
Appendix F. Proofs for the LRR-Vol Model

The stochastic discount factor in equation (9) can be written as:

Mt+1 = exp

{
a+ bmzmt −

1

2
x′tλΣε,ελ

′xt − x′tλεt+1

}

where bm = b/δm, zmt = δmzt, Σε,ε is the variance of ε ≡
[
εd, εu, εz, εx, εw

]′
, xt ≡ [xt, σt− σ̄]′,

and

λ ≡ 1
σd

 σ̄ 0 0 0 0

x̄ 0 0 0 0

 in all our 4 models.

1. Price-Dividend Ratio

Equation (11) says that the price-dividend ratio of the strip with n quarters to ma-

turity at time t can be expressed as:

Pm
n,t

Dm
t

= exp {A(n) +Bx(n)xt +Bz(n)zmt }

where Bx(n) ≡ [Bx(n), Bσ(n)]. Using the boundary condition that Pm
0,t = Dm

t , we see that

this holds when n = 0, with A(0) = Bz(0) = Bx(0) = Bσ(0) = 0. We proceed by induction

on n. We can write the price of the strip with n quarters to maturity as a function of the

price of a strip with n− 1 quarters to maturity:

Pm
n,t = Et[Mt+1P

m
n−1,t+1]

Dividing by the market dividend at time t:

Pm
n,t

Dm
t

= Et

[
Mt+1

(
Dm
t+1

Dm
t

)(
Pm
n−1,t+1

Dm
t+1

)]



Plugging in the expressions for the stochastic discount factor and dividend growth:

Pm
n,t

Dm
t

= Et

[
exp

{(
a+ bmzmt −

1

2
x′tλΣε,ελ

′xt − x′tλεt+1

)
+
(
gm + zmt + δmεdt+1 + εut+1

)
+A (n− 1) +Bx (n− 1)xt+1 +Bz (n− 1) zmt+1

}]

Here x evolves as a 2-dimensional VAR(1):

xt+1 = (I − Φx) x̄+ Φxxt + εxt+1

where x̄ = [x̄, 0]′, εxt ≡ [εxt , ε
w
t ]′, and Φx =

 φx 0

0 φσ

. Factoring out the time-t information,

and expanding the xt+1 and zmt+1 processes:

Pm
n,t

Dm
t

= exp

{
a+ bmzmt −

1

2
x′tλΣε,ελ

′xt + gm + zmt + A (n− 1)

}
×Et

[
exp

{
−x′tλεt+1 + δmεdt+1 + εut+1 +Bx (n− 1) [(I − Φx) x̄+ Φxxt + εxt+1]

+Bz (n− 1) [φzz
m
t + εzt+1]

}]
= exp

{
a+ bmzmt −

1

2
x′tλΣε,ελ

′xt + gm + zmt + A (n− 1)

+Bx (n− 1) [(I − Φx) x̄+ Φxxt] + φzBz (n− 1) zmt

}
×Et

[
exp

{([
δm, 1, Bz (n− 1) , Bx (n− 1)

]
− x′tλ

)
εt+1

}]
= exp

{
a+ bmzmt −�������1

2
x′tλΣε,ελ

′xt + gm + zmt + A (n− 1)

+Bx (n− 1) [(I − Φx) x̄+ Φxxt] + φzBz (n− 1) zmt

}
× exp

{
�������1

2
x′tλΣε,ελ

′xt +
1

2
Cm
n−1Σε,ε(C

m
n−1)′ − Cm

n−1Σε,ελ
′xt

}
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where Cm
n−1 ≡ [ δm, 1, Bz (n− 1) , Bx (n− 1) ]. Collecting constant, zmt and xt terms:

Pm
n,t

Dm
t

= exp

A (n− 1) + a+ gm +Bx (n− 1) (I − Φx) x̄+
1

2
Cm
n−1Σε,ε(C

m
n−1)′︸ ︷︷ ︸

A(n)

+[1 + bm + φzBz (n− 1)︸ ︷︷ ︸
Bz(n)

]zmt }+ [Bx (n− 1) Φx − Cm
n−1Σε,ελ

′︸ ︷︷ ︸
Bx(n)

]xt


Matching coefficients, and plugging in for λ:

A (n) = A (n− 1) + a+ gm + (1− φx) x̄Bx (n− 1) +
1

2
Cm
n−1Σε,ε(C

m
n−1)′

Bz (n) = 1 + bm + φzBz (n− 1)

=
(1 + bm) (1− φnz )

1− φz
Bx (n) = φxBx (n− 1)− σ̄

σd
Σd,ε(C

m
n−1)′

Bσ (n) = φσBσ (n− 1)− x̄

σd
Σd,ε(C

m
n−1)′

where Σd,ε ≡ E[εdε′].
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2. Mean and Variance of the Log Return on Market-Dividend

Strips

The return from time t to t+ 1 of the strip with a maturity at time t+n is given by:

rmn,t+1 ≡ log
(
Rm
n,t+1

)
= log

(
Pm
n−1,t+1

Pm
n,t

)
= log

[(
Pm
n−1,t+1/D

m
t+1

Pm
n,t/D

m
t

)(
Dm
t+1

Dm
t

)]
= log

(
Pm
n−1,t+1

Dm
t+1

)
− log

(
Pm
n,t

Dm
t

)
+ log

(
Dm
t+1

Dm
t

)
= A (n− 1) +Bx (n− 1)xt+1 +Bz (n− 1) zmt+1 − A (n)−Bx (n)xt

−Bz (n) zmt + ∆dmt+1

= A (n− 1) +Bx (n− 1) [x̄ (I − Φx) + Φxxt] +Bz (n− 1)φzz
m
t − A (n)−Bx (n)xt

−Bz (n) zmt + gm + zmt +Bx (n− 1) εxt+1 +Bz (n− 1) εzt+1 + δmεdt+1 + εut+1

= Et[r
m
n,t+1] + Cm

n−1εt+1

The time-t conditional variance of the return from time t to t+ 1 of the strip with a

maturity of n periods is therefore given by:

σ2
t [r

m
n,t+1] = σ2

t

[
Et[r

m
n,t+1] + Cm

n−1εt+1

]
= Cm

n−1Σε,ε(C
m
n−1)′

3. Riskfree Rate

The riskfree rate is given by:

Rf
t+1 =

1

Et[Mt+1]

= exp{−a− bzt} = exp{−a− bmzmt }
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from the conditional log-nomality of Mt+1.

4. Log Risk Premium of Market-Dividend Strips

By definition, the log risk premium of a strip is given by:

log

(
Et

[
Rm
n,t+1

Rf
t

])
= log

(
Et

[
exp

{
rmn,t+1 − r

f
t

}])
= Et[r

m
n,t+1 − r

f
t ] +

1

2
σ2
t [r

m
n,t+1]

since rmn,t+1 is normally distributed. This expression can be obtained from the Euler equation:

1 = Et[Mt+1R
m
n,t+1]

= Et[exp{log (Mt+1) + rmn,t+1}]

= Et

[
exp

{
−rft −

1

2
x′tλΣε,ελ

′xt − x′tλεt+1 + Et[r
m
n,t+1] + Cm

n−1εt+1

}]

Taking logs:

0 = log

(
Et

[
exp

{
−rft −

1

2
x′tλΣε,ελ

′xt − x′tλεt+1 + Et[r
m
n,t+1] + Cm

n−1εt+1

}])
= Et[r

m
n,t+1 − r

f
t ]−�������1

2
x′tλΣε,ελ

′xt +
1

2

(
������
xtλΣε,ελ

′xt + σ2
t [r

m
n,t+1]− 2Cm

n−1Σε,ελ
′xt
)

Rearranging, the log risk premium is given by equation (12):

Et[r
m
n,t+1 − r

f
t ] +

1

2
σ2
t [r

m
n,t+1]

=
(
Cm
n−1Σε,ελ

′)xt
=
(
δmσ2

d + σd,u +Bx (n− 1)σd,x +Bσ (n− 1)σd,w +Bz (n− 1)σd,z
)

×
(
σ̄

σd
xt +

x̄

σd
(σt − σ̄)

)
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Appendix G. Proofs for the CC Model

The representative agent has external habit preferences as in equation (16) and we

specify the law of motion for st as in equation (17):

st+1 = (1− φs)s̄+ φsst + λ(s̄)zt + λ(st)σtε
d
t+1

where λ(.) is as defined by CC and in footnote 3:

λ(st) =


1
S̄

√
1− 2(st − s̄)− 1 st ≤ smax

0 st ≥ smax

with s̄ ≡ log(S̄) and smax = s̄+ 1
2
(1− (S̄)2). We set S̄ ≡ σ̄σd

√
γ

1−φs .

1. Riskfree Rate

Using the law of motion for ∆ct+1 and subtracting st from the law of motion for st+1,

the stochastic discount factor in CC is:

Mt+1 = exp{log(δ)− γ(∆ct+1 + ∆st+1)}

= exp{log(δ)− γ(g + zt + σtε
d
t+1 + (1− φs)s̄+ φsst + λ(s̄)zt + λ(st)σtε

d
t+1 − st)}

= exp{log(δ)− γg − γ(1 + λ(s̄))zt + γ(1− φs)(st − s̄)− γ(1 + λ(st))σtε
d
t+1}

6



The log riskfree rate is then:

rft+1 ≡ log(Rf
t+1)

= − log(Et[Mt+1])

= − log(δ) + γg + γ(1 + λ(s̄))zt − γ(1− φs)(st − s̄)−
γ2

2
(1 + λ(st))

2︸ ︷︷ ︸
=

(1−φs)(1−2(st−s̄))
γ��σ

2
dσ̄

2

�
�σ2
dσ

2
t

= − log(δ) + γg + γ(1 + λ(s̄))zt −
γ

2
(1− φs)

σ2
t

σ̄2
+ γ(1− φs)(st − s̄)

(
σ2
t

σ̄2
− 1

)

2. Properties of the Assumed Habit Process

As in CC, we require habit to be pre-determined at, and near, the steady state for

the consumption surplus, st = s̄:

[
∂ht+1

∂dt+1

]
st=s̄

= 0(28)

and

[
∂

∂s

(
∂ht+1

∂dt+1

)]
st=s̄

= 0(29)

We first calculate ∂ht+1

∂dt+1
using an expression for ht+1 from the definition of st+1:

st+1 ≡ log

(
Dt+1 −Ht+1

Dt+1

)
= log

(
1− eht+1−dt+1

)
⇒ ht+1 = dt+1 + log (1− est+1)
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Differentiating:

∂ht+1

∂dt+1

= 1 +
∂st+1

∂dt+1

∂

∂st+1

[log (1− est+1)]

= 1− λ(st)
est+1

1− est+1

= 1− λ(st)

e−st+1 − 1

≈ 1− λ(st)

e−st − 1

with the approximation since st+1 ≈ st for small time intervals.

Habit is pre-determined at the steady state st = s̄:

The first condition, equation (28), is equivalent to:

[
∂ht+1

∂dt+1

]
st=s̄

= 0 ⇔ 1− λ(s̄)

e−s̄ − 1
= 0

⇔ λ(s̄) = e−s̄ − 1

which holds from the definition of λ(.).

Habit is pre-determined near the steady state st = s̄:

The second condition, equation (29), is equivalent to:

0 =

[
∂

∂s

(
∂ht+1

∂dt+1

)]
st=s̄

=

[
∂

∂s

(
1− λ(st)

e−st − 1

)]
st=s̄

=

[
−(e−st − 1)λs(st) + e−stλ(st)

(e−st − 1)2

]
st=s̄

⇔ 0 =
(
e−s̄ − 1

)
λs(s̄) + e−s̄λ(s̄)
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Rearranging, this is equivalent to:

λs(s̄) =
1
S̄
λ(s̄)

1− 1
S̄

= − 1

S̄

Differentiating the sensitivity function, we verify that this holds:

λ(st) =
1

S̄

√
1− 2(st − s̄)− 1

⇒ λs(st) = − 1

S̄
√

1− 2(st − s̄)

⇒ λs(s̄) = − 1

S̄

So the second condition, equation (29), holds.

3. Relation between External Habit and Past Consumption

From the definition of st, we have shown that a first-order log-linear approximation

is given by:

st = log
(
1− eht−dt

)
≈ log

(
1− eh−d

)
︸ ︷︷ ︸

≡s̄

+
[
(ht − dt)−

(
h− d

)]( −eh−d
1− eh−d

)

Substituting the log-linear approximations for st+1 and st into the law of motion for

the s process:

�̄s+
[
(ht+1 − dt+1)−

(
h− d

)]( −eh−d
1− eh−d

)

≈ �����
(1− φs)s̄+ φs

(
�̄s+

[
(ht − dt)−

(
h− d

)]( −eh−d
1− eh−d

))
+ λ(s̄) (dt+1 − dt − g)

9



When st ≤ smax the sensitivity function is:

λ(st) =
1

S̄

√
1− 2(st − s̄)− 1

⇒ λ(s̄) =
1

S̄
− 1 =

1

es̄
− 1 =

1

1− eh−d
− 1 =

eh−d

1− eh−d
(30)

⇒ (ht+1 −���dt+1)−
(
h− d

)
≈ φs

(
(ht − dt)−

(
h− d

))
− (���dt+1 − dt − g)

which yields:

ht+1 ≈ (1− φs)
(
h− d

)
+ φsht + (1− φs)dt + g(31)

Iterating this recursion back to the start of time gives equation (18):

ht+1 ≈ h− d+ (1− φs)
∞∑
j=0

(φs)
jdt−j +

g

1− φs

since the transversality condition limj→∞[φjsht−j−1] = 0 holds. Note that subtracting ht from

both sides of equation (31) gives:

ht+1 − ht ≈ g + (1− φs)
[
(dt − ht)− d− h

]

Appendix H. zmt is a Proxy for the Consumption-Market

Dividend Ratio

Lettau and Ludvigson (2005) show that:

dt − νdmt − (1− ν)yt ≈ Et

∞∑
i=1

ρiw
(
ν∆dmt+i + (1− ν)∆yt+i −∆dt+i

)
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where yt is log labor income at time t, ν is the average share of aggregate wealth from financial

assets (as opposed to human capital), and ρw is a constant. If there is no labor income, as in

our model, then ν = 1 and this gives an expression for the log consumption-market dividend

ratio:

log

(
Dt

Dm
t

)
= dt − dmt ≈ Et

∞∑
i=1

ρiw
(
∆dmt+i −∆dt+i

)
=

∞∑
i=1

ρiw
(
Et[∆d

m
t+i]− Et[∆dt+i]

)
We now show that Et[∆d

m
t+i] and Et[∆dt+i] are each affine in zmt :

Et[∆d
m
t+i] = Et[δ

mg + zmt+i−1 + δmεdt+i + εut+i]

= δmg + Et[z
m
t+i−1]

= δmg + φi−1
z zmt

Et[∆dt+i] = Et[g + zt+i−1 + σt+i−1ε
d
t+i]

= g +
1

δm
Et[z

m
t+i−1]

= g +
φi−1
z zmt
δm

since Et[σt+i−1ε
d
t+i] = Et[Et+i−1[σt+i−1ε

d
t+i]] = Et[σt+i−1Et+i−1[εdt+i]] = 0.

Putting this together:

log

(
Dt

Dm
t

)
= dt − dmt ≈

∞∑
i=1

ρiw
(
Et[∆d

m
t+i]− Et[∆dt+i]

)
=

∞∑
i=1

ρiw

((
δmg + φi−1zmt

)
−
(
g +

φi−1
z zmt
δm

))

= (δm − 1)g
∞∑
i=1

ρiw +
δm − 1

δm

(
∞∑
i=1

ρiwφ
i−1
z

)
zmt
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which is affine in zmt . So zmt is a proxy for the log consumption-market dividend ratio.

12


