2bbl ¢, —1)+blc,+b(c, +c,
E[(al_al)(a3_a3):|;(T_L3)a_T2(T_L)Zk,z1 () b kdkd)2 - (6 )
kk ™1t
2 T b be, +a+acyc, +(c,-2)d, | 4ar (a—d,)b _,
+ T2 (T—L) Zk,t—l[azc” — d/f/]:];lj : : ]_FZICJ—IWZIC—IA IZt—I
(A.83)

Next is

T dkkdtt dkkdtf
1 T E[(& _a)(&n dtt):| E[(ékk _dkk)(é]tt _dtt):|
+ 77 2uin| b d.d +ab d2d2
k™" 1t k™" 1t

1 or 2ab, 2abd, |l «r 2abd,
= _ZZk,t:I _ B _ 2 + _ZZk,t:I B _ 2
T (r-L)d,d, (T-L)d,d;) T (T-L)d,d,
L S [ ab —2ab, b, +2a’ +2a’c,.c, —2b}d, —2b’d, —4ad,, +2ac,d,
ka=t| T (T—L)d,fkd; Tdyd

21

2
+4ab, ady —a

>~
~
Il

4q° —
:LZT 1(_ 2abd, P ‘ bt(glktz a)ZIL—lAIZt—lJ
(T _L)dkkdtt T dkkdtt

k=t

(T-L)d.d’ (T-L)d,d,

—2a’h, b’c, +2a’b, +2a’bc,c, —4a’bd, +2a’be,d, N —2ab.bd,, — Zabfdkk]

-~ A7
(T_L)dkkd; Tdkzkdj o HJ

= LZT ( 2abtdtt + 4a2bt (dkt — Cl) 7'

—2a’h, b’c, +2a’b, +2a’bc,c, —4a’bd, +2a’be,d, N —2ab’b,d,, —2ab’d,
(T-L)d.d’ (T-L)dyd,

(A.84)

where indices were exchanged in one of the last terms above. Continuing, we find

TZIZlA_IZmJ
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EI:(&‘Z _ O(.z)(d3 _ 0(,3 ):I ~ 2_a2 th_l(_bk btzckt + Clbt + abtckkctt — 2btdkt + btcktdkt j

T? (T-L)d.d,
L v |- 2abd, _ —2ab’bd, —2abld,  4a’b(d,—a) ,, .,
e T-Ddd (T-Ldd 0
B 2a2b, ZT b, bc,, +a+ac,c,—2d, +c.d,
7 ke (T-L)dd:
- —ab’h, —ab® 4a’b(d, —
+L221fz—1 2 @b, Zab b, zabt + . t(z ktz a)Z/i—lAilzt—l
T o (T_L)dkkdtt Tdkkdtt
_ 2a’h, ZT a+ac,c,—bbc, + (ck, — Z)dk,
T* Sk (T-L)d.d,
—d - —p? 4d*b(d, -
T frt (T_L)dkkdzt Tdkkdzt
:L T 2a2b a + ackkctt _bkbtckt + (ckt _z)dkt _ 2ab dt[ +btbk +b[2
T* &kl ! (T-L)d.d; (T-L)d,d,;
1 T 4a2bt(dk, —a) .
+F k,z=1[ Td,fkd; Zk—lA Z,_,
l or d, a+acyc, —bbe, +(c, —2)d, bb, +b*
=FZ’“’“(_2%’ e B o V- (o VT
( )kktt (_)kktt (_)kktz
1 T 4a2bt(dkt —a) C
+F2k,t—l( Td,fkdtf Z A7,
| — b a+acyc, —bbe, +(c, -2)d, bb, +b>
:FZ"’”(_% L)y, " N V¥ TS Ve
( )kktt ( )kktt (_)kktt

4a® —
SO [— gt “‘)Z;_lAlzt_lJ

& Ta
(A.85)

We next make use of the facts that b, /d, =Ta, and £(1/d,)=a,T /a so that



[ b —2a
J— -2 t —
T’ 'fﬂ[ ¢ (T —L)dkkdn] T*(T —L)(Z

:Tz(_TziL)(

which we use to find

2 f—
(6 - 0,)(6, — 1, ) | 2 2%, 2L g b(d, —a)

k,t=1

(r-L) T°

b
i

ZI;—IAilzt—l

b’ (b, +0b,)

+ —_—
r(r-n = Gid;
completing the proof. ]

Lemmas for Proposition 11

Lemma 1: Let u be a vector. Then

!

uu

T+uu') ' =1-
( +uu) 1+u'u

Proof: We multiply:

(I+ uu')(] e )

1+u'u

completing the proof. ]

Lemma 2: Let u be a vector and let V' be a fixed positive semidefinite matrix. Then

B V' v

Vi) =y
( i ) 1+u'Vu

2a ZT [ab a+acyc, —bbe, +(c, —2)d,
t

I
7~ N\
|

Jr—
+ (=
| S,
=
N—
/—:\\

dkk dj

Proof: Let ¥ = 44’ be the Cholesky decomposition. Then we have:

|

40

(A.86)

(A.87)

(A.88)

(A.89)

(A.90)
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(V+uu') ' = (44 +u') ' = (4')" [1 + (Alu)(Alu)T A (A91)

Applying Lemma 1, we find

el Nl (A"lu)(A_]u)' »
(V+u) =(A4) | 1- , A
1+(47u) (47u)

() (A ) (4) 4

() A (4)' A (A7) 4

, =(44)" - , (A.92)
1+(47u) (47u) Tru'(A47) (47 )u

o (AA’)f1 uu'(AA')f1 _pi_ Vo'uu'v!
-1 r77-1
teu(4d ) u +uV

- (44)

completing the proof. [

Lemma 3: Here are some expressions with A(Z)= [V(Z )+u(Z2)w'(Z )]71 . For simplicity we will omit

the argument Z.

~ V71 !Vfl V—l
A:Vl—%, A},L:,—H_I, and M’Auzl—;] (A.93)
I+u'Vp 1+uWV 1+uW'V
Proof: Using Lemma 2, we find
V—IHM!V—I
A=V ———— (A.94)
I+pu 7V
Next, we compute:
~ V—IHH!V—I ~ V_IMM,V_]M H'V_lu ~
R O ) S e e )
(A.95)

_ [1 + V- M’VlujV_l 7

1+ V' - 1+ V'



using this we find

, , V! 1+uWV -1 1
HAM=M ru—l = H ' lill =1_ ry7-1
I+u'V I+p'V I+p'V

completing the proof. [

Lemma 4: Let 77 be a small perturbation of ¥ . Then
+w) =y =y wy ey wy o)

and

vyt ey (Vv (Vv (- )

Proof: we multiply

(V+w) (V' =v iyt wywr )

=V (V' =y wv ey wy iy e w (v =y vy wr )
=(1-wv v wy )+ (v -y wy T e wy T wy T wy )
=1+WV " =WV WV Wy =Wy Wy e wy S wy Wy

= 1+wv Wy Wy =1+ o(|w)

Note that we may apply this result to obtain

A

yo_p! (I? - V)V’l ! (17 - V)V’l (V - V)V1

112

A A -1
=y (P-7)]
completing the proof. []

Z, \A"'Z, | and, in particular,

' Ve
Lemma 5: E[(Qk - Hk) Q(}:l, _ “r)} _ tr(TQ)

(A.96)

(A.97)

(A.98)

(A.99)

(A.100)

42
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VZ, A"'Z

E [(ﬁtk —u) V(R - uz)} =z Az, E [(ﬁtk —m)(A ) } T @
and
’ M,V lu
E [(uk —p) Vw7 (i, )} =———Z. Az, (A.102)
A 1
Proof: Recall that 5-8=4" (? Z; Z Hs;j , SO that
R A ! l «r , _
i —p = (5 - 6) Z = (?Zk_lekzk_le 'z, (A.103)

Using commutativity within the trace operator, independence of (,,&,) when k#¢, and taking

advantage of commutativity of scalars, we find:

() O, ut)}
Elr] 0, ~w) || = Efor (. -) (5w 0
0

I RN ¥

t{ ],Z”Alz Z, AIlesz}

tr{E

' 2 - ’ 1 ' ’ — ' _
:E(FZ,TI (SIZI 1A IZt—le—lA IZi—lgiQ)j:E(FZiltr(giQSi)Zi—lA IZt—lzk—lA IZi—lj

_ % T [ E(eg0)] ZI.QIA’IZHZk',flA’IZH
1

:F ' lr(VQ)Zi'—lAilzt—IZl;—lAi z, - VARV IZt—lZli—lAilzi—l
tr , , ~ (Vo) _, ~

- (Tz Z A (Z 7.7 ) . =¥ZHA A7,

(VQ) —=7 A'Z
T
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(A.104)

where we note that Z, \A"'Z =7/ A"'Z,  because each is a transposed scalar of the other. In

particular, we have

!

R B n ll" VVﬁl B t]" I B n B
El:(“k _“k) 4 I(Hz K, )} = %Z@A Z, = %Z%A Z,, = FZIZ—IA 'Z,, (A.105)
Moreover, for any fixed vectors x and y, we have

x'E[(ﬁtk — 1) (R —ut)'}yZE[X’(ﬂk —n) (B, —m,) y} ZE[(ﬁk 1) ' (4, ‘“t)}

V! | (A.106)
t ' , _
_tr(wy') 2 o4tz X g VA2
T T
which states equality for all x and y, implying that
A . 1 VZ A'Z,
E{(uk—uk)(u,—u,)}—" I (A.107)
and
tr (VV’lulugV’1 )

. " s . uVou, ,
E[(“k _“k) Viuwuy I(Ht 4 ):| = zZ,.,A7z,, :%ZHA 'Z,, (A.108)

and completing the proof. []

Lemma 6: For a fixed matrix O, we have

E[(I}—V)Q(V—V)}: VQ'V+TV_[Z(VQ)] (A.109)

and, in particular,
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E[(I}—V)V‘l(I}—V)J: (';+_le (A.110)
as well as
E[ul'Vl (7 =V iy (P -) VluJ - ”fV1”3”5V1”; - LfVl”“uéVl% A.111)
which implies that:
2
B[ (7 ) g (7, =2
A A At et (D Sy 2a
v IE[( ALt —V)}V =
Wy E[ (7 -y )y (7 -v) - Tz‘ibfL
u;V’lE[(I}—V)V"utu;V’I(I}—V): V11=2bfT+";1) (A.112)
VE| (7 -y gy (-1 ) = a(c’“T_i)LJr bib
Wy E| (7 -y w1 (7 -v) - Tzi
2
u;V-lE[(I? V)V (V- V)} V', = 2(;*_ Ll)

where many others of the form E[ul’V*‘ (I} — V)V"uzu;V” (I} — V)V’luJ may be transformed
(commutativity of scalar multiplication, transposing a scalar) into one from the above list. Those having
four repeated instances with each u, e {n,,1} are covered in the first two in the above list. Those having
exactly three repeated instances with each u, e {n,,1} along with one of the other type are covered in the
next two in the list. Those having two of one type and two of the other with each u, e {p,,p,,1} are

covered by the fifth and sixth in the list.
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Proof: While Haff (1979) Theorem 3.1(iii) can be used to prove this in the case of a positive

semidefinite O, we need the more general result for cases such as O =V "' 17" (V u,)(V_ll) with

i, and 1 noncollinear, for which Q is not positive semidefinite because when Q = xy" with noncollinear

! ! ! . x,
x and y, we can find a vector u such that #'Qu =uxy'u <0, for example by choosing u =x+a (y - —,yxj

x'x
with scalar a, for which
uQu—uxyu—{x+a ﬂ {x+a y—x’yxﬂ

x'x
—xxyx+axx( ! j+a(yx— xxjyx+a (y—x'yx] xy’(y—ng (A.113)
x'x x'x

= <o+ al | ol - () |

in which the coefficient of a is positive and cannot be zero because x and y are assumed to be
noncollinear (by the Cauchy-Schwartz Inequality). Choosing a negative a with large magnitude shows

that such a Q is not positive semidefinite.

We next prove a related result when V' =1:
E(YQY)=p(p+1)Q+p[r(Q)]I- p(Q-0) (A.114)

for an nxn matrix Y with the Wishart distribution W (n, p,7), and Q an arbitrary nxn matrix of

iid

constants. We may represent Y using X, ~ N (0,1) for i=1..n and ¢ =1,...,p, defining ¥, =Y " X, X,

1

, for which the matrix Y has a Wishart distribution 1 (n, p,I). Note that

[E(YQY)],,:E(ZZ“ 20 ;,) > LOE (YY) (A.115)



so we need £ ( ,lej) There are four cases:

e All four subscripts identical so that i = j =k =1 In this case, Y, z X and

=1 it

E(7?)= E[(Z lef)(Zu:lX; )} =3’ E(x:X) (A.116)

When t#u, X7 and X are independent and we have
E(v})=>" E(X:x.)=pE(X})+p(p-1)E(X;X)=3p+p(p-1)=p(p+2)
(A.117)

e Exactly three identical, for example, i = j =k with 7 i

E(ny)=E(nn)=E| (I, )0 xx ) |- 5(X0 vixx,

=2 E(XiXX, ) =0

) (A.118)

because X, is independent of both X, and X,

e Exactly two identical pairs of the form £ (szYkz) E (Yl,f ) with i # k. We find

[(Z =1 it k,)(Z ke )} Zp E(X,X,X,X,) (A.119)

ku”™iu

When t#u we have »."  E(X,X,)E(X,X,)=0 by independence.
We therefore have

E(YY,)=E(Y;)=>" E(X,X,X,X,)=>" E(X;X})=p (A.120)

e Exactly two identical pairs of the form E ( Y. ) with i # J , for which

0= (2 - e )

47
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e All other cases have expectation zero by independence of any single, non-repeated, subscript
term.

There are two cases for evaluating | E(YQY )l/ = ZZ,[:I 0,E (Yilej)

e Ifi=j then
[E(YOY)] =30 QuE(NY) =3 OuE(YY,)+ X, OuE(Y,Y,)
=2 QY )+ QE(Y )+ X, OuE (YY)
=0 Ou+p(P+2)0,+0=p) O, +p0,+p(p+1)0,
=p|r(Q) ]+ p(p+1)0,

(A.122)

e If i# ] then the only nonzero expectations £ ( ,‘kY,) occur either when & =i and / = j, or when
k=j and 7/ =i.We find
[E(YQY)],] =2 e 0,E(Y,Y,)=Q,E(Y,Y,)+0,E(Y})
=Q,E(V,Y,)+Q,E(Y})=pQ, +pQ,

<

(A.123)

and it will be helpful to have an alternative representation:
[E(YQY)] =p’0,+pQ, = p(p+1)Q, ~ PO, + PO, = p(p+1)0, ~ P(Q, - 0;)

(A.124)

Putting these together, we find

E(YQY) = p(p+1)Q+p[tr(Q)]I—p(Q—Q') (A.125)

for Y ~w (n, p,I) with general Q.

Now we consider general 7 and note that (T —L)I} ~ W(n,T —L,V). Choose nxn matrix 4 using

the Cholesky Decomposition such that Aya’=7 , V=A"A"" and V'=A4 . Then
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(T=L)AVA ~W (n,T =L, AVA) =W (n,T=L,I) and (T—L)AVA~Y with p=T-L and

Y~ W(n,p,l). We then have

(T-1)
(A.126)
and therefore
E[(7-7)o(? -¥)]- B(or)-rov
_ (TiL)[(T—L+1)VQV+tr(QV)V—V(Q—Q')V:|—VQV
=VQV+(TiL)VQV+(TiL)tr(QV)V—ﬁV(Q—Q’)V—VQV
_vov +v[u(Q)]-V(Q-Q) vV +v[ir(oV)]
(T-1) (T-1)
(A-127)

completing the proof of the first result. The special cases then follow immediately from this general

result. For example,
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E|ay ™ (P =y ) gy (V =V )y |~y B[ (P = ) iy (7 =) |7,

- V[V uuy v+ V(7w )]

=u, P V'u,
' . 3 (A.128)
u{[V‘luzu;V_l} u, +ulV'u, tr(uzu;V_l)
- -1 )
CwV  udlV  uy +ulV  ulhV  ay

T-L

completing the proof. []

Lemma 7: Rewriting the portfolio constants using the definitions above we find their consistent estimators

as:

R g L+ V', Ly &
a, = ?z;ﬂ l'l}‘ll(l . ﬁ;l}_tl}:lt ) _ (I'I}_Iﬁlt )2 T B dt:t

N 1775, I <7 b

= — : —— ==y S (A.129)
T ZHI'V11(1+Q;V1ﬁtt)—(1’V‘ﬁt)2 T="d,

.l 1771 ar

o, =— =— -

T Zt:ll’l}‘ll(Hﬁt;l}‘lﬁtt)—(l’ﬁ‘lﬁt[)z =",

Proof: Using Lemma 2, we find

V*luul V*l

A=V"- ——
I+p'V

(A.130)

from which we find expressions for the portfolio constants in terms of p and V
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1"
U711 w7 ) - (17 )

The estimates make use of the estimated values ¥ and .0

Lemma 8: Second-order expansions may be found as follows, omitting terms involving both 1 — and

A

V' =V because they are independent of one another and will have expectation zero. Keeping only relevant

terms up to second order, we find :
i—az=-1v (V-y ) v (V- (P -v

(a—a) =tv(V-vjr v (v-vjy



b=b, ==V (V= )V, + 1V (i, =, )+ 0V (P = )7 (V=7 )7y,

(Be=0)(B =) =0V (V= ) v (V= )7+ (B - ) V107 (6, -,
(a-a)(b=b)=tv (P =y v (P -v)ry,

étt —C = _“;Vil (I} - V)Vilut + 2“:V71 (llt - Mr)

Wy (V= (P =7 ) (- ) V(R )

(ékk ~ Crk )(étt - ctt)

ST U L Vg I TR (R L T ()
(a=a)(&, e )=V (P =V )y iy (V=v )7y
(b =)@, =) =1V (7 =7 )7 v (7 =7 )7 ', +2(8, =1, ) 7 1 (R, - w,)

d,~d, ==y (V= )V 'u +(=c1+ Bu )V (V-v)r
#2(ap, 1)V (f, )+ ay (P =V ) (P -V )y,
AV P =V (V =V )7 (e, 1 - 2bn,)

AV T =V (= VW (P =V )+ (- ) (@ =71 )(f, - )

(du —dy )(d, —d, ) =@y (P =V )V ey (7 =V )7 'y,
—an (V=7 )V (e, 1+ 2, ) V(P =V )P
—a(-c 1+ 2, ) V! (I}—V)V‘llu;V" (I}—V)V‘lu,

(e 1+ 2 )V (P =V ) M (e, 1+ 2y, )V (V=1 )1

+4(f, — ) V™ (ap —b, 1) (ap, —b1) V7 (i, —p,)
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—a(-¢,1+ Bp, )V (P =V )y (7 -v )y,
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=V (V =V )y (V=1 7w, + 107 (V=1 ) 1o, 0 =2, )V (V-7 )71

(b = )(d, =, )= a0V (P =V ) way ™ (7 =V )y 'y,
1V (V=) e 1+ 2, )V (P -1

+2(f, —uk)' V1 (ap, —btl)’ V(g -n,)

(b,-8,)(d,—d,)=aV " (V =V )V uup (V=¥ )V 'y,
—1'V-1(I?—V)V-lu,(—c,,1 + 2, )'V‘I(I}—V)V‘ll

+2(ptt - K, ), Vﬁll(aut _bzl), V71 (l:lt _“t)

(@kk —Cy )(c?n - dﬂ) =au V! (I} — V)V_luku;V_l (I} — V)V_lut
—w (7 =) (e 1+ 2, )V (V=1 )
+ 4(}:% — )' V_luk (GM, - btl)’ v (PAL[ - ,"l‘t)
(é—c)(d=d, ) zay (P =v )y (V-7 )y 'y,
—wp (V=1 ) (e 1+ 2B )V (V=1 (A.132)

+ 4(&; — K, )' V_Ip“t (a”’t _btl)'V_] (ﬁlz _Hz‘)
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Proof: Using the expansion V' =y~ -y~ (I} — V)V’1 +V! (I} - V)V’1 (I} - V)V’1 from Lemma 4,

we find

G—a=17"1-1V"1= 1'[1/*1 VP =V (P -r (7 - V)V’l}l —1v

=1V (P =y ) et (V- (P -v )
(a-a) =|-17" (V- V)VIIT =1 (P -y (P-v

b=b, =17, =1V = V(P =7 Ju, 177 (i, —p,)
=1 (P (P (P v ()

=1V (V=P )7 17 (|, =)+ 1 (P =V (V- )y,

(b~ )(5 b))
S U TS Ul (R el (2 g e R U (]

=1V (V=) w7 (V=1 (- ) VI (-,

(a=a)(b=b)=| -1V (7 =y )y 1][-r (P =7 )rn, |

=1 (P -y )y (P -y )y,

én —C = }1;[}_1]’,\[’ - M;V_lut
= M; (I}_l - V_l)“t + 2“’;V_1 (l:lz — K ) + (!:lt —H, ), V_l (l:"z - H;)
2|V (P-r ) (P -r ) (v,
+2“;V_l (I:Lt — K, ) + (plt — K, )’ V_l (l:lt - “t)
=y (I} — V)V‘lu, +2u V7 (L, —p,)

(VP =V (=1 ) () V(R )



(ékk —Cu )(étt - Ctt)
=y (7 =7 )7 e+ 207 (i =) || = (7 =7 )7 2007 ()|
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=1 (V- (V-v )y,

bAk —b, )(én - ctt)
[—I'V’l (7 =7 )7 e+ 1077 (3, —n, )}[—MZV’I (7=7)7u + 2007 (8, )}

~ [—1'1/-1 (- V)V‘luk}[—u;V‘l (7- V)V‘lut} 17 () 207 (B, - m,)]

mn —

=1V (P =V gy (P =V )+ 20 - ) VO (i, )
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d,~d,=a(é,~c,)+e,(a—a)+(a-a)(é,~c,)~2b,(5~b)~(5-b)
= a[—u;V'l (7 =) m, 207 (R, -, )]

+a[u;V1(V VW (7 =r )+ () V(- p,)}

te, [—1’1/*1(1?— VY (- (v - V)Vﬂ]

+[—1’V" (V- V)V’IIJ[—HQV" (7 =V, + 20y (5, -, )}
—21;{—1'1/*1 (P =V u 00 (@, =)+ 1V (P =1 ) (P - V)V"MZJ
—[—1'1/*1 (=) u 10 (3, -, )T

= —apy (V=1 )V, + 2awy (8, - u,)

+ap (V=) (P =V )y a(f, - ) V(R - wy)

eV (V=) e v (Vv ) (P -

AV =y )y (V-v )y,

2BV (VP =V = 2617 (f, -, ) = 2607 (V =V ) (P -1 )y, (A.133)

1y (1? _ V)V’lutl’V’l (I? - V)V*lpt —(f,—w) VIV (R, - p,)

Continuing, we find

d,-d,
=~y (V =V )V w0V (VP =V ) 1+ 25007 (P -1 )y

+2ap V= (0, —p, ) =261V (0, —p, ) +ap V! ( ) ( V)
V)

w e V(P =V (P =y )1y (P =v )y (7 -
~B V(=) (P =V ), - (P = v (Vv ),

~
=
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+a(ﬂt K )' V_l(ﬁ'“t - !"Lt)_(plt K )’ V_llllV_l(ﬁ't _“t)

=—aw V™ (V =V )V, +(=c, 1+ 20, ) V(P =V )71+ 2(ap, —5,1) V7 (f, —p,)
+aqV (V= V=V w0 (P =v ) (V=1 ) (6,1 - 2, )

+1,V71 (I} N V)V71 (1!4: K 1')V71 (I} - V)Vilut + (pl't K )’ (a V71 - V7111IV71 )(ﬁlt - !"Lt)
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{—ap;V'l (7 =7 ), + (e, 1+ 218, ) V7V =V )71+ 2(ap) 5,1 )77 (f, - pt)}

= [—aM;V‘l(I}—V)V‘luk (e 1+ Dy, )'V—I(V—V)V—‘l}
[—au;V'l (V=77 ', + (e, 1+ 2, ) V(7 - V)V‘IIJ
+ 2(ap —B VW (fy —w, ) [ 2(aw B2 (1, —,) |

=W (V=) (V=7 ), —awy (V=7 )7y (e, 1+ 20, )V (P =7 )71
— a1+ 2, )V (V= )7 1y (V=7 )7y,
(e 1+ D, )V (P =V ) (e, 1+ 2, ) V' (P -V )P 1

+4(fy 1 )V (aw, —b,1)(ap, —b1) V(- 1,)

(a-a)(d,-d,)
=V (7= )y [—awy ™ (P =V ) e, 1 2 0 (V- )
=alV V=V )y (v -y )y,

1V (V=1 (e 1 =20, )V (V-1 )
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(A.134)

1V (V=1 ) (e, 1+ 20, )V (P -1 )P

+2(ﬁk _Hk)’ Vﬁll(al’lt _bzl)' V71 (llz - Ht)

The expression for (l;t - b, )(c?tt - d”) follows directly.

[—au;Vl(I}— V)V’lpt +(—c,1+ 2, )’V’1 (I} - V)V’ll +2(ap, b1 )V ([, —ut)}

(A.135)
~ap, V! (I? - V)V—lukp;V—l (I? - V)V‘lut

—w (V=) (e, 1+ 0 ) V(P =V )P

400, —w ) Vg (an = 51) V(- w,)
The expression for (¢, —c, )(c;' . — dﬁ) follows directly, completing the proof. [

Lemma 9: Expectations are as follows:
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1
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E(C;,tt _dzz )2 E(ézt _dn)
T

N 2a* + (n - 4)ad” + (3 - 2n)d§ N —4a’ —(n - S)adﬂ 7 47

= (T_L)d; Td; t—1 t-1

T/ n 5 2ad,
E_(a—a)( B —dt,)} =~ o

r/ A n 2b.d
E_(bk_bk)( tt_dzz)};TiZ

M/~ A 2bd,
E_(bt_bt)( tt_d[t):|:T_L
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E[(étt ~¢,)(d, —d”)} - 2ale, I)T_ib’ (e, =2), 4(d”T ")2;1/142H (A.136)

Proof: Making use of unbiasedness of [i, and of Vv , along with Lemmas 5 and 6, and commutativity

within the trace operator, together with the expansions from Lemma 8, we find

ET&—a)%YVAE[U}—VVFTV-Wﬂ}V*l:rV*QﬁﬂlKV*1:fiﬁiQ

r-L T-1
o - -2
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continuing, we find

(A.137)
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continuing, we find

65

(A.138)



E|:(a’;kk - dkk )(d’\tt - dtt ):|
R —2ab, bc,, +2a’ +2a’c,c, —2b; (acn - bf)
B )
-2b’ (ackk ~b; ) —4a (ack, -b. b ) +2ac, (ackt -b. b, )
+
T-L

+ 4 a(ackt B bkbt ) B a2 Z;ilAileil

_ —2ab,bc, +2a’ +2a’c,c, —2b}d, —

2b’d, —4ad,, +2ac,d,

+4

ad, —a* _,
“ ZHA IZ/H

B T-1L

E[(c?,, —d, )2}

_ =2ab,bc, +2a’ +2a’c, —4b’d, —4ad, +2ac,d, +4ad

15

2
—a

Zt,—l Aith—l

et
T-L

+2a’ -2b’d

2actt (actt _th) t Y _4adtt + 2dtt (actt _th)

+4

ad

2
—a
[ii ' -1
Zx—lA Zt—l

- T-1L

_ 2a* +2d, (ac, - b} )~ 4ad, +2d, L 40d, =@ 74z

T-L
_ 2a° —4ad, +4d; +4adﬂ ~-a’ 747
T-L

66



~n 2 A
E( tt_dtt) E( tt_dtt)
o &
2 2 2 _ —
. 20" —4ad, +34dﬂ L 494, —3a 7 A7 - na +(2n+12)dn _a(n 21) 747
(T—L)dn Td, (T—L)dﬂ Td,
2 2 2 _ 2 _
_ 2a” —4ad, +34d” B nad, +(2n+31)d,, +4ad,, 361 Z;-lA_IZt-l _ (” I)Bad,, Z;_IA_]ZH
(T—L)dn (T—L)dtt Td, Td;
_ 2a° —4ad, +4d} +nad, —(2n + l)dj N dad, —4a’ —(n - l)adn 747,
(T-L)d, Td, o
2a° + (-4 d 4—2n+1)|d> |4a—(n-1)ald, —4a’
_2a +(~4a+na) ﬂ+[3 (2n+1)] n+[ a—(n )?] . —4a 74z
(T-L)d, Td,
_ 2a° + (n —4)adﬁ +(3 —2n)a’§ N —4a’ —(n —S)adn 747,
(T-L)d: Td,

E[(& ~a)(d,~d, )J =aE[ 1V (D=1 )y (7 -V )y, |
+ E[I’Vl (V=7 ) 1e, 1 —20,) vV (V- V)Vll}

_ 2ab,2 + 26126‘” — 4abt2 _ 2a(actt _th) _ 2adﬁ
T-L T-L T-L
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+2E[(gk —uk)' V1 (ap, —btl)’V_l(th —u,)}

2
~ 2ab, (ck, - 1) - [—Zabkcn +2b.b] + tha(ckt - 1)] s ab,—ba 747
-1 T
2abe, -2k 2b(ac,~B}) 2bd,
T—1L T—1L T-1L

67



68

E [(5 -b )(c?n —-d, )} = % then follows directly

E[(ékk ~c,)(d, - dt,)} = af [ (V=1 )y (7 -V ) |

—E[M;Vl (7 =V )7 w(e 1+ D, ) v (7 - V)Vll}

+4E[(ak —, ) V7w (ap, —5,0) V7 (B, —ut)} (A.139)

_2a(c, —1)"+2¢,b] =2, (¢, ~1)b, —2bb, (¢, 1) N 4la(c, -1)-bb,] 7 47

T-L T
_2a(c, ~1)" —4bb,(c, ~1)+2bic, | 4(dy —a) e

T-L T
E[(én —c,,)(c?n ~ dn)} - 2a(c, —1) —4b(c, —1)+2b/c, . 4(d, —a) 747
T-1L T
_2a(c,=1) -2b'(c,~2) 4(d,-a) 747

T'-L

completing the proof. []

Proof of Corollary I:

We begin by noting that the portfolio return at time ¢ is Ry = w’R, where R, =, +¢, =8'Z, | +¢,.
The estimated squared Sharpe Ratio is based on the estimated portfolio mean and the estimated portfolio

variance. The conditional mean of R, is E (Rp’t |ZH) =w,, and the conditional variance of R, is

t
o), = Var(R - |Z,_1) =w'Vw using the conditional covariance matrix V' of R given Z, , . The
unconditional variance ij of the portfolio R, may then be expressed as the expected conditional variance

plus the variance of the conditional portfolio means w'y,. Given a zero-beta rate ¢, the maximized

squared-Sharpe-Ratio
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S2=(f—-o1) U™ (E-o1), (A.140)

is constructed from the weights

(=
WQ:M (A.141)
1'U (u—(pl)
WU (ol

for which the portfolio mean is p, =
1'U" (m—ol)

and the portfolio variance is

- U = S2 _ 2
G = (R-o1) U7 (R (zpl) = 0 > with S = (u"’ Z(P) , allowing us to write
[1U ' (m-e1)|  [1U ' (E-ol)] S,
2U-1 T—ol . . R RN -l
W, = o, (B-o ) We begin with U™ :|:V+%Zjl(!:l’ —ﬁ)(ﬁlt —ﬁ) } , which may be written as
Ho =0 )

-1
Ulz{l}leZf](ﬁt_ﬁ)(ﬁ;_ﬁ)l} +OP(1/T) because (ﬁ—ﬁ):Op(l/ﬁ) , SO we have

. ;(ﬂt —ﬁ)(l:lt —ﬁ)' ZLZ;(Q, 1) (i —ﬁ)' +0,(1/T). We expand as follows:

T T
N 1 o an
0 =[P 5 Gm ) | o, 00
oo [Pl -t - -0 oo, A1)

!

_ T 1 R _
_U U I{V—V+?Zj_l[(ul—u,)(ut—u)

-, [} 0,007)

Next, we expand the estimated squared Sharpe Ratio:
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5 =(f-o1) 0 o)
=52 +2(m-o1) U (f-1)

1

~(=o1) U {77 4 (=)o) -~ [ o

,(A.143)
+0,(1/T)
2 T N _ TN
=S§+;Ztl[l—(u,—u) u 1(“_@1)}@—@1) U™ (R -,)
~(E-o1) U (V=7 )U " (L-01)+0,(1/T)
from which we see that estimates of the canonical matrices are
2 T ! !’
C=A"-) Z. [1— B-R) U H—@l}ﬁ—cpl U
2 2 1= () U (- 01) | (o) s

D=-U"(fi-o1)(E-¢1) U

‘ .U (m—ol) .
Using the fact that w=—"—————= along with wi= K, , we may express these as follows:
Ho =@
2(” _(P) T Lo =@, , ,
Csz—cszA IZHZH 1- "’62 (M;W—M(p) w
T ' (A.145)
- S?
D=- (HQ 4([)) ww' = ——ww
G‘P G(P

To see that the canonical matrices have the same functional form, for the squared Sharpe Ratio, in the
case of a given set of fixed weights w and for weights that are estimated so as to maximize the squared

Sharpe Ratio, we note that the estimated portfolio mean may be written as
. lor /-
f,=n, =2 Wi -n,) (A.146)

1
where the portfolio mean is p, = FZ’TZI w, .
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The portfolio variance may be written as the expected conditional variance plus the variance of the

conditional mean:

2
, l—r , , 2 l —r
O'f, =W VW+?Z,:1(WM) _(FZ”WM'J (A.147)
and may be estimated as
a2 A 1 T T N\2 1 T . ?
GP=WVW+?ZZZI(WMI) - ?ZHWHI

2

2 2T ' (L — EST W =" wi(p, -
_Gp+?Zt:1(WM’)W(Ht Mz) (TZHWHIJ(TZMW(”’ Ht)j (A148)
+W'(1}_V)W+0p(1/T)

:Gi +%Zj_l(w'pt —up)w'(ﬁtt —ut)+w'(I}—V)w+Op (I/T)

The estimated squared Sharpe Ratio, given the zero-beta rate ¢, may then be expanded as follows:

2 _ =
Kt ) Bt R e )
:[(up—cp)z+2(Mp—@)(p‘p2‘“f’)}[l_(6i Gi)/gi]JrOp(l/T) (A.149)
(&)

(n, —(P)2 +2(Hp—(P)(ﬁp _up)_(“’p —(9)2 (657 _G;)+OP(I/T)

Substituting from (A.113) and (A.115) into (A.116) we find
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w (7 =V )w+0,(1/T) (A.150)

2u - _
=S, +—(!;P02 J Z,T{l— M';z (p(uiw—u,,)}W'(ﬁ, -1,)
P

P

w'(I}—V)w+Op (I/T)

for which we find estimates of the canonical matrices

2 —p)A™! —
C:%ZLZH {l—ugz(p(p;w—up):lw'
" g (A.151)
D:_(M,,:(P) ww
(e}

which have the same functional form as in the case when the weights are estimated to maximize the

squared Sharpe Ratio, completing the proof. [']

Proof of Corollary II:

To obtain expansions for @,, a.,, and &,, we begin with A, to find

A

A, =(rig+7) =[u,ul Vo (B -+ () +(V—V)}1 +0,(1/T)

A, {1+[u,(ﬁt,—ut) +(ﬁ,—“t)“5+(’}‘V)}Af} +0,(1/T) (A.152)
)

= t{I_I:Mz(!:lt_Mt) +(p|'t_“'t)u;+(l}_V :|At +0p(1/T)



and continue, expanding

VAL=TAI-TAp, (f,-1,) A1-TA, (i, —, )WA1-TA, (V =V )A1+0,(1/T)

) (A.153)
=UA1-2VA 1A, (i, —p,) - VA, (V =V )A1+0,(1/T)
and
AnTA (G — 1A, (V-V)A1
L1 2UARTA (R g, ( 2 +0,(1/T) (A.154)
I'A1 TAL1 (1'A,1) (1'A,1)
Next, we expand @, as follows
= Ztlerl
MA uTA 1'A (V—V)Al (A-155)
ey )y 0, (1)
(IA1) T4 (TA)
To expand &, , we will need
VA, =VAu, +1(A, = A, )i, + 1A, (i, -,)+0,(1/T)
=VAp, +1| =Ap, (0, —p,) A=A, (Q, -, )WA, = A, (V=V)A
M, [ (=) A=A (= A, = A )}u (156

+1'A, (0, —p,)+0,(1/7)
=UA L, +(U=TApp —WA R YA, (-1, ) =1A, (V=7 )Au, +0,(1/T)

and
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1'[\ { I'A 1 ’ ’ ' ' ’ ~ ' 5
1’[\1? _ 1'Aﬁt . 1'A,1[(1 ~TAp — AL T)A, (f, —ut)—lAt(V—V)A,ut}

AL IA, (B, -1) VA (7-r)aa

+(1’At“'t) ’ ; +0 (l/T)
(ra1) (ragy ) (A157)
, ' r_ 1 r_ ’ 4 24
YA, LA -TA kg ' utA;utl)”(l Ap )1 A -1,
A1 (I'A1)
+(1 At“’t)l _(letl)Ht At(I}_V)Atl_l_Op (1/T)
(A1)
from which we find
. _l T I'Atﬂt
Gr=7 2 A1
Lr (PAD(U-TApp -wAp ) +2(VAR )T -
=a,+— A (1, -
O (A1) (L -w,)
Lor (VAU -(UAD (s
1 AV-VIA1+0 (1/T A.158
+th:1 (I'Atl)z t( ) t + p( ) ( )
or [V=(RAR)U-(UAR )W 2(10AR )T
= _— A -
7 2 A1 " (A1) (fmw)
1 «r (PAp)T=(1A 1)y .
1 A(V=V)A1+0 (1/T
+th:1 (I'Atl)z t( ) t + p( )
To expand @&, , we will also need
A=A, +2wA, (-, )+ (A, - A, )u, +0, (1/T)
=AM, +200A, (1, —1,)
(A.159)

| A () A=A (B WA, A (7 ) [, +0, (17)

= AR, +2(1= WA, WA, (B, —1,) = WA, (7 =V )Ap, +0,(1/T)

as well as
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A 2 A
(VA ) =(UAw) +2(VA )T (A, = A, ), +2(VA R )VA, (1, -1,)+0, (1/T)

and

(ertl"tt )2 +2(1'Azut)1'{_Ath (]’1; — U, ), Az _A[ (!:lz _Mz)“;At _At (I}_V)At}ut
+2(VA)VA, (fi, —p,)+0,(1/T)

(ert““t )2 _2(1,Azuz )llAtHz (I:Lt - U, )l A;H; - 2(1'1\,“; )ert (':Lz - U, )H’;Atut

~2(VA VA, (V =V ) A, +2 (VA )VA, (i, —1,)+ 0, (1/T)

(UA W) =2(VAR) (VAL A, (-1, )= 2(VA ) (AR )TVA, (R, —1,)
+2(VA R )VA, (f,—1,)=2(VAp)UA, (V =V )Ap, +0,(1/T)

(I'Ap, )2 +[—2(1'Atut)(1'Atpt)u; —2(1'Atpt)(u;/\tpt)1'+2(1'A1pt)1']/\t (R, —n,)
—2(VAR)VA, (V=7 )Au,+0,(1/T)

(I’Atl’lt )2 + 2(1’Atut )I:lr _(I’Ax“t)u: _(M;At“’t )1’] At (pl't _“'t)

~2(VA VA, (V =V ) Ay, +0,(1/7) (A.160)
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A \2 . o
(llAth) _ (IIAtMt)z +(1’A )2 Z(I'AtHI)I,Az (l:l‘t _“‘t) 4 1 A’ (V_V)Atl
A1 A1 o (IA1) (TA1)
1
+
A1
(A L2, VUA, (1, 1) X (IAW) VA, (V-7 )A1
I'A1 (1A (1A1)
.\ 2(UA ) [V = (VAR )1 = (WA R)UTA, (R, ) 2(VAR)TA, (7-7)Am,
A1 A1
— (llAtp't )2 + 2(1,Atut )3 I,At (llt _Ht) + 2(1'A1Ht)|:1'_(1,Ath)u; _(u;Ath)IIJ At (ﬁtt _“t)
1A (A1) 1'A1

[2(1'/\[“, )= (A )1 = (WA )V A, (1) =2(VAR)TA, (V- V)A,ul]+ 0,(1/T)

+0,(1/T)

(VAR ) VA, (P =V )AL 2(UAR)VA, (V=7 ) Ay,
: (VA1) B A1
_ap) (@A) T (AR (VAR (AR )T ]
A1 (1'A,1)° A1

AT 2(VA W)
(A1) I'A1

+0,(1/T)

JAt(ﬁt _“t)

JA,(V—V)A,]JrOp(l/T) (A.161)

' 2 AL )Y U+(UAD[1-(1'A (WA p )T
A g g (AR T D (CA R )~ (AR
1'A1 (l'Atl)

WAR=2WADN, \ (7 _p\a1+0,(1/7)

At(l’lt _ut)

+(1’Atu,)

to find

 AIVA ). Tor (ar . QAIVAR,
:_Zt M t[ t lt,[\ 1 tj“t :?Zt 1[“:Azur Wj
' 1 , N
=0l +— Z,] u‘tAtH’t MZA, (Mt l’lt)_? j:]l’ll‘At(V_V)Atut

(AW V+UAD [V = (WA )~ (VAL ] .
, 2 At (Hz _Ht)
(I'A1) (A.162)
(1A )T =2(VA 1),

2

T ’
_? 21:1 (1 Atut)
1 '
—FZ;(I Am,)

A (V-V)A1+0,(1/7)

o V(AR (VAR ) (VAR)T
= OL3 = Zt 1{ MtAth “t (1 At“t) — I,Azl — - (1/;\:1)2 At( t _Ht)
(VAR )V =2(TA )Y,

(A1)

__Z”[ (7 =V) A+ (AR, AI(I}—V)AtlJJrOP(I/T)
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Next, we use commutativity of matrix multiplication within the trace operator to write

. 2 , o U= (WAp ) —(TA ) (TAW)'T
%=0t3+;Z,T{(1—H,A,ut)u,—(lAtu,) G U= (T )b, (I

’ , At(plt _“'t)
i el j (A.163)

1 o7 e (VA )1V =2(1VA )y, X
—trq| — A TAp )A 1 V-V o (1/T
r{{T ZI_I[ My +( t“t) t (1'/\,1)2 ! ( ) + 1’( )

To summarize the expansions of the portfolio coefficients:

Ly ARG L T

1
+— +0 (1/T
(l’A 1)’ TZ’:‘ (1A1) (117 (A.164)
~o,+3 C, (8, -n)+o| D, (V-V)]+0,(1/T)
(WA= (VA ), 2(VAR )T
= A -
“tT Zf 1( I'A1 " (A1) (8, ~w,)
(VA )V (YA, (s
— AV -=-VIA1+0O, (1/T (A.165)
Zt 1 (IIA 1) ( ) P( )
—o,+Y C )+tr[Da2(I}—V)}+0p(1/T)
oo V(AR (A, (VAR
—OL3 = Zz l[ u’tAtp'z l“lz (1 Azl“lt) 1'/\11 (1,/\{1)2 Az(ut “t)
I (1 (AR )V -2(VA 1) ; A.166
—tr{[?zll[/\z“t“r +(1 At“t)Atl (I/Atl)z \]]At(V_V)}_FOp(l/T) ( )
_0(‘3+Ztl nee (0 —1,) +tr[ u3(17—1/)J+0p(1/T)
The estimates of the terms for the Theorem I are given by
r 1l r
0 E? M (A.167)

l—r 1
_ L L A.168
h Tzf=l 1A 1 ( )
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. 2 , o
Cor = ?[(1 —HA R )i = (VAW )

1l or Ay,
T LAy
t

r I'AIVF +1’At”z“f

_1Ir VAERFE|Z,) 1
YF - TZI:I llAtl - TZIII
l «r
Vi EF =1 [TROATS

A1

|
Vr =7 Z WQE(RE|Z,,)= ;Z;(HZQ,VF Q)

=_Z”

l

Z,)QE(RF|Z,)

B 72,_1[1/2 QY +2uQV,uf +uQu, (uf )ZJ

’
ot

_2(VAR)TA,

T(1I'A1)

24" l'A pt)l’A

Ztl t-1

T AllA
Z” 1’A1)

(TA1)

Ayt T

' —l 1,_(“:/\’”1)1,_(1,1\:“1)“;
A1

- (AU (AR i

’ 2 4
+2(1Atu,)21 A
(1'A,1)

A
a = TZ,:1 Zt_{

A1

Lgr (VAR -(UA DI

Do‘z = FZ[:lAt

247! , o ¥ (WA ) — (1A !
z[ A, — (1A g AR (A o

__Z[ 1 t[“ M; ertl.l[)

t

(1A 1)

1 (AT~ (1A )

L2(A)

2 1,
2 At

(1'A,1)

(A, )1 N

I'Atl (11A11)2 t
(I'A pt)
I'Atl (I,Atl)

(1)1 =208 )1

(A1)

]A,

(A.169)
(A.170)

(A.171)

(A.172)

(A.173)

(A.174)

(A.175)

J A (A176)
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The estimated squared Sharpe Ratio is

NSNS

(A.177)

This estimate may be found by plugging in consistent estimates for the a’s or by computing the estimated
portfolio weights as a function of Z, applying these to the asset returns and computing the unconditional
mean and variance of the resulting portfolio. In simulations not reported here, we find that either approach
produces similar results. Equation (A.43) follows from maximizing

o (8,-0) (i, -0)

- = - - - (A.178)
Gi {A ajj_2a2A -0, >

Q, + o+ il
1 A A
a, " o, 7

A

Oy

with respect to the mean [1,. We expand (A.43) to obtain



G g +[ocl(1—oc3)—oc§][2az(d2 —o, )+ o, (6 —ay)+ (6, —a oy —20(G, —a, ) -9 (G —oc3)]
v [ocl(l—%)—oc;:r

[o@ +o,0, =200, + ¢ (1—oc3)][—oc1 (63 —a;)+(6, —a, ) (1-0) 20, (&, —a,) |

o] +0,(1/T)
=S2+[(x1(1—oc3)—a§]oc3(dl—(xl)
’ [ocl(l—%)—a;}z
+2[0c1(1—oc3)—(x§](0c2—(p)(&z—%)
[ocl(l—oc3)—oc§:|2
+[0L1(1—0L3)—0Lﬂ(0c1—@2)(d3—a3)
[al(l—a3)—a§]2
[oc§+(xloc3—2goocz+(p (1- oc3)J1 o, ) (&, —a,)
[ocll ;) aﬁ]
2[a§+a,a3 200, +¢* (1 oc)]ocz(dz—ocz)
[(xl(l o) o 2 (A.179)

[o@ +o,0, —200., +(p2 (1—(13)] o, (d3 _0‘3)
+ 2 +

[al(l—%)—aﬂ

0,(1/T)

and then gather terms to find

gos +[al (l—oc3)—ot§]oc3 —[a§+ocloc3 —2(|)(122 +(p2(]_a3)](1_a3)
Loy (1-0)— o} |
+2[0L1(1—0t3)—0cﬂ(a2 —(p)+2[0c§ + 01,00, — 200, + @’ (1—(13)](12
[0 (1-a)-oi ]
[0, (1-0,) -2 ] (0, ~9) + [ 02 + 01, ~ 2000, 497 (1-a,) ],

[al(l—%)—ai]z

(6 —0y)

(6, -a,) (A.180)

+ (ds_as)+0p(1/T)

and simplify to obtain

, Lo —o(l-a, ] 5o +2(0c1—(p(x2)[a2—(p(1—a3)] 5 g
» =% [(xl(l—oc3)—oc§]2( o) [al(l—%)—ai]z (6270
(a1_(Pa2)2

[al(l—%)—agf

(A.181)

+

(Gy—0,)+0,(1/T)
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so that the asymptotic variance of S’j will follow from the Theorem I together with the following choices

for canonical matrices C and D:

o —[0(2 —(p(l—oc3)]2 C, +2(a, —(pocz)[oc2 —(p)(l—oa3)]C'm2 +(a, —(pa2)2 C,.
[al (l—oc3)—oc§]2
_ _[% _(P(l_a3)]2 D, +2(o, _(Paz)l:az —(p(l—on3):|Da2 +(o, —(pa2)2 D,

[al(l—%)—aﬂz

(A.182)

D

completing the proof. [

Proof of Corollary III:

Our model for the joint distribution of the asset returns and the factor will nest the original

specification, R =, +¢, =38'Z, , +¢, with constant conditional covariance matrix 7 of R, given the

lagged instruments Z, ,, within the extended specification R = +¢ =8"Z_, +¢&, by appending F to

!

the list of asset returns. Specifically, we define the extended N x1 vectors R: = (R,', F )' = (Rt1 e R, E)

!

-y E(p;,pf), :(pi,...,uf,pf)’, and ¢ E(s’ SF) 2(81,...,8?,85:)’. We define the extended & x (n+1)

2™t

matrix

6*

[6 8,] (A.183)
where 6 is the same Lx N matrix of regression coefficients as before, and 6, contains the L regression

coefficients for F given Z. We also define the extended (N +1)x (N +1) conditional covariance matrix

| o
Vo= (A.184)

’ 2
VF GCrz
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where ¥ is the same N x N conditional covariance matrix as before, ¥, = Cov(RF, | Z,_,) is Nx1, and

G;‘Z = Var(E |Z,_,) is a scalar. We assume that the unobserved ¢, are independent and identically

distributed in this extended model, with mean zero and covariance matrix 7. We note that
E(RF|Z._)=Cov(RF | Z_)+pp =V, +pp, (A.185)

Using Ferson, Siegel, and Xu (2006) Equation (6) and Corollary to Proposition 2, the maximal

correlation portfolio is

I'A, A1TA
w=—-="-| MW +AME(FR|Z )| A —— : A.186
t I’A 1 I: 1“; ( | )][ t I,Atl J ( )
where

I} -1

A, =(pp +V) (A.187)
F

- - +

A, = y;(“ ) 1 (A.188)
’YH(“ _FYp,F')+’YF (’Yp,p,_]')

- -1)-

P — (Y =1) =72 (A.189)
,Yu(l"t _YLLF)+YF(yuu_1)
Consistent estimates of the model parameters are:

F _ 1 r r

uo= T 2 L, (A.190)
l—r 1

=— — A.191
hET 2 A1 ( )

l «r 1'Au
= — A.192
& Tz“:' 1'A 1 ( )

| «r 'NE(RF,|Z_) r VAV, +1A pu’

=_ = d A.193
r=7 2o 1'A1 Z 1'A1 ( )
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Q, =A, _ALTA, (A.194)
1'A1
l «r
e E? r=1 A1, (A.195)
1 T ' 1 T ' '
Vi =3 D WQUE(RE | Z,) = 20, (WOV + Q) (A.196)

1 )
Yer = ?ZilE(RtF; | Zt—l)QtE(RtF; | Zt—l)
| s ’ , i , o (A.197)
= ?Zt_l[VFQIVF +2HtQtVFl’lt +H[QIHI (Hz ) j|

Canonical matrices for the squared Sharpe Ratio with respect to the zero-beta rate ¢ ,

S ; = (p » —(p)2 / csf; , will initially be developed separately for p, and for Gi , and then combined. For

. . . 1 ' i .
portfolio returns R, , = w,R, , the portfolio mean return is p, = ?Z; w,L, , and the conditional variance

of R, is o), = Var(RP’, |Zt_1) = w/V'w, using the conditional covariance matrix V of R, given Z,_ . The

t

variance Gf, of the portfolio R, may then be expressed as the expected conditional variance plus the

variance of the conditional portfolio means w'y, , then developed as follows:

1

1 , Y
Gf’ = ?Zthl |:Gi’ + (th’lt )2:| - (?Zi] Wt“'tj
1 1A !
_ ?Z; [thw, +(wn, )2} - ui

1 ! !
= ?ZITZI w, (V + ut“t)wt - Mi)

(A.198)

l -r ,,_
:?Zm WA W, —ui

For the weights as specified in (A.153) the portfolio mean is



and the portfolio variance from (A.165) is

|l «r

2 1A -1 2
S :?ZMWIAI Wi—H,
which we will simplify using the fact that

1
A1

t

CAQTA,
A1

WA, = +[ M +ME(FR| Z,, )][A,

because

o A, ALUA)
A1

t

and

AIT'A A1TA AIT'A
At _ t' t A;l At _ t' t|— Az _ t' t
I'A1 A1 I'A1

t t t

to find that
Gi =7+ 7LI2YW + 27‘17”2%1? + A’?YFF - Hi

To facilitate the expansions that follow, we define the following scalars:

0, = 1
Al
OW =1'A,p,
eup,t = M;Atut

0., = 1AV,

(A.199)

(A.200)

jl:xll"lt + }\'ZE(F;Rt 1Z, )] (A.201)

(A.202)

(A.203)

(A.204)

(A.205)

(A.206)

(A.207)

(A.208)
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0,0, =ViA Vs

FF t

epF,t = WAV,

, , AITA, )
epﬂu,t = Hthut =U, (At - l,Atl ]“’t = euu,t - eteu,z

ATA,
A1

6uQF,z = M;QzVF = }’l; [At - ]VF = epF,t - eteu,teF,t

, , AITA,
eFQF,z =V.QV, =V (At - A1 }VF = eFF,t - ezezF,t

We may then write the consistent estimators as:
l «r
= F Zt:l ef
15790
Tu _FZt:I 1t

1= 20,0, + 0,

1 T
T = ?Zz:] euﬂu,t

1 : : 1
Ywr = _ZtT:I (MthVF + “tQt“z“tF) - _ZtT:l(eMQFJ + e“QWuf)
T T

1 T ’ , , 2
T = 20, [VFQ,VF £ 200+, (1) }
] «r 2
= ?Zt:l[eFQFJ + zeMQF,th + epﬁu,t (Hf) :|

We begin by expanding

0 = 1’}\1 —0,+20,0, A, (f, -, )+ tr[etAtll’At (V- V)} +0,(1/T)

(A.209)

(A.210)

(A.211)

(A.212)

(A.213)

(A.214)

(A.215)

(A.216)

(A.217)

(A.218)

(A.219)

(A.220)
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which follows from (A.27). We continue by using (A.25) to find
0,, =1Af, =0, +1A, (i, -1, )+1'(A, - A, )u,+0,(1/T)
= eu,t +1,At (pl't - “’t)
. . ' A , (A.221)
+1 [—Atu,(ut —1,) A=A, (1 WA, - A, (7 =V )A } +0,(1/T)

=0, +(1'-0,,,1-6, u)A, (4, —pt)+tr[—/\tut1'/\[ (v —V)}+0p (1/T)

ep.p,l = pl;;\tplt = e},lu,t + ZM;AZ (llz - Mt)
+M; l:_Atuz(plt_ut)' At_A (}tl — M, )MrAt A ( V)A jl“t—i_O (I/T) (A222)

V-
=0,,,,+(21 =20, ) A, (i, —w,) +or| ~A A, (V-7) |+ 0, (1/7)

0, =1AV, =0, +1'(A,—A, )V, +1A,(V, -V, )+0,(1/T)
= eF,z +1’|:_Atut (plt —K, )’ At _Az (l’lz _Ht)H;At _At (I}_V)At:|VF
+1A, (7, ‘VF) ,(1/T) (A.223)

=0, +(=0, V% =0, V)A, (1, —, ) +1r| =AY 1A, (V-7 ) |

+1A, (7, V)  (1/7)

pra = VIRV =0, +2VIA, (V, =V, )+ Vi (A, - A, )V, +0,(1/T) (A.224)

+V}!'[_Atut(ﬂt_ut)'At_At(l:l “‘)MtAt A(I} V)Ati|VF+Op(1/T)

=0, ~ 20, ViA, (i, —p, ) +2r

1

'$:>

—u AN )}
+20[A, (V. =V, )+0,(1/T)
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A

O, =WA T, =0, +1 (A=A )V, + VA, (8, 1, )+ A, (V, ¥, )+0,(1/T) (A.225)
S T [—Atpt (B =) A=A, (1, —p, WA, - A, (I}—V)AI}VF
VA (B, =1, )+ WA, (7, =V, )+ 0, (1/T)
= 0,0, (0, 1+ =0, VA, (B~ )+ 0| AV, (V-7 )|
+WA, (V. =V )+0,(1/T)
To define the matrices to be used with the Theorem I applied to the extended specification, the

following vector and matrix operators will be helpful. The first operator simply appends an additional

scalar to a column vector, increasing its dimension from nto n+1:

’

£[(al,...,an)',b}:(al,...,an,b) (A.226)

while the second operator enlarges a given nXn matrix M, along with a 1xn row vector X, to size

(n+1)x(n+1) by placing X below M and inserting a column of n+1 zeros at the right , as follows:

MO A227
Y o (A.227)

M(M,X)

which will allow us to write, for example,

ot (v, x 7 =V =0 {M O}P}J/ VeV D

X 0|V.-V, 61,-01,
_ MV V) MW=V (A.228)
x(-v) x@, -v,

—olm(P-v )+ x(, -v,)
We are now ready to specify the matrices for the Theorem I, which we will define in sequence. We

A 1 oy . Sx *
begin by defining the matrices for the expansion of " =u” +?ZIT=1(utF —u’ ), which has no V' -V

term, as follows:



cr=a'Y" z (c'Y D" =.(0,0)

=111

where C" =.£(0,1/T).

We next define C;, and D,, (flattening the subscript levels for readability) for 6, =

we append zeros (because there are no factor terms in 0,) to find

Co =£(200, 1A, /T,0) D, =.(0A11A,,0)

Proceeding similarly, we find

E-///l(_AthllA,ao)

Ot Ot

Co = £[ (10, 1-0, 1)A, /T,0] D

Cops = £[(2p; ~20,,,1)A, / T,o] D

Oupr

= ‘%(_Azutu:Az ’ 0)

For 6 F.» WE use (A.94) to create the extended D matrix as follows:

Cor = L[ (0,7 =0, 1)A, /T,0] Dy, = M (-AV VA, TA,)
and similarly we find:
Corr = £(=20, VIA, I T,0) Dy, = M(~AV,VIA,2V/A,)
Cors = L’[(—Oump; +VE=0,, VEIA, ] T,o] Dy = M (=A VA, WA, )
Expanding and using linearity of the Theorem I matrices, we also find

— 2 —
CGprt - C@put - ep,tcet - 2etep,tceut DSpQut - Dep.ut

-0:,D, 20,0, D,

7, 0t

CGuQFt = CeuFt - ep,teF,tcet - eteF Cou — 9,0 Cer

170t Lt
D(-)pQFt =D,

ouFr ep,teF,tDet - ezeF,zDe -6,0 Der

pe ot
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(A.229)

AL for which

!

t

(A.230)

(A.231)

(A.232)

(A.233)

(A.234)

(A.235)

(A.236)

(A.237)



C@FQFt = CeFFz - elzv,zcez - 2616F,tC6Ft

, (A.238)
DeFQFt = DOFFt - eF,tDet - ZezeF,tDeFt
From (A.181) for y, along with (A.187) we may define

o7 , l «r

C,=4"> 7 C, D,= th:lDet (A.239)
and similarly,

-1 T ! 1 T

C,=4"% 7.(0C, +0,Cy) D,= ?thl(e,z)em +6,,D,,) (A.240)

&9

For v, and other expansions involving n we will need to use the Theorem I matrices C/ and D

for [\, as defined by (A.196)

Cr = Ailzilzt—l (etCGFt +0,,Cy + eu,tufcez +0,1,Cy,, +6,6,,CF )I

Ot ot Tt

1 (A.241)
T
DYF - ?Zt:l(etDeFt + eF,tDGt + eu,tMIFDGI + ethDeW + Ofeﬂ’foF)
T . j —
Cvuu =4 Zz:lzt—lceuﬁut Dwu - ?thlDGHQW (A'242)
_ T '
CwF =4 lezlzz—l (CGHQFz + chﬁuﬁut + eHQHJC’F)
1 (A.243)
T F F
DYHF - ?ZIZI(DQHQFI TH DGHQW + e“QWD’ )
_ T ? '
CYFF =4 IZI=IZt71 l:CeFQFt + ZHTCGuQFf + 28HQFJCfF + (Hf) CO“QW - zeHQH’tutFCtF} (A.244)

1 «r 2
DyFF = ?Zt_l[DGFQFt + 2”fD6p@Ft + ZepQF,tDtF + (Mf) DGprt + zepr,tutFDtF:|

2
We are now ready to expand A,, A,, u,,and ¢ ,:



_(“F _qu)Cvl _YI(CF - CwF)Jr VrCu +7,Cr
V(W =7 )+ 76 (v —1)
_[—vl (0 =7 )+ 17e |[(07 =7 ) o +7 (€7 = Cp )+ (1 = 1) e +7,C |
v (0 =7 )+ 75 (Y —1)]2

CM

(A.245)
D = _(MF _VHF)Dyl _yl(DF _Dpr)+YFDyp + YHDVF
§ V(1 =1 )+ 70 (v -1)
_[_Yl (MF _YpF) +'YH'YF:||:(HF _YHF)DW +Yp (DF _DWF)"'(YW _I)DyF +YFDypp:|
2
[yu(HF _YMF)+YF (yuu _1)]
C = _ylcYHH _(Yuu B 1)Cvl B 2yucw
S (T A A O )
_[_YI (Yuu _1)_yi:|[(MF _YHF)CYH +yu(cF o Cqu)+(yuu _I)CVF +yFCvuu]
2
[yu(MF_qu)—i_yF(yuu_l)} (A.246)
D = _YIDYHH _(yuu - I)Dvl - 2yqu
N (T A M L)
_[_YI (Yuu _1)_yﬁ}[(“F _YuF)Dw TV (DF _DWF)_'_(VW _I)DYF +YFDYHH:|
- 2
v (0 =7 )+ 76 (1)
From (A.166) and (A.171) we find
Cup = Cu _yuuckl - C - _YuFsz —A, C (A247)
DupEDu yuu Al }LDYHM YHF A2 >\‘ D

Ccp2 = CY1 + 2ywk C,+ A2 Cwu + 27»23/HFCM + 27\.1’YHFCM

20 0,C, o + 27 A, Coy + AC o — 21 C,
1722 yF FF ) YFF P W (A.248)
= Dyl + 2YW7¥1DM +A Dwu + 20,y FDM + 2%1qu >

+2k1k2DwF +2y,.:A,D,, + XZD - 2upD

¥ 112

D,

op2

and, finally, we find the canonical matrices for the squared Sharpe Ratio S” = (u — (p)2 /o? to be
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20—?) (Ml’ _(P) Cup _(Mp _(P)Z Cc,,z

C= o
P
(A.249)
) 2
52 (u,-9)D,, (1, -9) D,,
S,
completing the proof. [
Proof of Corollary IIII:
The optimum zero-beta rate is ¢ = 12:1: . Expanding this equation we obtain:
iy ¢ 1 0P 74 * 0P 4 0P , ax * 1
R0 =£(b—b)+%(b —b") +;(c—c)+%(c —-C )+0(;), (A.250)
0 1
where % = oy
ap _ 1
ab*  c—c*’
96 _ _ bb"
dc  (c—-c")?’
¢ _ b-b’

ac*  (c—c*)?’

Now, @, b, ¢, @*, b* and ¢* can be similarly expanded with canonical matrices C,, D,, C;,, D}, C,,
D., Cy, Dy, Cp+, Dy, C.+, and D .~. Since ¢ is a continuous differentiable function of @, b, ¢, a*, b* and

¢*, ¢ can be written in the same format. To determine the canonical matrices, based on the expansion of

¢ — ¢, we obtain

1 1 b—b* b—b*
Co=ZaCo = 2o O ~ oo Ce ¥ ooy G-
1 1 b-b* b-b*
Dd) ¢t Db - c—c* Db* - (c=c*)2 DC + mDC* . (AZSI)

Plug the optimum zero-beta rate to the difference between squared Sharpe ratios (Barillas and
Shanken (2017)),

BS=(a—a")—2(b—b")p+(c—c)p?. (A.252)
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Expand BS,
BS—BS=(a—a)— (a*—a*)—2¢(b —b) + 2¢(b* — b*) —2(b — b*)($ — ¢)
+p2(e—c) — P2(E* —c*) +2¢(c — (P — ¢) + 0(%) : (A.253)

BS can be can be expanded in the same way as 8 in the Theorem I, and the canonical matrices for BS

test are:
Cos = Cq — Car — 2¢(Cp — Cpr) — 2(b = b")Cy + ¢*(Cc — Cev) + 2¢p(c — ) C
Dgs =Dy — Dg» —2¢(Dp — Dy+) — 2(b — b*)Dy, + ¢*(D, — D) + 2¢(c — c*)Dg . (A.254)

The Theorem I applies to this test using Czg and Dgs. QED.

2. Asymptotic Results with Time-varying covariances (Preliminary)

We present some analysis for how to extend the Theorem I to the case with conditional

heteroscedasticity The estimates for C and D for the Squared Sharpe Ratio with Constant Conditional

. L2, 1 T e 1. T Ny
Covariance are C, z?utV " and D:—?ZMV W 1:—?V 1( tZIHth)V :

Theorem I with Time-Varying Conditional Covariance: Consider a scalar estimator of the form

0= 6+Zt G, —w,) Z;tr[Dt(I}t—Vt)} where C,,...,C, are N x1 vectors, and the D, are N x N

matrices with D denoting their sum. Define the LxN matrix C=4" Z Z, C’ , where

=1 7t
Z 2,12/, ,and let 1, denote the time-t N x N matrix of residuals obtained by regressing V-V

on Z,_,. The asymptotic variance of 6 may be estimated as:

AVAR(6) = ;Zf_l[%ziT_l(Vn -V, )2} (A.255)
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with v, EZ,'?IC?:!A+§;l§§i+Ttr(lA)t%i) and v, Ez;vﬁ /T, where C, D,, and D are consistent
estimates for the canonical matrices C, D,, and D respectively.

Proof: We begin with an identity:

=L -] [P+ (7-7) ] [+ (8, -,)] (A.256)

and continue with a first-order approximation:

(A.257)
2wy (i )+ | V= (v ),
=uV 'y, +2ur (pt —u,)—u;V"l (V—V)V"lu,
= H;Vﬁlﬂt +2M;V71 (Mz —],lt)—tl"|:V lutl‘J‘trVi1 (V_V):|
The estimated average Sharpe Ratio may therefore be written as
_Zt 1A;V IA
{ i (A.258)
T _ T A i fn .
E?Z,ZIHJ/ lut +?Z,212HtV l(“t _MZ)_FZZ 1 |:V H’IMIV (V_V)j'
which is in the form of the Theorem I
0=0+>" C/(f,—n, +tr[D(I?—V)] (A.259)

it = nd D= T = (E )



94

Recall that
020+ C/(p,—u,) Ziltr[z)t (7 —Vt)} (A.260)

We begin with the middle term on the right, and proceed as in the constant conditional variance case,

to find:
> Gl )=>..C ( > 18,Z,Hj 'z, (A.261)

Using the L x N matrix (without subscript) C = A4~ Z Z, ,C’, and using matrix commutativity

=171

within the trace operator, this becomes

Z,T_lc;(ﬂt—ut)zf{z” ( 5 18,2,'1) , }
B [Z ( Z,IS,Z,’J IZ”CI’}
K Z) YLz } (S 07.)
:_ztl e

(A.262)

Because conditional constants will not contribute to the conditional variance of 6, we may work with
ZT tr(D I}) in place of the last term on the right for the conditional variance of 0. We will use the

t=1 L

following decomposition:
I%:I}+(I},—I});—zrzas’+(l}t—l}) (A.263)

We now regress I% —V onZ (i.e., one bivariate regression for each matrix entry) and assume that the

matrix residuals at time ¢, denoted 7, , are independent over time but may be correlated with the €, . Note
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that if this regression is perfect (i.e., residuals are zero) then the term I}[ —V becomes a known function
of the Z and does not contribute to the conditional variance; hence it is natural to concentrate on the
residuals t, while accounting for the conditional variance contributed by I}t -V. Up to a conditional

constant, for the purpose of computing the conditional variance, we may therefore represent

A

v, :I}+(I},—I}) using (Z;sialf)/ T+, . This implies that we may, for this purpose, represent

Z; tr (Dtl}t ) using

1 , 1 ,
Z; tr {DI. (? Z; g, +1, ﬂ = Z; tr(Dl. ?Z; ststj + Z; (D)

1

, 1 ,
- Fz; (Z; e'De, ) + z; r(Dr,)= —Z; &' Dg, + Z; r(D,)

T

(A.264)

where D = z; D, .

Putting these two terms for © together, for the purpose of finding its conditional variance, we may

work with

%Z; Z!,Ce, + %Z,ZISZDS, +2,,r(Dx,) (A.265)

It now follows, by conditional independence of (&,,t,) over time, that the conditional asymptotic

variance of 0 is

AVAR(@)=%Zj_lVar[Zt’_ngt+8;Dst+Ttr(Dtrt)|ZO Z,.,] (A.266)

RIS |

If we define v, = Zt'_lééi +é;l§éi +T tr(ﬁt%i) and v, zle v. /T

=1 it

then we may write for the unconditional variance,
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4 VAR(é) = %ZLBZL(% = )2} (A.267)

completing the proof. [
3. Equivalence of Two Formulations
We wish to show equivalence of two formulas for conditional portfolio weights in the presence of a time-

varying conditionally riskless asset with return R, = R, (Z). One formula is from Theorem 3 using

Equation (14) on page 977 of FS2001 for the case of no riskless asset (where we instead include the time-

varying conditionally riskless asset R, as risky asset n+1). This formula gives the portfolio weights of

the original 7 risky assets followed by the weight in the conditionally riskless asset as the (n +1) vector:

! J— a !
LA B - e A’I,,HIMA (A.268)
A1n+l a‘3 1 A1"+1

n+l

!

X =
1!

n+l

where p, is the target unconditional portfolio mean, p,,, =p,,,(Z) is the n+1 vector of conditional
means whose last entry is R, and V, ,, is the conditional covariance matrix of the risky assets whose final

row and column are zeros,

- 1, AM
A=A(Z)= A A o, = E| il
( ) (un+1“n+l n+1) : (I;HAI"*I }
Al 1 A
and o, =Elu | A——plnl A.269
3 I:“’n-#l( 1:,,+1A1n+1 ]“n+]:| ( )

We assume that R, # 0 almost surely so that the inverse A =A(Z)=(u, 1, +, )" exists.

n+l
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The other formula is from Equation (35.18) of Ferson and Siegel (2015) which models the initial #

risky assets separately from the conditionally riskless asset R, and gives the portfolio weights of the

original n risky assets as the n vector:

v =[(c+1)n, +b-R,J(n, ~R,1,) O (A.270)

where 1 is the vector of means for the # risky assets (excluding the conditionally riskless asset) and the

amount invested in the conditionally riskless asset is 1 — y'1  to preserve the portfolio constraint,

0= (.- r 1) -1 7.}

E[Rf (n,-R1,) O(n, - R/1, )} ~E(R))

b=
R 1) 0l A1)
and
=] (s, -R 1) 0w, 1)
c= (A.271)

E|:(Mn - Rfln) Q(Hn - Rfln ):|
Please note that, with this notation, p, denotes the vector of the first n entries of p ., and similarly
for V, and V. That is, if we partition into the first » and the last 1, we have

} __un}
n+l
Rf

14 %0 (A.272)
n+l 0 0 .
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Proposition: The vector of the first z entries of x is equal to y. That is, x| , = »'. That is, the two methods

produce the same weights.

Proof: It is sufficient to show that x; , = )" because the final weight of x,,, is the amount invested
in the conditionally riskless asset and the entries of x,,, sum to 1 by construction, while the portfolio
defined by y is financed using this same investment in the conditionally riskless asset, thereby also
achieving the portfolio constraint. We now expand A using Lemma 2 while noting that the final entry of

”’n#—l 18 Rf

' -1 V:z 0 ' )
A = ( n+l + M’1+1Mn+1) = 0 O + MnJrlunJrl
(A.273)

I/n_l _I/n_lun /R/
R (1) R

1'
To find x'=—= .
1, A1n+l (X.3

n+l

A + HP B az ' _ A1n+11:1+1A
1’ A1n+1

n+l

] using the expanded A, we will need each of

the following:

'
1n+l

n71 _Vnilun /R/
A=1, P P\ o2
= |:1:l V;:l - M;:Vr:l / Rf _1; Vnil“n / Rf + (1 + H;:I/nilun ) / Rjz":|
U AL, =08 =Wy R U8, R+ (Tl ', ) RS L
= 1:1 I/n_lln - M;I/n_l ln / Rf - 1;: I/rz_lun / Rf + (1 + u:zl/n_lun ) / 13/2

_ R;IZ I/n_l ln - Rfu;Vn_lln - Rfl:l I/n_lun + (1 + “::I/n_lun)

1+ (Hn _R/'ln )’ I/n_l (Hn _Rfln)




99

-1 -1

' A= ’ n
l“LnJrl “’n+l l:_u;l/nl /Rf (1 + H;Vn—lur’)/R?

=Wl =Rl R, Y, R+ R (1, )/ R

AL, = [0 I/Rf:I' L. = l/Rf

! ! V"_l _V”_IH” /Rf
,"LnHA“‘nH = !"LnJrl M;Hl

—w VIR, (14, ) R
=Wl =Rl IR, R+ R (L, ) R ., (A274)

=[0 1/R,u,, =1

Using these in the formula for x" we find

' 1’n+1A Hp =9, A1n+11:1+1A
X = 12 + n+l _(—
1,,AL, O3 1AL,
1'

n+l n+l
n+IA +“P_a2 Mr A_MP_(XZ H:HIAI 1’

— n+l"n+l
- ’ n+l !
1n+lA1n+l a’3 a3 1n+lA1n+l

n, =, 1. A H, =,
=1= P ' n+l + P ’ A
Mn-%—l n+1j 1, A1n+l (1,3 l’l’n-%—l

n+l

A

[ [IZV,,J_H:,V,;l/Rf _I;anun/Rf+(1+“:'V"1“")/R;}R2+“p_a2[0 1/R :'
o,R, 1+( _R1 -1 _ f o, f
. K, f n) Vn (Mn Rfln)
[, n,—a, [1; VfR; —M:,V,,ilRf _l;Vniluan +(1+MLIV’ZIM" )] n M~ I:O 1/R }
(X3Rf 1+( _R1 U _ (O f
- K, f n) Vn (Mn Rfln)

(A.275)
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Because we know that x'1 ., =1 from direct calculation, we may look at the first » coordinates x,

of x, knowing that this position will be financed using a position in the conditionally risk-free asset. We

find

x L, =1- Hy _a2] 1:71/”_1RJ% _”;Vn_lRf
a3Rf 1+(Mn _Rfln), V_I(M _R 1,,) (A 276)

= “P_a_z_R] (“ Rfl) 4

0y ' 1+(pn—Rf1)V1(},t ~R,1,)
Now use Lemma 4 to expand
-1
QZ{Vn +(m, R, ) (n, _Rfln)}

(A.277)

,1 v, (Mn _Rfln)(l'ln —-R/1, )’ v,

=V - :
(=R, ) V7 (1, = R 1)

from which we find

v =[(c+1)n, +b-R,J(n, ~R,1,) O

[(c+1)up+b—Rf](un_Rfln)’{an_an(un—R 1,)(n, - R1 ) v 1}

R (1)

=[(c+D)n, +b=R, || (u, - R,1 ) v (Mn_Rfln),V"l(“"_Rfln)(“n_Rfln)anI}
P

V(=R L) 7 (0, - R 1)

=[(c+1)up +b—R,

| I

- (b, —R,1, )r V(- R1,) (n,-R '1,,), y
)

T+ (w, — R ) V7 (1, — R/,
(b~ R,1,)

1+(M,1—Rf1n) 7, (m, - R1,)

V_

2[(c+l)up+b—Rf]



(A.278)
Comparing x; , to y', we see that they will be equal provided we show that
n,—o
”a—32—Rf =(c+1)u, +b—R, (A.279)
or, more simply, that
—o
B = (e t)p, +b (A.280)
0“3

We next show that the multiples of p, are identical, that is: o, =1/ (1+ c). We find

| 4 A1n+ I:H A ! u:w A1n+ l:H A“’n+
0(’3 = E unH [A _#j ,“I‘n+1:| = E[MnJrlAunH - : 1! EXI 1 : j
L n+l n+1

n+l n+l

2
_E 1-%]:15 - R{ (A.281)
RflnHAlnH Rj% ‘:1+(“n _Rfln) V,,_I(Mn _Rfln ):l
=E|1- ,1
(R 7 1, R 1)
and
1 1 { '
- _ ' —=E|(p,-R,1,) Q(pn—Rfln)} (A.282)
=B (u, - R, ) Ok, - R 1,)
1+ = =

E{(“ —R/1, )' Q(H,, —R1, )}

From the derivation of ', we know that

101
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' (“’n -R/1, )! v,

(n,-R1,) 0= , (A.283)
P (=R, ) V7 (1, - R )
which implies that
1T : (w,-R1,) 7,
=] (- R L) 0w, R L) |=E ~, (1.~ ,1,)
Ite - 1+(Hn_Rf1n) Vf;l(un_Rfln)

(- RV R )1

, E|1- !1 =0,
i 1"’(“;1 _Rfln) V,ZI(H,, _Rfln) 1+(Mn _Rfln) Vrfl(“n _Rfln)

(A.284)

showing that the coefficients multiplying p, are identical. It remains only to show that the remaining

terms are equal, that is, that b =—a., / o, . For this we need



E{Rf (b, ~R,1,) O(n, - R/1, )} ~E(R,)

" E[(u ~R1,) O(u, _Rfln)}

E| R, (Mn_Rfln)’ a n, —R1, ]E R,
{ - (o, -7,1,)| - (»)

m, =R, )’ V(=R

. (b, ~R1,) 7" h R 1 }
L( (1,1

h,=R) (0, - R 1)

. Rf1+(un—Rf1n)'I?l(un—Rfl,,)—l “E(w))
1+(Hn _Rfln) VE (“n _Rfln)

E{ (Mn_Rfln)'I/n_l(H”_Rfl”) ]

1+(},Ln -R,1, )’ V,,_I(Hn _Rfln)
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' 1/R,
a, ZE[I;:HA“M—I):E ' S
1)1+1A1n+1 1+(!"Ln _Rfln) I/n_l (un _Rfln)
' R? ' (A.285)
S
=E R,
1+ (w, - R,1,) 7, (n, - R1,)
Putting these together with the o, derived earlier, we find that
E I?f
I+(m, —R,1,) 7, (1, - R 1,
QL ( AL ) —b (A.286)
a, .
E|1-

!

R 8 (- R1)
completing the proof. ]

Lemma 1: Let u be an n +1 vector with its last entry u,,, #0, and let u, , =(u,,...,u,) . Then

n+l

I, 0 B 1, Uy, Uy
(|: O 0:| i J B _ul,n / un+l (1 + ||u14..n 2) / uz (A287)

n+l

Proof:
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The top left entry of this matrix product is
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The top right entry is
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— ’ 2
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= _ul.“n /un+l _ul...n ul...n ’ /un+l + ul...n /un-H + ul.“n ul.“n ’ /un+l = On
The bottom left entry is
ulr.“nunJrlln + u5+1 (_ulrn / un+1) = ull...nunJrl - un+lu1,mn = O;l (A'291)
Finally, the bottom right entry is
Uy Uy (_”1...11 lu,,, ) + ”5+1 (1 + ”“1..11 ”2)/”j+1 =—uy U, +u5+1 /”5+1 + “5+1 u ., ’ 5+|
(A.292)
2 2
= _”ulmn + 1 + ||u1“.n = 1
Therefore
[n O , In _ul...n /un+l In On
+uu , N, o 1= =1, (A.293)
0 O _ul.“n / un-H (1 + ||ul...n ) / un+1 On 1
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completing the proof. [

Lemma 2: Let u be an n+1 vector with its last entry u,,, #0, and let u, , =(u,,...,u, )'. Let V, be an

n+1
nxn symmetric positive definite matrix. Then
I/n O ' B I/n_1 _V;l_lul...n /un+l (A 294)
+uu' | = .
0 0 _ulr...nl//;l / un+1 I:l + ulr...nl/nilul...n:l / ui‘Fl

Proof: Let ¥, = A4’ be the Cholesky decomposition. Lemma 1 implies that

—1 _
[n O A_l O A_l O ' ]n _A 1ul.“n /un-H
+ u u = ' ) (A.295)
0 O O 1 0 1 _(A_lul.“n ) / un+1 (1 + ||A_]u1...n || ) / u§+1
Pre- and post- multiplying the left-hand side, we find
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Multiplying similarly for the right-hand side, we find

(A.296)
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Equating these expressions completes the proof. [
Lemma 3: Let u be a vector. Then
(T+uw') =1-—= (A.298)
1+u'u
Proof: We multiply:
(I+uu')([— i J:([— i j+uu'[[— i J
+u'u 1+u'u 1+u'u
DN , (A.299)
—y- +uu,_u(uu)u = +uu'(— P J:I
1+u'u 1+u'u +u'u 1+u'u
completing the proof. [
Lemma 4: Let u be a vector and let V' be a symmetric positive-definite matrix. Then
-1 r77-1
VY =yt LV (A.300)
1+u'V u

Proof: Let IV = AA" be the Cholesky decomposition. Then we have:
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(V+ud)" = (A4 +uu') = (4)" {1 + (A'lu)(A’lu)’} A" (A.301)

Applying Lemma 3, we find

o ()AL

(V+ud') =(4") | I- , A
1+ (A7) (47u)

L (A')_I(A’lu)(A’lu)' B

. (A’)_1 A’luu'(A’1 )’ A7

=(4)" 4 , =(44') , (A.302)
1+(47u) (A7) L+u'(A7) (47 )u
L V' (44') Vo' v!
s (A4') wi'(44') ~
~) 1+u'(AA’ )1u o

completing the proof. [

4 The Impacts of Dynamic Trading

We dig into the sources of the Sharpe ratio improvments from dynamic trading of the factors in the FF3,
FF5 and Q4 models. The largest squared Sharpe ratio available in each design is S*uw(r,f), the squared Sharpe
ratio attainable by dynamically trading the test assets and a model’s factors. The maximum difference between
any two squared Sharpe ratios in each design is [S*uw(r,f) - S*ix(f)]. Two alternative decompositions of this

maximum Sharpe ratio difference are shown:
Max S? Difference = [S?ue(r,f) - S%ix(f)]
= [S%aix(1,f) - S%ix ()] + [Sue(r,f) - S2hix(r,)] (A.303)

= [Szue(r,f) - Szue(f)] + [Szue(f) - Szﬁx(f)].
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The first decomposition shows the sum of the squared Sharpe ratio differences associated with a classical
fixed-weight factor model test, plus a measure of how trading dynamicially expands the mean variance
boundary of the factors and the test assets combined. The second decomposition shows the squared Sharpe
ratio differences associated with a dynamic model test, plus a measure of how trading dynamically increases
the squared Sharpe ratio available from the factors alone.

Table A.1 shows that all of the pieces of the decompositions are statistically significant, except in the
Q4 model, where the maximum squared Sharpe ratio of the models factors is not significantly improved by
dynamic trading, and in the FF5 model with the 25 Investment x productivity portfolios. The fixed weight tests
do reject the FF3, FF5 and Q4 models, except in the 25 investment-productivity portfolios, where neither the
FF5 nor the Q4 models is rejected.

The point estimates of the first decomposition indicate that the ability of dynamic trading to improve the
squared Sharpe ratio of the combined model factors and test assets is the largest component, accounting for
40-55% of the total maximum squared Sharpe ratio. The additional squared Sharpe ratio attributed to dynamic
trading is economically significant. Previous studies find economically large benefits to optimally trading with
lagged instruments in out of sample analyses (see Abhyankar, Basu and Stremme (2005) and Chiang (2016)
for example). This is different from simple predictive regressions, where the variables enter linearly and the
out-of sample performance is poor. Here the variables enter nonlinearly through the optimal dynamic strategy.
In the first decomposition, a fixed weight portfolio of the factors accounts for 12-37% of the total squared
Sharpe ratio, with the largest value holding in the Q4 model, while the contribution associated with the classical
fixed factor model test is 23-34% of the total. Thus, tests of the factor models that do not allow for dynamic
trading miss a large fraction of the story.

The point estimates of the second decomposition indicate that the dynamic model test accounts for 60-
80% of the total squared Sharpe ratio, and thus the quadratic utility attained by a UE portfolio of the factors
and test assets combined. None of the models does a good job of capturing the maximum quadratic utility

implied by a dynamic strategy. A fixed weight portfolio of the factors accounts for 12-37% of the total squared
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Sharpe ratio. The contribution made by expanding the mean variance boundary of the factors with dynamic
trading is smaller and varies across the models. This contributes 16% of the squared Sharpe ratio in the FF5

model, 9% in the FF3, but only 2% in the Q4 model.
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Table A.1: Decomposing Sharpe Ratio Improvements

Panel A: 25 size-value portfolios

[Ue(r.f) - fix(r,0)] +  [fix(r.H-fix(H)] = [Ue(r.H-fix(H)] = [Ue(r.f) - ue()]
FF3 BS test value 0.18 0.11 0.29 0.26
t-statistics 7.02 3.38 6.94 6.35
FF5 BS test value 0.20 0.09 0.29 0.23
t-statistics 7.41 2.82 6.87 5.76
Q4 BStest value 0.19 0.11 0.30 0.28
t-statistics 6.74 3.07 6.56 6.10

Panel B: 25 investment-productivity portfolios

FF3  BStest value 0.15 0.06 0.20 0.17
t-statistics 6.11 2.28 5.88 5.17
FF5  BS test value 0.16 0.01 0.17 0.11
t-statistics 6.37 0.56 5.35 3.78
Q4 BStestvalue 0.14 0.02 0.16 0.14

t-statistics 5.41 0.82 4.58 4.15
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Panel C: 32 size-investment-productivity portfolios

[Ue(rf) - fix(r,0)] + [fix(,f)-fix(H)] = [Ue(r,)-fix(f)] = [Ue(r,f) - ue(H)]
FF3  BS test value 0.18 0.17 0.35 0.32
t-statistics 6.90 4.04 7.06 6.55
FFs  BS test value 0.19 0.12 0.31 0.25
t-statistics 7.16 3.17 6.66 5.65
Q4 BStestvalue 0.19 0.09 0.28 0.27
t-statistics 6.73 2.38 598 5.63

Panel D: 49 industry portfolios

FF3  BStest value 0.27 0.20 0.47 0.44
t-statistics 8.59 4.77 8.78 8.28
FF5  BS test value 0.29 0.25 0.55 0.49
t-statistics 8.72 5.28 8.77 8.04
Q4 BStestvalue 0.30 0.15 0.44 0.43
t-statistics 8.01 3.23 7.13 7.13

Squared Sharpe ratio differences and their t-ratios are shown. Ue refers to a portfolio of the indicated assets
that trades optimally with the conditioning information. The test asset portfolios are denoted by r, and the
factors by f.
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5. Results for Alternative Lagged Instruments

We show results here using a set of “classical” lagged instruments Z including: (i) the lagged value of a one-month
Treasury bill yield, (ii) the dividend yield of the market index; (iii) the spread between Moody's Baa and Aaa
corporate bond yields; (iv) the spread between ten-year and one-year constant maturity Treasury bond yields. We
choose these variables because they have been among the mostly commonly used in the asset pricing literature.

We also examine a set of more “modern” lagged instruments. Goyal Welch and Zafirov (GWZ, 2022) dismiss
most of the 46 predictors they examine because their predictive ability either becomes insignificant in data extended
to 2020, has different signs in subsamples or has poor step ahead (OOS) predictive ability. GWZ find that among
our “classical” predictors only the short term tbill rate survives all of their criteria for a predictor. We pick a set of
monthly modern predictors to serve as a robustness check on our empirical findings. We pick monthly variables
which have data available for our sample and, even if they fail on some of the three GWZ criteria, manage to satisfy
two. GWZ must have been able to roughly replicate the in-sample performance found in the original study, the
00S R-squared cannot be negative, and the extended sample t-ratio must be of the same sign as in the original

study, but not necessarily statistically significant. We use the following as our modern predictors:

1. Illiq is from Chen, Eaton, and Paye (2018). This is the log of the number of zero returns, measuring stock
market illiquidity. The series has structural break adjustments for tick-size reductions in 1997 and 2001, found by
regressing the series on dummy variables equal to 1 after the tick-size reductions, and 0 otherwise, then taking the

residuals.

2. New durables orders from Jones and Tuzel (2013) is the ratio of new orders to shipments of durable goods,

obtained from the Census Bureau.

3. Technical indicators is from Neely, Rapach, Tu, and Zhou (2014). This is the first principal component of

14 technical indicators, mainly versions of moving price averages, momentum, and dollar trading volume.

4. Average Correlation is from Pollet and Wilson (2010). This is the average correlation between daily stock
returns among the 500 largest stocks (by capitalization). The daily pairwise correlations of stock returns are

multiplied by the product of both stock’s weights relative to total sample market capitalization, then summed.
Tables of results with these alternative instruments follow.

6. Non-traded Factors
When the factors in a model are not traded assets, or the model is fully conditional, mimicking

portfolios must be found. With dynamic trading Ferson and Siegel (2009) show that given m satisfies the
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pricing Equation (3), then a portfolio that is maximum correlation to m with respect to lagged information
Z, must be UE with respect to Z. Tests compare the squared Sharpe ratio of the maximum correlation

portfolio with S%u(r). Supressing the time subscripts, we state a definition.
Definition. A portfolio R, is maximum correlation for a random variable, m, with respect
to lagged conditioning information Z, iff:

p’(Rp,m)=p*[W(Z)R,m]  YW(Z):w(Z)1=1,

where p*(.,.) is the squared unconditional correlation coefficient and we restrict to functions w(.) for
which the correlation exists.

Ferson, Siegel and Xu (2006) present solutions for maximum correlation portfolio weights with respect to
conditioning information. Tests with nontraded factors and fully conditional models depend on the choice
of test assets from which the mimicking portfolios are estimated. Tests with dynamic trading depend on
the choice of the lagged instruments, and we compare several specifications. In models with non-traded
factors and conditioning information, a portfolio with maximum correlation (with respect to Z) to the SDF
is hypothesized to be UE. Tests compare the squared Sharpe ratio of the mimicking portfolio to the

maximum squared Sharpe ratio of the test assets.

! !

Let R =(R.E) =(R..RLE) . w=(nwf) =(pheenliw’) . and
€, E(s’ SF) 2(81 ...,s;’,sf),. Define the k x (N+1) matrix § 5[6 6F] where §, contains the L

regression coefficients for F' given Z. Define the (N + l) X (N + 1) conditional covariance matrix

. 2
V = ’ 2
VF GF\Z
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where V is the same N x N conditional covariance matrix as before, V, = Cov(RtFt ’Zt—l) is Nx1, and
GZF‘Z = Var(E |Zt_1) is a scalar. We assume that the unobserved ¢’ are independent and identically
distributed, with mean zero and covariance matrix . We note that

E(RF,|Z_)=Cov(RF |Z_)+pp =V, +pu,

Using Ferson, Siegel, and Xu (2006) Equation (6) the maximal correlation portfolio weight is

o 1A : : AITA
W, = A1 ~[ M +1,E(FR] |Zt_1)](At _ {’Atl J
F
' - - +
With At E(ut“,; +V)_l, Q =A — Atll At 7\’1 _ yi("’l YuF) YHYF

t t IIAzl B YH (MF - pr) + Yr ('YW _1)

—y —1)=+2
and A, = - l(y““ ) T . The parameters WF, Vi, Yu, YF, YuF, Yup and their estimates are
’Yp,(!"t _’YHF)+’YF('YP~H_1)

presented with the proof.

Corollary: The asymptotic variance of the estimated squared Sharpe Ratio of the portfolio g having

maximal correlation with a given scalar factor " with respect to lagged information Z may be obtained
using the Theorem I together with canonical matrices

262 (Mp _(P) Cup _(“p _(P)z Ccﬂ

C o
p

20; (MP _(P)Dup _(“’1’ —(9)2 DGPZ
S,

D

where ¢ is the given zero-beta rate, ;i and ij are the mean and variance of the maximal correlation
portfolio, and expressions for the matrices ¢, C, ,, D,,, and p_, are provided with the proof. The

Corollary applies to any general factor, F. It does not impose the assumption that the factor is the SDF.
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Our data for nontraded factors follow Chen, Roll and Ross (1986). Their factors include a monthly
growth in industrial production with a one-month lead, a change in expected inflation following Fama and
Gibbons (1984), a corresponding unexpected inflation based on the US CPI. They also examine two traded
factors: the return difference between Baa corporate bond index and the long term government bond return
and the difference between the long term bond and the short term bill return. We compute a real
consumption growth using the personal consumption expenditure (PCE in Table 2.3.5U) and price index
data (Table 2.3.4U) from Bureau of Economic Analysis. These monthly data start from January of 1959
until December 2020. We also use a non-traded broker-dealer leverage factor, which Adrian, Etula and
Muir (2014) propose as a single-factor model, the data graciously provided on Tyler Muir’s web site.

In Table 8 we estimate mimicking portfolio weights in each simulation trial to capture the effects of
estimation error. The “true” values of the mimicking portfolio squared Sharpe ratios are computed using
simulations with 1,000 times as many time series as in the original data. Bias adjustment uses the JK (1980)
adjustment. The largest true squared Sharpe ratios for the individual mimicking portfolios are for the
leverage and industrial production factors, followed by consumption growth. These range from 1.5 to 2.5%
per month. The goal of the dynamic trading is to increase the squared correlation with the mimicked factor.
The absolute correlation with the consumption factor increases to 0.28, versus 0.26 with fixed weights.
For industrial production it rises from 0.24 to 0.34. For unexpected inflation it rises from 0.29 to 0.36.

Because mimicking portfolios are not formed to maximize their sample Sharpe ratios, they should
not be as biased as maximum Sharpe ratio portfolios. The Sharpe ratios of the fixed-weight consumption
and industrial production portfolios actually have a small downward bias. Other mimicking portfolios

show an upward bias, especially when the true squared Sharpe ratio is close to zero (unexpected inflation).
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The JK (1980) adjustment works in the right direction in these cases, because the adjustment shrinks the
estimated Sharpe ratio towards zero. No bias adjustment is available for the dynamically trading
mimicking portfolios.

Near the bottom of the table we combine the three nontraded Chen, Roll and Ross (1986) mimicking
portfolios (CRR3) to find their maxiumum squared Sharpe ratio, which is just over 3.0% with fixed
weights and 4.6% with time-varying weights. The mimicking portfolios are formed with fixed weights
and combined into portfolios with time-varying weights.

The right hand columns of Table 8 report the empirical standard deviations of the mimicking
portfolio squared Sharpe ratios, taken across the 1,000 simulation trials, and the average result from the
Theorem I, Corolllary III. The asymptotics do a pretty good job of predicting the simulated standard errors
for most of the mimicking portfolios, getting within 10% in 40% of the cases, but they greatly overstate

the sampling variability when the true Sharpe ratios are close to zero (unexpected inflation).
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Table 1. Summary Statistics of factors and lagged conditioning information

This table contains summary statistics for our sample of factors from the French data library (February 1959
to December 2020), the Q factors from Hou, Xue and Zhang (2015), monthly consumption growth data (from
January 1959 to Dec 2020), and the Broker-dealer leverage factor (from Adrian, Etula and Muir 2014) (from
December 1970 to November 2018). The coefficient, pi, is the first order autcorrelation (after stochastic
detrending in the case of the lagged instruments). Squared SR is the squared Sharpe ratio, where the zero-beta
rate is the average Treasury bill rate, equal to 0.39 percent per month. The R-square is obtained by regressing
market excess return on conditioning information. Returns, yields and yield spreads are measured as percent

per month.
Model Factors Mean Std AR(1) Squared SR
Market-risk free 0.57 4.43 0.066 0.016
SMB 0.2 2.96 0.064 0.005
HML 0.26 2.81 0.179 0.008
RMW 0.23 2.09 0.149 0.012
CMA 0.24 1.92 0.121 0.015
Momentum 0.61 4.06 0.047 0.022
Investment 0.29 1.77 0.099 0.027
Profitability 0.44 2.4 0.117 0.034
Investment Growth 0.7 1.87 0.102 0.141
Non-traded Factors
Consumption growth 0.26 0.82 0.01 na
Broker-dealier Leverage 0.09 6.71 0.09 na
Lagged instruments
oid Mean Std  AR(1) Rg,‘gj‘;e
Dividend yield -0.02 0.32 0.89 0.01
Yield spread 0.00 0.27 0.90 0.02
Term spread -0.01 0.84 0.87 0.00
Past risk free rate 0.00 0.09 0.77 0.21
New
Iliq -1.75 0.20 0.84 0.99
New durables orders 0.00 0.04 0.69 0.28
Technical indicators -0.08 1.47 0.91 0.55
Average Corrrelation 0.28 0.11 0.90 0.80
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Table 2: Accuracy of Bias Adjustments for Squared Sharpe Ratios

The “true” squared Sharpe ratios are from simulations with a large number (1000*743) of time series
observations. The values are stated in percent (multiplied by 100). The Average values across 5,000 simulation
trials are shown for five alternative bias adjustment methods. The number of time series observations in the
finite samples is 743. The JK uses the results of Jobson and Korkie (1980), and are based on a Non-central F
distribution. The four adjustments for dynamic portfolios are the Chi-square, Non-central F, Odd-even and
Direct Expansion. The adjustments are applied to the squared Sharpe ratios of fixed weight portfolios in Panel
A and to Efficient with respect to Z portfolios in Panel B. The four lagged instruments that comprise the vector
Z are described in the text. The N=25 portfolios are the 5x5 size x book/market sorts, the N=49 are industry
portfolios and the N=99 combine the first two sets with 25 investment x profitability portfolios from Kenneth
French.

Panel A: Fixed-weight Factor Portfolios

TRUE JK % Difference
S(Rm) 1.64 1.65 -1%
Six(FF3) 3.27 3.33 -2%
Stix(FF6) 11.56 11.89 -3%
Six(Q5) 31.06 31.05 0%
Seix(r) N=25 16.14 16.50 -2%
Seix(r) N=49 31.87 32.25 -1%
Seix(r) N=99 76.87 78.35 -2%

Panel B: Efficient-with-Respect to Z Portfolios

TRUE No-Adj Chi-Square Non-Central Odd- Direc.t
Even Expansion

Sue(FF3) 7.13 8.56 8.10 7.64 7.58 7.29
Sue(FF5) 15.85 18.61 17.77 16.93 16.76 16.20
Sue(FF6) 20.04 23.53 22.47 21.25 20.99 20.52
Sue(Q5) 33.77 36.72 35.70 34.35 34.01 34.12
Sue(r) N=25 39.16 54.64 49.08 41.64 39.63 39.86
Sue(r) N=49 69.42 100.85 75.71 69.01 75.46 70.58

Sue(r) N=99 154.07 236.29 188.25 156.40 188.01 158.28
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Table 3: Accuracy of Asymptotic Standard Deviations

A parametric bootstrap generates 1000 simulation trials, each with 743 observations. Squared Sharpe ratios and squared
Sharpe ratio differences are estimated and the asymptotic standard deviations are calculated using the propositions and
the Theorem I. The first columns (Empirical) are the standard deviations of the estimates across the 1,000 simulation
trials. The second columns (Avg Asymptotic) are the averages of the estimated asymptotic standard deviations. Fix(r) or
fix(f) refers to a mean-variance efficient portfolio that ignores the conditioning information and uses fixed weights. UE
is efficient with respect to Z. The lagged instruments are the four described in the data section. The average return of a
three-month Treasury bill is taken to be the zero beta rate. The N=25 portfolios are the 5x5 size x book/market sorts,
the N=49 are industry portfolios and the N=99 combine the first two sets with 25 investment x profitability
portfolios from Kenneth French.

Panel A: Standard Errors for Squared Sharpe Ratio Levels

Empirical A\::est;:lge Average BKRS Dlﬂl":esr\tlevnce le;ir:: ce
(simulated) Asymptotic Asymptotic (% empirical) (% empirical)
Rm 0.28 0.28 0.28 -2% -1%
Siix(FF3) 0.45 0.40 0.41 -11% -9%
Ssix(FF6) 0.87 0.80 0.81 -9% 7%
Sue(FF3) 0.60 0.58 -3%
Sue(FF6) 1.09 1.08 -2%
Stix(r) N=25 1.02 0.95 0.95 -7% -7%
Siix(r) N=49 1.25 1.24 1.30 0% 4%
Seix(r) N=99 2.33 2.48 2.54 7% 9%
Sue(r) N=25 1.49 1.38 -8%
Sue(r) N=49 1.91 1.79 -6%
Sue(r) N=99 3.50 3.33 -5%

Panel B: Standard Errors for Squared Sharpe Ratio Differences (N=25)

.. Average Difference Difference
Empirical ESW Average BKRS ESW BKRS
(simulated) Asymptotic Asymptotic (% empirical) (% empirical)
Stix(r) - Rm 0.92 0.91 0.93 -1% 1%
Stix(r) — Six(FF3) 0.93 0.89 0.91 -4% -2%
Stix(r) — Srix(FF5) 0.89 0.89 0.91 1% 2%
Sue(r) - Rm 1.45 1.35 -7%
Sue(r) — Sue(FF3) 1.46 1.34 -9%
Sue(r) — Sue(FF3) 1.43 1.34 -6%
Sug(r) - Sfix(r) 1.11 1.02 -8%

Panel C: Standard Errors for Squared Sharpe Ratio Differences (N=49)
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.. Average Difference Difference
Empirical ESW Average BKRS ESW BKRS
(simulated)  Asymptotic Asymptotic (% empirical) (% empirical)
Siix(r) - Rm 1.22 1.21 1.25 -1% 3%
Stix(r) — Seix(FF3) 1.29 1.25 1.29 -3% 0%
Srix(r) — Sax(FF5) 1.34 1.31 1.35 -2% 1%
Sue(r) - Rm 1.86 1.82 -2%
Sue(r) — Sue(FF3) 1.90 1.79 -5%
Sue(r) — Sue(FF3) 1.93 1.88 -2%
Sue(r) — Srix(r) 1.47 1.40 -5%
Panel D: Standard Errors for Squared Sharpe Ratio Differences (N=99)
.. Average Difference Difference
Empirical ESW Average BKRS ESW BKRS
(simulated)  Asymptotic Asymptotic (% empirical) (% empirical)
Siix(r) - Rm 2.29 2.46 2.50 7% 9%
Stix(r) — Six(FF3) 2.31 2.45 2.49 6% 8%
Stix(r) — Srix(FF5) 2.22 2.39 2.43 8% 10%
Sue(r) = Rm 3.60 3.34 -7%
Sue(r) — Sue(FF3) 3.40 3.29 -3%
Sue(r) — Sue(FF3) 3.29 3.23 2%
Sue(r) — Sx(r) 2.47 2.54 3%
Panel E: Standard Errors for Squared Sharpe Ratio Differences (Factors Alone)
.. Difference Difference
Empirical Average FSW Average BKRS FSW BKRS
(simulated)  Asymptotic Asymptotic (% empirical) (% empirical)
Six(FF5) — Sex(FF3) 0.54 0.48 0.49 -12% -10%
Stix(FF6) — Seix(FF5) 0.49 0.47 0.47 -4% -3%
Siix(FF6) — Six(Q5) 1.08 1.01 1.02 -7% -6%
Sue(FF5) — Sue(FF3) 0.65 0.67 2%
Sue(FF6) — Sue(FF5) 0.55 0.55 -1%
Sue(FF6) — Six(Q5) 1.20 1.37 14%
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Table 4: The Empirical Distributions of t-ratios

A parametric bootstrap generates 1000 simulation trials. Each set of simulated data has 743 observations. Squared Sharpe
ratios, S(.), and their differences are estimated, bias adjusted using the second order expansion method, and their
asymptotic standard deviations are calculated using the propositions and the Theorem I. Squared t-ratios are formed as
the squared adjusted Sharpe ratio or difference less its “true” value, divided by its asymptotic standard error. The true
values are from simulations with 743*1000 observations. Fractiles of the empirical distribution from the 1,000 simulation
trials are shown. y(1) are the values for a Chi distribution with one degree of freedom. Fixed weight portfolios ignore the
conditioning information. UE is efficient with respect to Z. The lagged instruments are the four “classical” ones. The
average return of a three-month Treasury bill is taken to be the zero beta rate. The N=25 portfolios are the 5x5 size x
book/market sorts, the N=49 are industry portfolios and the N=99 combine the first two sets with 25 investment x
profitability portfolios from Kenneth French.

Panel A: Fractile Values of T-ratios for Squared Sharpe Ratio Levels

Fixed Weight Portfolios Dynamic UE Portfolios
Percentile: 90% 95% 98% 90% 95% 98%
x(1) 165 196  2.33 1.65 196 233
S(Rm) 2.01 2.82 3.88 1.79 2.61 3.69
S(FF3) 2.01 2.39 3.07 1.72 2.04 2.53
S(FF5) 1.87 2.18 2.87 1.63 2.00 2.45
S(FF6) 1.80 2.17 2.68 1.73 1.99 2.46
S(Q5) 1.67 2.00 2.28 1.28 1.55 1.86
S(r) N=25 1.73 2.08 2.55 1.76 2.18 2.49
S(r) N=49 1.57 1.84 2.28 1.72 2.06 2.42
S(r) N=99 1.59 1.96 2.40 1.82 2.17 2.55

Panel B: Squared Sharpe Ratio Differences (N=25)

Fixed Weight Portfolios Dynamic UE Portfolios
Percentile: 90% 95% 98% 90% 95% 98%
1
x(1) 165 196  2.33 165 196  2.33
S(r) -Rm 1.62 1.96 2.40 1.84 2.12 2.35
S(r) - S(FF3) 1.76 2.05 2.56 1.78 2.11 2.57
S(r) - S(FF5) 1.63 1.99 2.43 1.73 2.12 2.38

Sue(r) — Snlr) 1.83 2.13 2.48 NA NA NA




Panel C: Squared Sharpe Ratio Differences (N=49)

Fixed Weight Portfolios

Dynamic UE Portfolios

Percentile: 90% 95% 98%
1

x(1) 1.65 1.96 2.33

S(r) - Rm 1.96 2.25 2.57

S(r) — S(FF3) 1.71 2.00 2.34

S(r) — S(FF5) 1.65 1.98 2.38

SUE(r) - Sﬁx(r) 1.83 2.13 2.47

90% 95% 98%
1.65 1.96 2.33
1.81 2.01 2.32
1.71 2.05 2.28
1.69 1.95 2.29
NA NA NA

Panel D: Squared Sharpe Ratio Differences (N=99)

Fixed Weight Portfolios

Dynamic UE Portfolios

Percentile: 90% 95% 98%
1

x(1) 1.65 1.96 2.33

S(r) - Rm 1.54 1.84 2.23

S(r) — S(FF3) 1.59 1.88 2.25

S(r) — S(FF5) 1.57 1.91 2.25

Sue(r) = Seix(r) 1.80 2.07 2.44

90% 95% 98%
1.65 1.96 2.33
2.01 2.41 2.73
1.83 2.13 2.62
1.79 2.13 2.56
NA NA NA

Panel E: Squared Sharpe Ratio Differences for Factors Alone

Fixed Weight Portfolios

Percentile:
x(1)

Dynamic UE Portfolios

S(FF5) — S(FF3)
S(FF6) — S(FF5)
S(FF6) — S(Q5)

90% 95% 98%
1.65 1.96 2.33
1.90 2.32 3.02
1.88 243 3.42
1.74 2.00 2.55

90% 95% 98%
1.65 1.96 2.33
1.60 1.96 2.53
1.79 2.27 2.88
1.41 1.75 2.03
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Table 5: Squared Sharpe Ratios for Mimicking Portfolios

A parametric bootstrap generates 1000 simulation trials. Each set of simulated data has T=743 observations for
consumption growth and T=587 for the leverage risk factor. The squared Sharpe ratios of mimicking portfolios are
estimated and shown, Unadjusted and Adjusted using the JK (1980) bias adjustment. The values are stated in percent
(multiplied by 100). The true values are from simulations with T*1,000 observations. Their asymptotic standard
deviations are calculated using the propositions and the Theorem I. The Average Asymptotic value is taken across the
1,000 simulation trials. The empirical standard error is the standard deviation of the Sharpe ratio point estimates taken
across the 1,000 simulation trials. The lagged instruments are the four classical instruments described in the data section.
The average return of a three-month Treasury bill is taken to be the zero beta rate. The mimicking portolios are formed
from 25 size x value portfolios, with either fixed weights (fix) or efficient portfolio weights with respect to the lagged
information (UE).

Squared Sharpe Ratio Levels Standard Errors
] ] Average Empirical
TRUE No-Adj Adj . .
Asymptotic  (simulated)
Consumption (fixed) 1.41 1.34 1.20 0.35 0.38
Consumption (UE) 1.40 1.65 1.51 0.51 0.49
Leverage (fixed) 2.80 3.63 3.44 0.81 0.41

Leverage (UE) 2.77 3.67 3.48 0.83 0.38
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Table 6: Relative Tests of Factor Models

The test statistic is the difference in the bias-adjusted squared Sharpe ratios (not multiplied by 100) for the test
assets and the factors versus the factors alone. The t-ratios are in parentheses. The factor model abbreviations
and test asset portfolios are described in the text. Monthly Sharpe ratios are computed using the average
Treasury bill return of 0.39 percent per month as the zero-beta rate. The dynamic models trade optimally using
the four classical lagged instruments in Panel B and using the modern instruments previously described in
Panel C. The sample period is January 1967 to December, 2020.

Panel A: Fixed weight Models

CAPM FF3 FF5 FF6 Q4 Q5

25 size x value portfolios: 0.16 0.13 0.11 0.09 0.12 0.11
(4.03) (3.46) (2.91) (2.58) (3.13) (2.73)

25 Investment x productivity: 0.06 0.05 -0.01 -0.01 0.00 0.01
(2.35) (1.89) (-0.27) (-0.72) (0.20) (0.27)

32 size x value portfolios x prod: 0.09 0.07 0.05 0.04 0.05 0.06
(2.73) (2.23) (1.49) (1.42) (1.69) (1.56)

49 Industry: 0.08 0.12 0.17 0.15 0.14 0.12
(2.59) (3.08) (3.84) (3.44) (2.98) (2.55)

Panel B: Dynamic Models using Classical Instruments

CAPM FF3 FF5 FF6 Q4 Q5

25 size x value portfolios: 0.24 0.19 0.17 0.15 0.20 0.19
(4.68) (3.94) (3.58) (3.29) (3.86) (3.22)

25 Investment x productivity: 0.11 0.10 0.03 0.02 0.06 0.07
(2.95) (2.53) (0.84) (0.64) (1.72) (1.58)

32 size x value portfolios x prod: 0.18 0.15 0.11 0.11 0.16 0.17
(3.76) (3.03) (2.53) (2.46) (3.07) (2.70)

49 Industry: 0.20 0.21 0.26 0.24 0.26 0.24
(3.89) (3.68) (4.19) (3.93) (4.03) (3.71)

Panel C: Dynamic Models using Modern Instruments

CAPM FF3 FF5 FF6 Q4 Q5

25 size x value portfolios: 0.32 0.27 0.24 0.24 0.28 0.27
(5.62) (4.94) (4.45) (4.42) (4.78) (4.11)

25 Investment x productivity: 0.23 0.21 0.15 0.14 0.18 0.18
(4.80) (4.59) (3.42) (3.35) (3.97) (3.29)

32 size x value portfolios x prod: 0.21 0.18 0.15 0.15 0.19 0.19
(3.94) (3.35) (2.83) (2.89) (3.30) (2.96)

49 Industry: 0.47 0.49 0.53 0.53 0.52 0.50
(6.43) (6.55) (6.41) (6.48) (6.40) (6.16)
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Table 7: Relative Tests of Factor Models with an Estimated Zero Beta Rate

The test statistic is the difference in bias-adjusted squared Sharpe ratios for the test assets and the factors versus
the factors alone. The factor model abbreviations and test asset portfolios are described in the text. Monthly
Sharpe ratios are computed using the estimated zero beta rate, assuming no risk-free asset exists, and shown
as percent per month. The dynamic models trade optimally using the four lagged instruments previously
described. The sample period is January 1967 to December, 2020.

Panel A: Fixed weight Models

CAPM FF3 FF5 FF6 Q4 Q5
25 size x value portfolios: 0.05 0.07 0.06 0.05 0.06 0.08
(2.00) (1.20) (0.85) (0.63) (1.08) (0.82)
Zero Beta rate 0.0155 0.0038 0.0036 0.0035 0.0028 0.0023
25 Investment x productivity: 0.03 0.05 -0.01 -0.02 0.00 -0.01
(1.33) (1.80) (-0.13) (-0.29) (-0.06) (-0.09)
Zero Beta rate 0.0152 0.0052 0.0038 0.0036 0.0043 0.0042
32 size x value portfolios x prod: 0.03 0.04 0.02 0.02 0.03 0.04
(1.11) (0.68) (0.28) (0.23) (0.56) (0.43)
Zero Beta rate 0.0126 0.0042 0.0039 0.0037 0.0036 0.0033
49 Industry: 0.08 0.08 0.08 0.09 0.08 0.08
(2.67) (2.44) (1.96) (1.99) (2.39) (2.05)
Zero Beta rate 0.0083 0.0070 0.0064 0.0060 0.0076 0.0067

Panel B: Dynamic Models using Classical Instruments

CAPM FF3 FF5 FF6 Q4 Q5
25 size x value portfolios: 0.11 0.11 0.11 0.09 0.14 0.15
(2.90) (1.82) (1.36) (1.09) (2.07) (1.52)
Zero Beta rate 0.0155 0.0039 0.0037 0.0036 0.0028 0.0023
25 Investment x productivity: 0.03 0.05 -0.02 -0.03 0.01 0.01
(0.98) (1.51) (-0.40) (-0.53) (0.14) (0.11)
Zero Beta rate 0.0154 0.0052 0.0038 0.0036 0.0042 0.0042
32 size x value portfolios x prod: 0.10 0.09 0.06 0.06 0.11 0.12
(2.32) (1.41) (0.75) (0.66) (1.82) (1.35)
Zero Beta rate 0.0128 0.0042 0.0039 0.0038 0.0036 0.0033
49 Industry: 0.19 0.16 0.15 0.17 0.19 0.20

(3.76) (3.29) (3.17) (3.28) (3.97) (3.82)
Zero Beta rate 0.0084 0.0071 0.0065 0.0060 0.0076 0.0067




Panel C: Dynamic Models using Modern Instruments

CAPM FF3 FF5 FF6 Q4 Q5
25 size x value portfolios: 0.12 0.12 0.10 0.09 0.14 0.16
(2.83) (1.65) (1.03) (0.85) (2.01) (1.57)
Zero Beta rate 0.0162 0.0039 0.0037 0.0036 0.0029 0.0025
25 Investment x productivity: 0.07 0.09 0.02 0.01 0.04 0.04
(1.89) (2.20) (0.40) (0.23) (0.75) (0.47)
Zero Beta rate 0.0154 0.0053 0.0038 0.0037 0.0044 0.0044
32 size x value portfolios x prod: 0.08 0.07 0.05 0.04 0.10 0.11
(1.79) (2.13) (0.49) (0.38) (1.57) (1.25)
Zero Beta rate 0.0131 0.0042 0.0039 0.0038 0.0037 0.0034
49 Industry: 0.38 0.37 0.36 0.36 0.37 0.38
(5.51) (5.72) (5.62) (5.56) (6.16) (6.36)
Zero Beta rate 0.0088 0.0072 0.0065 0.0061 0.0080 0.0073
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Table 8: Direct Factor Model Comparisons

The test statistic is the difference in bias-adjusted squared Sharpe ratios (not multiplied by 100) for the first
model less the second model. The factors are held with fixed weights over time (no instruments) or dynamically
traded using either the four classical or the four modern instruments. The t-ratios are the differences divided
by the asymptotic standard errors for the difference. The factor model abbreviations and test asset portfolios
are described in the text. FF6* replaces the HML factor in FF6 factors version. The sample period is January
1967 to December, 2020.

No Instruments Classical Instruments Modern Instruments
FF3 — Rnm 0.03 0.05 0.06
(t-ratio) (1.73) (2.45) (2.74)
FF5 - FF3 0.06 0.08 0.08
(t-ratio) (2.38) (2.74) (2.44)
FF6 — FF5 0.03 0.03 0.06
(t-ratio) (1.37) (1.46) (2.40)
Q5-0Q4 0.20 0.20 0.21
(t-ratio) (3.75) (3.80) (3.81)
Q4 — FF5 0.08 0.03 0.06
(t-ratio) (2.20) (0.81) (1.36)
Q5 -FF6 0.25 0.21 0.20
(t-ratio) (4.05) (3.23) (3.09)
Q5 - FF6" 0.22 0.19 0.19
(t-ratio) (3.32) (2.86) (2.81)
Q5-M4 0.16 0.13 0.15

(t-ratio) (2.66) (2.16) (2.32)
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Table 5: Squared Sharpe Ratios for Mimicking Portfolios

A parametric bootstrap generates 1000 simulation trials. Each set of simulated data has T=743 observations for
consumption growth and T=587 for the leverage risk factor and T=743 for the Chen, Roll and Ross (1986) factors. The
squared Sharpe ratios of mimicking portfolios are estimated and shown, Unadjusted and Adjusted using the JK (1980)
bias adjustment. The values are stated in percent (multiplied by 100). The true values are from simulations with T*1,000
observations. Asymptotic standard deviations are calculated using the propositions and Theorem I. The Average
Asymptotic value is the average taken across the 1,000 simulation trials. The empirical standard error is the standard
deviation of the Sharpe ratio bias-adjusted point estimates taken across the 1,000 simulation trials. The lagged instruments
are described in the data section. The average return of a three-month Treasury bill is taken to be the zero beta rate. The
mimicking portolios are formed from 25 size x value portfolios, with either fixed weights (fixed) or time-varying weights
(with Z). The bottom rows use fixed-weight mimicking portfolios for the CRR factors, combined with time-varying

weights (with Z).

Squared Sharpe Ratio Levels

Standard Errors

TRUE  No-Adj Adj Average. E.mplrlcal
Asymptotic (simulated)

Consumption (fixed) 1.54 1.35 1.21 0.39 0.34
Consumption (with Z) 1.60 1.69 1.55 0.49 0.53
Leverage (fixed) 2.47 2.70 2.52 0.36 0.38
Leverage (with Z) 2.43 2.73 2.54 0.36 0.41
Chen Roll and Ross (CRR) factors

Change Expected Inflation (fixed) 0.28 0.58 0.45 0.22 0.30
Change Expected Inflation (with Z) 0.27 1.12 0.99 0.42 0.45
Industry Production (fixed) 2.05 1.86 1.72 0.41 0.38
Industry Production (with Z) 1.98 2.09 1.94 0.47 0.58
Unexpected Inflation (fixed) 0.03 0.37 0.23 0.39 0.14
Unexpected Inflation (with Z) 0.04 0.80 0.66 1.67 0.30
Three CRR factors (fixed) 3.03 3.02 2.60 0.36 0.47
Three CRR factors (with Z) 4.61 6.13 4.34 0.50 0.57
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