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Abstract

We give here the proofs of Lemmas 3.1 and 4.1 in the paper. An extra lemma

relating to the covariance matrix QJ is in the Appendix.
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1. Proofs of Lemmas

For convenience, we restate the lemmas with the numbering as in the paper. Equa-

tion references in the format “Eq. ( )” herein refer to the numbering in the paper.

Lemma 1 With the substitutions k = ⌊xnα⌋, mj = ⌊qj + yj/n
α/2⌋k, k′ = k−m+, we

have the following limiting behaviours as n → ∞:

Γ(r + k)(1− q+n(λn))
k′

k′!
∏J

j=1 mj !

J∏
j=1

(qjn(λn))
mj ∼ (xnα)r−J/2−1e−

x
2 yTQ−1

J y√
(2π)Jdet(QJ)

; (24)

lim
n→∞

(λn)αk

Ψ(λn)k

( n∑
ℓ=1

Fℓ(λn)
)k

= e−x(λ−α∨1)/Γ(1−α); (25)

1

Γ(r)Ψ(λn)r
∼ 1

Γ(r)(λn)rαΓr(1− α)
; (26)

lim
n→∞

nP
( k−m+∑

i=1

X
(J)
in (λn) = n−m++

)
= fYx(λ)(1). (27)
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Proof of Lemma 1: To prove (24), consider the first factor, in which we let yjn =

yj/n
α/2, hjn = qj + yjn and h+n =

∑J
j=1 hjn; then replace mj by hjnk, recall k

′ =

k −m+ = (1− h+n)k, and calculate

Γ(r + k)

k′!
∏J

j=1 mj !
∼

√
2π(r + k − 1) (r + k − 1)r+k−1e−(r+k−1)√

2π(1− h+n)k ((1− h+n)k)(1−h+n)ke−(1−h+n)k

× 1∏J
j=1

√
2πhjnk (hjnk)hjnke−hjnk

, (1.1)

using Stirling’s formula for the factorials. Some calculations show this is asymptotic

to
kr−J/2−1

(2π)J/2
√
(1− h+n)

∏J
j=1 hjn

× 1

(1− h+n)(1−h+n)k
∏J

j=1 h
hjnk
jn

. (1.2)

Recall the qjn and q+n defined in Eq. (19). They depend on λ, but this was

suppressed in the notation there. We have reinserted the factor λn in (24) and in what

follows, for emphasis. Throughout this proof, λ > 0 is held fixed, so the convergence

is pointwise in λ as n → ∞. That this is enough to get the required convergence in

Theorem 3.1 is shown in the argument from Eq. (29) – Eq. (30) in the paper, which

avoids the need for checking a dominated convergence condition to take the limit as

n → ∞ through the integral with respect to λ.

Continuing, we multiply the expression in (1.2) by the q-terms in (24) to get

Γ(r + k)

k′!
∏J

j=1 mj !
(1− q+n(λn))

k−m+

J∏
j=1

(qjn(λn))
mj

∼ kr−J/2−1√
(2π)J(1− h+n)

∏J
j=1 hjn

×
(1− q+n(λn)

1− h+n

)(1−h+n)k
J∏

j=1

( (qjn(λn))
hjn

)hjnk

,

(1.3)

where, recall, q+n(λn) =
∑J

j=1 qjn(λn). Note from Eq. (3.12) that, as n → ∞, for

1 ≤ j ≤ J ,

qjn(λn) =
Fj(λn)∑n
ℓ=1 Fℓ(λn)

→ Fj(∞)∑∞
ℓ=1 Fℓ(∞)

=
Γ(j − α)/j!∑∞
ℓ=1 Γ(ℓ− α)/ℓ!

=
αΓ(j − α)

j!Γ(1− α)
= qj ,

(1.4)

and 1− q+n(λn) → 1− q+, where q+ =
∑J

j=1 qj . Also hjn = qj + yjn → qj . Now write

(1− q+n(λn)

1− h+n

)(1−h+n)k

×
J∏

j=1

(qjn(λn)
hjn

)hjnk
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=
(
1 +

∑J
j=1(yjn + qj − qjn(λn))

1−
∑J

j=1(qj + yjn)

)(1−
∑J

j=1(qj+yjn))k

×
J∏

j=1

(
1− yjn + qj − qjn(λn)

qj + yjn

)(qj+yjn)k

= exp
[(

1−
J∑

j=1

(qj + yjn)
)
k log

(
1 +

∑J
j=1(yjn + qj − qjn(λn))

1−
∑J

j=1(qj + yjn)

)

+

J∑
j=1

(qj + yjn)k log
(
1− yjn + qj − qjn(λn)

qj + yjn

)]
. (1.5)

Since yjn → 0 we can expand the RHS of (1.5) using log(1 + z) = z − z2/2 − · · ·

and log(1− z) = −z − z2/2− · · · for small z. The first order terms cancel and in the

exponent we’re left with

−k

2

( J∑
j=1

(yjn + qj − qjn(λn))
2

qj + yjn
+

(∑J
j=1(yjn + qj − qjn(λn))

)2
1−

∑J
j=1(qj + yjn)

)
. (1.6)

To proceed we want to estimate the qj − qjn(λn) term, and for this, noting (1.4),

we need to estimate Fj(λn) and
∑n

ℓ=1 Fℓ(λn). For the first, just note that

Fj(∞)− Fj(λn) =
α

j!

∫ ∞

λn

z−α−1e−zdz =
α

j!
o(n−α), as n → ∞. (1.7)

For the second, recall Eq. (2.7) and write

n∑
ℓ=1

Fℓ(λn) = α

n∑
ℓ=1

Γ(ℓ− α)

ℓ!
− α

n∑
ℓ=1

∫ ∞

λn

zℓ

ℓ!
z−α−1e−zdz. (1.8)

The first term on the RHS of (1.8) is

α
( ∞∑

ℓ=1

−
∑
ℓ>n

)∫ ∞

0

zℓ

ℓ!
z−α−1e−zdz

= α

∫ ∞

0

(1− e−z)z−α−1dz − α

∫ ∞

0

∑
ℓ>n

zℓ

ℓ!
z−α−1e−zdz (1.9)

Integrating by parts, we see that the first term on the RHS of (1.9) equals Γ(1 − α).

The second term equals

n−α

∫ ∞

0

∑
ℓ>n

(nz)ℓ

ℓ!
αz−α−1e−nzdz = n−α

∫ ∞

0

P
(Poisson(nz)

nz
>

1

z

)
αz−α−1dz,
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with “Poisson(·)” denoting a Poisson rv with the indicated mean. Noting that, by

Markov’s inequality, P
(
Poisson(nz) > n

)
≤ nz/n = z, we can apply dominated

convergence and the weak law of large numbers to see that

lim
n→∞

∫ 1

0

P
(Poisson(nz)

nz
>

1

z

)
αz−α−1dz = 0, (1.10)

and similarly

lim
n→∞

∫ ∞

1

P
(Poisson(nz)

nz
>

1

z

)
αz−α−1dz =

∫ ∞

1

αz−α−1dz = 1.

It follows that

α
∑
ℓ>n

Γ(ℓ− α)

ℓ!
= n−α + o(n−α), (1.11)

and consequently

α

n∑
ℓ=1

Γ(ℓ− α)

ℓ!
= Γ(1− α)− n−α + o(n−α). (1.12)

Returning to (1.8), we next estimate

α

n∑
ℓ=1

∫ ∞

λn

zℓ

ℓ!
z−α−1e−zdz = α

( ∞∑
ℓ=1

−
∑
ℓ>n

)∫ ∞

λn

zℓ

ℓ!
z−α−1e−zdz

=
α

nα

∫ ∞

λ

(1− e−nz)z−α−1dz − 1

nα

∫ ∞

λ

P
(Poisson(nz)

nz
>

1

z

)
αz−α−1dz.

The first term on the RHS here equals λ−αn−α−o(n−α). In the second term, whenever

λ < 1 the component of the integral over [λ, 1] is o(n−α) by (1.10), and the component

over [1,∞] is 1 + o(1), and when λ > 1, the integral equals λ−α + o(1). Thus this

second term is λ−αn−α1{λ>1} + n−α1{λ≤1} + o(n−α). Subtracting this from the first

term we obtain

α

n∑
ℓ=1

∫ ∞

λn

zℓ

ℓ!
z−α−1e−zdz = λ−αn−α1{λ≤1} − n−α1{λ≤1} + o(n−α),

and subtracting this from the RHS of (1.8), keeping in mind (1.12), we conclude

n∑
ℓ=1

Fℓ(λn) = Γ(1− α)− n−α − λ−αn−α1{λ≤1} + n−α1{λ≤1} + o(n−α)

= Γ(1− α)− n−α
(
λ−α ∨ 1

)
+ o(n−α). (1.13)

(1.7), (1.12) and (1.13) show that Fj(∞) − Fj(λn) and
∑n

ℓ=1 Fℓ(λn) −
∑∞

ℓ=1 Fℓ(∞)

=
∑n

ℓ=1 Fℓ(λn) − Γ(1 − α)/α are O(n−α) as n → ∞, and then, referring to (1.4),



Supplement to: Asymptotics of the Allele Frequency Spectrum 5

we can prove that qj − qjn(λn) = O(n−α). Using this, and recalling k = ⌊xnα⌋ and

yjn = yj/n
α/2, we see that (1.6) simplifies to

− 1

2
xnα

( 1

nα

J∑
j=1

y2j
qj

+
(
∑J

j=1 yj)
2

nα(1− q+)

)
+o(1) = −x

2

( J∑
j=1

y2j
qj

+
(
∑J

j=1 yj)
2

1− q+

)
+o(1). (1.14)

Let Q1 = 1, and when J ≥ 2, set Qj = (1−
∑J

i=1,i̸=j qi)
∏J

i=1,i̸=j qi, 2 ≤ j ≤ J . Let

Q =
∏J

j=1 qj , and let QJ be the J × J matrix whose inverse is

Q−1
J =

1

(1−
∑J

j=1 qj)
∏J

j=1 qj


Q1 Q · · · Q

Q Q2 · · · Q
...

...
. . .

...

Q Q · · · QJ

 . (1.15)

Then the RHS of (1.14) can be written in the form −xyTQ−1
J y/2, so the limit of the

LHS of (1.5) is exp(−xyTQ−1
J y/2), and thus (1.3) is asymptotic to

kr−J/2−1e−
x
2 yTQ−1

J y√
(2π)J(1−

∑J
j=1 qj)

∏J
j=1 qj

=
kr−J/2−1e−

x
2 yTQ−1

J y√
(2π)Jdet(QJ)

. (1.16)

In the Appendix to this Supplement, Lemma 2.1 verifies that QJ , the inverse of the

matrix Q−1
J in (1.15), is indeed the J ×J matrix with diagonal elements qi(1− qi) and

off-diagonal elements −qiqj , 1 ≤ i ̸= j ≤ J appearing in Eq. (3.2), and calculates its

determinant. So (24) is proved.

To prove (25): from (6) and
∫∞
0

(1− e−z)αz−α−1dz = Γ(1− α) we see that

Ψ(λn) = 1 + (λn)α
∫ λn

0

(1− e−z)αz−α−1dz

= 1 + (λn)αΓ(1− α)− (λn)α
∫ ∞

λn

(1− e−z)αz−α−1dz, (1.17)

in which, integrating by parts,

(λn)α
∫ ∞

λn

(1− e−z)αz−α−1dz = 1− e−λn + (λn)α
∫ ∞

λn

e−zz−αdz = 1 +O(e−λn).

So Ψ(λn) = (λn)αΓ(1− α) + o(n−α), and consequently

(λn)α

Ψ(λn)
=

1

Γ(1− α)
+ o(n−α). (1.18)

Combining (1.13) with (1.18) and recalling k = ⌊xnα⌋, we obtain( (λn)α

Ψ(λn)

n∑
ℓ=1

Fℓ(λn)
)k

=
(
1−

(
λ−α ∨ 1

)
/Γ(1− α)

nα
+ o(n−α)

)⌊xnα⌋
, (1.19)
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and this tends to e−x(λ−α∨1)/Γ(1−α), as n → ∞. So we have proved (25).

To prove (26), just use (1.18) to get

1

Γ(r)Ψ(λn)r
∼ 1

Γ(r)(λn)αrΓr(1− α)
. (1.20)

This leaves just the fourth factor to deal with. To prove (27) we modify the local

limit result obtained in [1], Prop. 3.1, where we dealt with a sequence (Xin) only

slightly different to (X
(J)
in ); namely, there we had P(X1n(λ) = j) = pjn(λ), 1 ≤ j ≤ n,

and pn(λ) = (pjn(λ))1≤j≤n, rather than the expressions in the paper, and with the

relevant summation being over 1 ≤ ℓ ≤ n rather than J + 1 ≤ ℓ ≤ n. We indicate just

the main modifications needed.

First, we claim Prop. 3.1 of [1] remains true if Xin(λn) therein is replaced by

X
(J)
in (λn), the denominator Γ(1−α) in Eq. (3.10) of [1] is replaced by Γ(1−α)

(
1−q+

)
,

and corresponding modifications are made in Eq. (3.11) and Eq. (3.12) of [1]. To check

this, note that pjn(λ) in the proof of Prop. 3.1 of [1] is replaced by p
(J)
jn (λ), so in Eq.

(3.10) of [1], once hn > 3, we need only replace the denominator by

n∑
j=J+1

Fj(λn) =

n∑
j=1

Fj(λn)−
J∑

j=1

Fj(λn)

= Γ(1− α)−
J∑

j=1

Γ(j − α)/j! + o(1) = Γ(1− α)
(
1− q+

)
+ o(1).

Here, note that lim→∞ Fj(λn) = αΓ(j − α)/j! = Γ(1 − α)qj by Eq. (7) and Eq.

(10), apply (1.13) and recall that q+ =
∑J

j=1 qj . The rest of the proof of Part (a) of

Prop. 3.1 of [1] remains the same so the only modification necessary is to replace the

denominator Γ(1− α) by Γ(1− α)(1− q+). Likewise the proofs of Part (b) and (c) of

the proposition remain valid after corresponding modifications.

We used these results in the proof of Prop. 3.2 of [1] to show that the limiting

distribution of n−1
∑⌊xnα⌋

i=1 Xin(λn) is an infinitely divisible distribution with charac-

teristic exponent πλ(dy) given by Eq. (2.7) of [1]. For the present situation, πλ(dy) is

modified to π
(J)
λ (dy) just by replacing the denominator Γ(1−α) in Eq. (2.7) of [1] with

Γ(1 − α)(1 − q+). Thus, letting ϕ
(J)
λn (ν) := E exp

(
iνX

(J)
1n (λn)

)
, ν ∈ R, and recalling

that k′ = k −m+ ∼ ⌊xnα(1− q+)⌋, we have

lim
n→∞

(
ϕ
(J)
λn (ν/n

′)
)k′

= lim
n→∞

E exp
( iν
n′

⌊xnα(1−q+)⌋∑
i=1

X
(J)
in (λn)

)
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= e−x(1−q+)
∫
R\{0}(e

iνy−1)Π
(J)
λ (dy)

= e−x
∫
R\{0}(e

iνy−1)Πλ(dy) = E(eiνYx(λ)).

Note that the factor of (1− q+) cancels and (27) follows as in [1]. This completes the

proof of Lemma 3.1. □

Lemma 2 With the substitutions k = ⌊xnα⌋, mj = ⌊qj + yj/n
α/2⌋k, k′ = k−m+, we

have the following limiting behaviour as n → ∞:

(k − 1)!(1− q+n)
k′

k′!
∏J

j=1 mj !

J∏
j=1

q
mj

jn ∼ (xnα)−J/2−1e−
x
2 yTQ−1

J y√
(2π)Jdet(QJ)

; (1.21)

lim
n→∞

( α

Γ(1− α)

n∑
ℓ=1

Γ(ℓ− α)

ℓ!

)⌊xnα⌋
= e−x/Γ(1−α); (1.22)

Γ(n)Γ(θ/α+ k)Γ(θ + 1)

αk′!Γ(θ/α+ 1)Γ(n+ θ)
∼ xθ/α(k − 1)!Γ(θ + 1)

αk′!Γ(θ/α+ 1)
; (1.23)

lim
n→∞

nP
( k′∑

i=1

X
(J)
in = n′

)
= fYx(1)(1). (1.24)

Proof of Lemma 2: As in the proof of Lemma 1 we let yjn = yj/n
α/2, hjn = qj+yjn,

replace mj by hjnk, and in (1.21) consider first the factor

(k − 1)!

k′!
∏J

j=1 mj !
=

(k − 1)!

((1− h+n)k)!
∏J

j=1(hjnk)!

∼ k−J/2−1√
(2π)J(1− h+n)

∏J
j=1 hjn

× 1

(1− h+n)(1−h+n)k
∏J

j=1 h
hjnk
jn

.

(see (1.1)). Multiply this by the q-terms in (1.21) (again we reinsert the λn argument)

to get

(k − 1)!

k′!
∏J

j=1 mj !
(1− q+n(λn))

k′
J∏

j=1

(qjn(λn))
mj

∼ k−J/2−1√
(2π)J(1− h+n)

∏J
j=1 hjn

(1− q+n(λn))

1− h+n

)(1−h+n)k
J∏

j=1

(qjn(λn)
hjn

)hjnk

.

Very similar working as in (1.5)–(1.16) then gives the asymptotic in (1.21) for this, and

similar working as in (1.12) and (1.19) proves (1.22).
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For (1.23) just note that

Γ(n)Γ(θ/α+ k)Γ(θ + 1)

αk′!Γ(θ/α+ 1)Γ(n+ θ)
∼ n−θkθ/α(k − 1)!Γ(θ + 1)

αk′!Γ(θ/α+ 1)
∼ xθ/α(k − 1)!Γ(θ + 1)

αk′!Γ(θ/α+ 1)
.

Finally in (1.24) is the factor involving the Xin. Using Fourier inversion as in Eq.

(5.13)

nP
( k′∑

i=1

X
(J)
in = n′

)
=

n

2πn′

∫ n′π

−n′π

e−iν
(
ϕ(J)
n (ν/n′)

)k′

dν, (1.25)

where ϕ
(J)
n (ν) := E

(
exp(iνX

(J)
1n )

)
, ν ∈ R. For this we have

ϕ(J)
n (ν/n) =

∑n
j=J+1 e

iνj/nΓ(j − α)/j!∑n
ℓ=J+1 Γ(ℓ− α)/ℓ!

=

∑n
j=1 e

iνj/nΓ(j − α)/j!−
∑J

j=1 e
iνj/nΓ(j − α)/j!∑n

ℓ=1 Γ(ℓ− α)/ℓ!−
∑J

ℓ=1 Γ(ℓ− α)/ℓ!
. (1.26)

(For notational simplicity, in (1.26) and what follows, we replace n′ by n, which is

irrelevant asymptotically.) In the numerator of (1.26) we can replace the exponentials

in the second summation by 1 +O(1/n), so that (1.26) becomes

ϕ(J)
n (ν/n) =

∑n
j=1 e

iνj/nΓ(j − α)/j!−
∑J

j=1 Γ(j − α)/j!∑n
ℓ=1 Γ(ℓ− α)/ℓ!−

∑J
ℓ=1 Γ(ℓ− α)/ℓ!

+O(1/n). (1.27)

We will next show that
n∑

j=1

eiνj/nΓ(j − α)

j!
=

Γ(1− α)

α
+ n−α

∫ 1

0

(eiνz − 1)z−α−1dz − n−α

α
+ o(n−α). (1.28)

To prove (1.28), first consider

∞∑
j=1

eiνj/nΓ(j − α)

j!
=

∫ ∞

0

∞∑
j=1

eiνj/nzj

j!
e−zz−α−1dz =

∫ ∞

0

(
eze

iν/n

− 1
)
e−zz−α−1dz

=

∫ ∞

0

(
ez − 1

)
e−zz−α−1dz +

∫ ∞

0

(
eze

iν/n

− ez
)
e−zz−α−1dz

=

∫ ∞

0

(
1− e−z)z−α−1dz + n−α

∫ ∞

0

(
enz(e

iν/n−1) − 1
)
z−α−1dz

= Γ(1− α)/α+ n−α

∫ ∞

0

(eiνz − 1)z−α−1dz + o(n−α). (1.29)

(We integrated by parts to get the first term on the RHS of (1.29).) Next, towards

(1.28), we show∑
j>n

eiνj/nΓ(j − α)

j!
=

n−α

α
+ n−α

∫ ∞

1

(eiνz − 1)z−α−1dz + o(n−α). (1.30)
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Write the LHS of (1.30) as∑
j>n

Γ(j − α)

j!
+

∑
j>n

(
eiνj/n − 1

)Γ(j − α)

j!
. (1.31)

The first term in (1.31) equals n−α/α + o(n−α), by (1.11). To deal with the second

term, define rvs Yn with

P (Yn = j) =
Γ(j − α)

j!
∑

ℓ>n Γ(ℓ− α)/ℓ!
, j > n, (1.32)

and note that Yn > n w.p.1. Take u > 1 and calculate

P (Yn/n ≤ u) = P (Yn ≤ nu) = P (n < Yn ≤ nu)

=
∑

n<j≤nu

Γ(j − α)

j!

/∑
j>n

Γ(j − α)

j!
= αnα(1 + o(1))

∑
n<j≤nu

Γ(j − α)

j!
, (1.33)

where we used (1.11) to estimate the denominator. Then note that

αnα
∑

n<j≤nu

Γ(j − α)

j!
= α

∫ ∞

0

∑
n<j≤nu

(nz)j

j!
e−nzz−α−1dz

= α

∫ ∞

0

P
(
n < Poisson(nz) ≤ nu

)
z−α−1dz. (1.34)

This expression equals∫ ∞

0

P
(n(1− z)√

nz
<

Poisson(nz)− nz√
nz

≤ n(u− z)√
nz

)
αz−α−1dz,

and when 0 < z < 1, P (Poisson(nz) > n) ≤ z, so we can apply dominated convergence

to see that the last expression converges to∫ ∞

0

P
(
−∞ < N(0, 1) < ∞)1{1<z≤u}αz

−α−1dz = 1− u−α. (1.35)

Consequently Yn/n
D−→ Y , where P (Y ≤ u) = (1− u−α)1{u>1} and so

E
(
eiνYn/n − 1

)
→

∫ ∞

1

eiνuαu−α−1du− 1 =

∫ ∞

1

(
eiνu − 1

)
αu−α−1du. (1.36)

Hence we have for the second term in (1.31)∑
j>n

(
eiνj/n − 1

)Γ(j − α)

j!
=

n−α

α

(
1 + E

(
eiνYn/n − 1

))
+ o(n−α)
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=
n−α

α
+ n−α

∫ ∞

1

(
eiνz − 1

)
z−α−1dz + o(n−α), (1.37)

proving (1.30). Subtracting (1.30) from (1.29) gives gives (1.28).

Taking account of (1.29) we can write (1.27) as

ϕ(J)
n (ν/n)

=
Γ(1− α)/α+ n−α

∫ 1

0
(eiνz − 1)z−α−1dz − n−α/α−

∑J
j=1 Γ(j − α)/j!

Γ(1− α)/α− n−α/α−
∑J

ℓ=1 Γ(ℓ− α)/ℓ!
+ o(n−α)

= 1 +
n−α

∫ 1

0
(eiνz − 1)z−α−1dz

Γ(1− α)/α− n−α/α−
∑J

ℓ=1 Γ(ℓ− α)/ℓ!
+ o(n−α), (1.38)

where we obtained the denominator by putting ν = 0 in (1.27). The denominator in

(1.38) is

Γ(1− α)/α− n−α/α−
J∑

ℓ=1

Γ(ℓ− α)/ℓ! + o(n−α)

= Γ(1− α)(1− q+)/α− n−α/α+ o(n−α), (1.39)

and so we obtain

ϕ(J)
n (ν/n) = 1 +

∫ 1

0
(eiνz − 1)αz−α−1dz/Γ(1− α)

nα(1− q+)− 1/Γ(1− α)
+ o(n−α). (1.40)

Raised to power k′ = k −m+ ∼ xnα(1− q+), this converges to

x

∫ 1

0

(eiνz − 1)αz−α−1dz/Γ(1− α).

Note that again the factor 1− q+ cancels, and it follows as in [1] that

lim
n→∞

nP
( k′∑

i=1

X
(J)
in = n′

)
= fYx(1)(1). (1.41)

This completes the proof of Lemma 4.1. □

2. Appendix: Inverse of QJ

Lemma 2.1. The matrix QJ defined as the inverse of the matrix Q−1
J in (1.15)

has diagonal elements qi(1 − qi), off-diagonal elements −qiqj, 1 ≤ i ̸= j ≤ J , and

determinant (
1−

J∑
j=1

qj
) J∏
j=1

qj .
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Proof of Lemma 2.1: For the inverse, we refer to [2]. Take the matrix P in their

notation to be our matrixQJ (so their vector p is our (q1, . . . , qJ)). Let a = 1−
∑J

j=1 qj

and recall Q =
∏J

j=1 qj . Then by Eq. (21) of [2] (note J < n, so Q−1
J exists)

Q−1
J = diag

( 1

q1
, . . . ,

1

qJ

)
+

1

1−
∑J

j=1 qj
11T = diag

( 1

q1
, . . . ,

1

qJ

)
+

1

a
11T,

where 1 is a J-vector of 1s. The diagonal elements of the matrix on the RHS are

1

qj
+

1

a
=

a+ qj
qja

=
(1−

∑J
i=1,i̸=j qi)

∏J
i=1,i̸=j qi

aQ
=

Qj

aQ
.

The off-diagonal elements of the matrix are 1/a = Q/(aQ). This verifies that the

matrix in (1.15) is indeed the inverse of the matrix QJ in Theorem 3.1.

The determinant can be obtained by modifying the calculations in [2], or directly as

follows. Denote by A the J × J matrix in (1.15) (without the premultiplying factor),

let D = diag(Q1 −Q, . . . , QJ −Q) and let adj(D) be the adjugate matrix of D. Then

A = D+Q11T and by the Sherman-Morrison formula

det(A) = det(D) +Q1Tadj(D)1 =

J∏
j=1

(Qj −Q) + Q

J∑
i=1

∏
j̸=i

(Qj −Q).

Note that

Qi =
(
1−

∑
1≤j≤J,j ̸=i

qj
) ∏
1≤j≤J,j ̸=i

qj =
(a+ qi)Q

qi
,

so Qi −Q = aQ/qi. Hence

J∏
j=1

(Qj −Q) +Q

J∑
i=1

∏
j ̸=i

(Qj −Q) =

J∏
j=1

(Qj −Q)
(
1 +Q

J∑
i=1

qi
aQ

)
=

J∏
j=1

(Qj −Q)
(
1 +Q

1− a

aQ

)
=

1

a

J∏
j=1

aQ

qj
=

aJQJ

aQ
= aJ−1QJ−1.

Taking into account the premultiplying factor in (1.15) gives a−1Q−1 for the determi-

nant of the matrix in (1.15), hence aQ =
(
1−

∑J
j=1 qj

)∏J
j=1 qj as the determinant of

Q. □
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