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2 S. BHULAI ET AL.

The following definitions are frequently used in the Supplementary Material:

TPy = TPy, (B1)
FPy = Py — TPy, (B2)
FNy = P — TPy, (B3)
TNy = N — Py + TPy. (B4)

X()(a,b) :=a- TPy + b witha, b € R,
fx, (a, b) := probability distribution of Xy (a, b).

E[Xg (a,b)] =a-E[TPg]+b=a- LM - 6]

P +b. (1)

D(TPg) :={i € Ny : max{0, |M - 0] — (M — P)} <i <min{P, |[M - 0]}},
R(XH (a, b)) = {Cl i+ b}iGD(TPQ) . (R)
» An overview of the entire Supplementary Material can be viewed in Table 1.

TABLE 1: Overview of the Supplementary Material: Each measure is discussed in the
corresponding section in the Supplementary Material

Measure TP TN FN FP TPR TNR FNR FPR PPV NPV FDR FOR
Section 1 2 3 4 5 6 7 8 9 10 11 12

Measure Fs J MK Acc BAcc MCC « FM G? PT TS
Section 13 14 15 16 17 18 19 20 21 22 23

18 1. Number of True Positives

v The number of True Positives TPy is one of the four base measures. This measure
» indicates how many of the predicted positive observations are actually positive. Under
2 the DD methodology, each evaluation measure can be written in terms of TPy.

22 1.1. Definition and distribution

Since we want to formulate each measure in terms of TPy, we have for TPy:

B1
TPy ‘2’ X, (1,0) ~ fx, (1,0).

The range of this base measure depends on 6. Therefore, Eq. (R) yields the range of
this measure:
TPy € R(X() (1, 0)) .
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Supplementary Material: The Dutch Draw 3

1.2. Expectation
The expectation of TPy using the DD is given by

E[TPy] = E[X, (1,0 L L]

-P=0"-P. )

1.3. Optimal baselines

The optimal expectation gives the DD baseline. Eq. (2) shows that the expected value
depends on the parameter 6. Therefore, either the minimum or maximum of the
expectation yields the baseline. They are given by

M-0
min (E[TPy]) = P- min (l' -|> =0,
0€[0,1] 0€[0,1] M

M -0
max (E[TPg]) = P- max (l' 1) =P.
0¢€[0,1] 0¢[0,1] M

The values of 8 € [0, 1] that minimize or maximize the expected value are 6, and
Omax» respectively, and are defined as

M-0 1
Omin € arg min (E[TPy]) = arg min (L -|> = [0, _> ,
0€[0,1] 0€[0,1] M 2M

M -6 1
Omax € argmax (E[TPy]) = arg max <|' -l) = [1 - —, 1] .
0e[0,1] 0¢c[0,1] M

€ O are determined by

Equivalently, the discrete optimizers 6 . € ©* and 0,

Oin € argmin {E[TPy-]} = argmin {6"} = {0},

6*cO* 0*cO*
0 .« € argmax {E[TPy-]} = argmax {6"} = {1}.
6*cO* 6*cO*

2. Number of True Negatives

The number of True Negatives TNg is also one of the four base measures. This
base measure counts the number of negative predicted instances that are actually
negative.

2.1. Definition and distribution

Since we want to formulate each measure in terms of TPy, we have for TNy:
TNyg=M—-P - LMH_] + TPy,
which corresponds to Eq. (B4). Furthermore,

TNy ‘2" Xo (1M P~ |M - 61) ~ fx, (1,M P~ |M - 6]),

and for its range

TNy © R(Xy (LM =P —|M-607).
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4 S. BHULAI ET AL.

2.2. Expectation

TNy is linear in TPy with slope a = 1 and intercept b = M — P — | M - 8], so its
expectation is given by

E[TNg] = E[Xy (I, M — P — [M -] 2 1 -E[TPy] + M — P — | M - 0]

_ LMQ-l _ _p* _
_(1— = )(M—P)_(l 0"y (M - P).

2.3. Optimal baselines

To determine the range of the expectation of TNy and obtain baselines, its extreme
values are calculated:

=0,

. . LM - 6]
E[TNg])= (M - P 1-
92?%}}”( [TNg]) = ( )92?3{11]( i

M -0
max (E[TNg]) = (M — P) max (1 - u) =M-P.
0€[0,1] 0€[0,1] M

The associated optimization values 6pi, € [0, 1] and Oax € [0, 1] are

M -0 1
Omin € argmin (E[TNy]) = arg min (1 _ g) — [1 - 1} ’
6€[0,1] 0€[0,1] M 2M

LM -6 1
Omax € argmax (E[TNy]) = arg max <1 - =(0,— ).
T ee0] 0cl0,1] M M

The discrete equivalents 6° . € ©" and 60;,,, € O are then determined by

Orin € arg min {E[TNp-]} = argmin {1 - 6"} = {1},
0*cO* 0* c@®*

6. € argmax {E[TNg-]} = arg max {1 — 6"} = {0}.
G*c®* 0*cO*

3. Number of False Negatives

The number of False Negative FN g is one of the four base measures. This base measure
counts the number of mistakes made by predicting instances negative while the actual
labels are positive.

3.1. Definition and distribution

Eq. (B3) shows that FNy can be expressed in terms of TPg:

FNg ©' P — TPy = Xo (-1, P) ~ fx, (-1, P),

and for its range:

(R)
FNy € R(Xg (—1,P)) .
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3.2. Expectation
As Eq. (B3) shows, FNy is linear in TPy with slope a = —1 and intercept b = P
Hence, the expectation of FNy is given by

6h) LM - 6]

= —1-E[TPy] + P = (1—

E[FNg] = E[Xg (-1, P)] ) P=(1-6")-P.
3.3. Optimal baselines

The range of the expectation of FNy determines the baselines. The extreme values are
given by

LM - 6]
E[FNg]) = P - - -0
oin, (EIFNa 1) 2}5“1]< M ’

M-0
max (E[FNgy]) =P - max <1 - L ]> =P.
0€[0.1] 0€[0,1] M

The associated optimization values 6, € [0, 1] and O« € [0, 1] are then

. ) [ M - 6] 1
Omin € argmin (E[FNg]) = arg min (1 - =1-—1{,
o 6¢€[0,1] 0e[0,1] M 2M

M -0 1
Omax € argmax (E[FNy]) = arg max (1 L ]> = [(), _> ,
6¢€[0,1] 0€[0,1] M 2M

respectively. The discrete versions 6° . € ©" and 6

ax € ©F of the optimizers are as
follows:

g: . € argmin {E[FNg-]} = argmin {1 - 6"} = {1},

67O 6*c0*
Qmax € arg max {E[FNH ]} =arg max{l - 9*} = {()}
0*€O* 9*c®*

4. Number of False Positives

The number of False Positives FP is one of the four base measures. This base measure
counts the number of mistakes made by predicting instances as positive while the actual
labels are negative.

4.1. Definition and distribution

Each base measure can be expressed in terms of TPy, thus we have for FPg:

FPg ‘' [M - 0] ~TPy = Xo (~1, LM - 01) ~ fx, (-1, 1M - 61,

and for its range:

(R)
FPy € R(Xg(—1,|M-6Y])).
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6 S. BHULAI ET AL.

4.2. Expectation

As Eq. (B2) shows, FPy is linear in TPy with slope a = —1 and intercept b = | M - 8],
thus the expectation of FPy is defined as

E[FPg] = E[Xg (-1, M - 9])] Sy E[TPg] + M - 0] =

LM - 6]
v M-P)

=0"-(M-P).

4.3. Optimal baselines
The extreme values of its expectation give the baselines of FPy. Hence:

[M-07\
min (E[FPy]) = (M - P)g‘e‘%é“u< M >_O’

[M-67Y\
gren[a(l)x (E[FPgy]) = (M — P)Hlen[%xl]< i )-M—P.

The corresponding optimization values 6pi, € [0, 1] and Opax € [0, 1] are

M -0 1
Omin € argmin (E[FPy]) = arg min (L ]> = lO, —) ,
0¢c[0,1] 0¢c[0,1] M M

M-0 1
Omax € argmax (E[FPg]) = arg max (I‘ ]> [l - 1} .
0e[0.1] 0e[0.1] oM

The discrete versions anin € O and 67

max € O of the optimization values are

determined by
0., € arg min {E[FPy-]} = argmin {6"} = {0},
0*c®* 0*cO*
Ok € argmax {E[FPgy-]} = argmax {6"} = {1}.
6*cO* 0*cO*

5. True Positive Rate

The True Positive Rate TPRy, Recall, or Sensitivity is the performance measure that
presents the fraction of positive observations that are correctly predicted. This makes
it a fundamental performance measure in binary classification.

5.1. Definition and distribution

The True Positive Rate is commonly defined as

TP
TPRy = P9 3)

Hence, P > 0 should hold, otherwise, the denominator is zero. Now, TPRy is linear
in TPy and can therefore be written as

1 1
TPRy = Xy <;,0> ~ Iy <;,0> , 4
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and for its range:

5.2. Expectation

Since TPRy is linear in TPy with slope a = 1/P and intercept b = 0, its expectation
is

E[TPR] =E[X9 <%,0>] o % CB[TPy] +0 = LM 01 _ g

5.3. Optimal baselines

The range of the expectation of TPRy directly determines the baselines. The extreme
values are given by

M -0
min (E[TPRgy]) = min < L 1 ) =0,
0€[0,1] 0€[0,1] M

M -0
max (E[TPRy]) = max <L ]> =1.
0¢e[0,1] 6€[0,1] M

Furthermore, the corresponding optimization values O, € [0, 1] and Opax € [0, 1]
are given by

M -6 1
Omin € arg min (E[TPRy]) = arg min (L ]> = [0, —> ,
0c[0,1] 0c[0,1] M M

M -0 1
Omax € argmax (E[TPRg]) = arg max (l' ]> = [1 - =, 1] .
0<[0.1] 0e[0.1] M

The discrete versions Ql*nin € ®" and 67

ax € ©F of the optimizers are then

Ornin € argmin {E[TPRy-]} = argmin {6} = {0},

0*e®* 0*cO*
Orax € argmax {E[TPRy-]} = argmax {6"} = {1},
6*cO* 0*cO*

respectively.

6. True Negative Rate

The True Negative Rate TNRy, Specificity, or Selectivity is the measure that shows
how relatively well the negative observations are correctly predicted. Hence, this
performance measure is a fundamental measure in binary classification.
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6.1. Definition and distribution

The True Negative Rate is commonly defined as

TN
TNRy = —2.
N
Hence, N := M — P > 0 should hold, otherwise, the denominator is zero. By using
Eq. (B4), TNRy can be rewritten as
M~—-P—|M-0]+TPy _q M- 0] —-TPy
M-P B M-P

Hence, it is linear in TPy and can therefore be written as

~ 1 M - 6] 1 LM - 6]
TNRg = Xq (M—P’l_ M—P> ~ X <M—P’1_ M—P)’ ©)

TNRy =

and for its range:

INRy B R (x, (11— L0
M-P M-P

6.2. Expectation

Since TNRy is linear in TPy in terms of Xy (a, b) with slope @ = 1/(M — P) and
intercept b = 1 — | M - 6]/(M — P), its expectation is

_ 1 IM-01\|@ 1 M - 6]
E[TNR@]—E[XQ (M—P’l_ M_P” = o —p ElTPl+1-——
S ]
M

6.3. Optimal baselines

The extreme values of the expectation of TNR g determine the baselines. The range is
given by

. . M - 0]
E[TNRy]) = 1- =0,
agﬁ)r,ll]( [ oD a?&]( M

M -0
max (E[TNRy]) = max <1 - ! ]> =1.
0¢[0,1] 0¢€[0,1] M

Moreover, the optimization values 6pnin € [0, 1] and 0,0 € [0, 1] corresponding to
the extreme values are defined as

M-0 1
Omin € arg min (E[TNRy]) = arg min (1_ ! ]> — [1__’1],
0¢€[0,1] 0€[0,1] M 2M

M -6 1
Omax € argmax (E[TNRy]) = arg max (1 - L -|> = [0, —) ,
0¢c[0,1] 0¢c[0,1] M M
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Supplementary Material: The Dutch Draw 9

respectively. The discrete versions 67 . € ©" and 6y, € ©" of the optimizers are
given by

0> . € argmin {E[TNRy-]} = argmin {1 — 8"} = {1},

min 6*cO* 0*cO*
0.« € argmax {E[TNRy-]} = argmax {1 — 6"} = {0}.
0*cO* 6*cO*

7. False Negative Rate

The False Negative Rate FNR g or Miss Rate is the performance measure that indicates
the relative number of incorrectly predicted positive observations. Therefore, it can
be seen as the counterpart to the True Positive Rate discussed in Sec. 5.
7.1. Definition and distribution
The False Negative Rate is commonly defined as

FNy

FNRy = —.
P

Hence, P > 0 should hold, otherwise, the denominator is zero. With the aid of

Eq. (B3), FNRy can be reformulated to
P-TP TP
FNRy = A p——
P P
Thus, it is linear in TPy and can therefore be written as

1 1
FNRy=Xg | ——=,1) ~ -—, 1],
(R) 1
FNRy € R <X9 <—;, 1>) .

Because FNRy is linear in TPy with slope a = —1/P and intercept b = 1, its expectation
is

and for its range:

7.2. Expectation

E[FNR] ZE[Xe)( 1 >} (é)_%.E[TP9]+1:1— LM 61 _

——.1 1-06".
P

7.3. Optimal baselines

The range of the expectation of FNRy determines the baselines. The extreme values
are given by:

M-8
min (E[FNRg]) = min <1 - L -|) =0,
0€[0,1] 0€[0,1]

M-6
max (E[FNRy]) = max (1 - L 1) =
0¢[0,1] 0€[0,1]
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Furthermore, the optimizers O, € [0, 1] and Opax € [0, 1] for the extreme values are
as follows:

M-0 1
Omin € arg min (E[FNRy]) = arg min (1 - L ]> = [1 -, 1} ,
6€[0,1] 0€[0,1] M 2M

M - 0] 1
Omax € arg max (E[FNRg]) = arg max <1 - =(0,— ),
T eeo] 0cl0,1] M M

*

respectively. The discrete versions 67 . € ©* and 0;,, € ©" of the optimization values
are then:

0% . € argmin {E[FNRy:]} = argmin {1 — 6*} = {1},

min o cor i
Orax € argmax {E[FNR-]} = argmax {1 — 6"} = {0}.
ECH 6o

8. False Positive Rate

The False Positive Rate FPRy or Fall-out is the performance measure that shows the
fraction of incorrectly predicted negative observations. Hence, it can be seen as the
counterpart to the True Negative Rate that is introduced in Sec. 6.

8.1. Definition and distribution

The False Positive Rate is commonly defined as

FPy
FPRQ = T .

Hence, N := M — P should hold, otherwise, the denominator is zero. By using

Eq. (B2), FPRy can be restated as

M -68]—-TPy
M-P '

Note that it is linear in TPy and can therefore be written as

FPR9:X9<_ 1 LM-H})NfXg<_ 1 |_M-9]>’

FPR, = (©)

M-P M-P M-P M-P
with range:
®) 1 | M - 0]
FPR Xo | — , .
o €R< 9( M-P M—P)>

8.2. Expectation
Since FPRy is linear in TPy with slope a = —1/(M — P) and intercept b = | M -
01/(M — P), its expectation is given by

1 LM-H])]() 1 LM -] _ M-0] _

E[FPRy| =E | X, ( - “E[TP -
[FPR] [0<M—P’M—P m—p PPl =
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Supplementary Material: The Dutch Draw 11

8.3. Optimal baselines

The extreme values of the expectation of FPRy determine the baselines. The range is
given by

min (E[FPRg]) = min < =0,
0€[0,1]

0€[0,1]

LM - 6]
i)

M-0
max (E[FPRy]) = max <|‘ ]> =1.
0¢[0,1] 0€[0,1] M

Moreover, the optimizers Oy € [0, 1] and 0, € [0, 1] for the extreme values are
determined by

. . (M-8 1
Omin € arg min (E[FPRy]) = arg min ( =10, — |,
M a0 0<[0.1] M M

B

M -0 1
O max Eargmax(E[FPRg])zargmax(l‘ -|> = [1 -—1
0e[0,1] 0c[0,1] M

*

rax € ©F of these are then

respectively. The discrete forms 6° . € ©" and 0

Orin € arg min {E[FNR.]} = argmin {6"} = {0},

0*c®* 0*cO*
0. € argmax {E[FNRy-|} = argmax {6} = {1}.
0*cO* 0*cO*

9. Positive Predictive Value

The Positive Predictive Value PPV or Precision is the performance measure that
considers the fraction of all positively predicted observations that are, in fact, positive.
Therefore, it provides an indication of how cautious the model is in assigning positive
predictions. A large value means the model is cautious in predicting observations as
positive, while a small value means the opposite.
9.1. Definition and distribution
The Positive Predictive Value is commonly defined as
TPy

TP@ + FPg '
By using Eq. (B1) and (B2), this definition can be reformulated to

TPy
LM - 61

PPVy = @)

PPVy =

Note that this performance measure is only defined whenever | M - 8] > 0, otherwise
the denominator is zero. Therefore, we assume specifically for PPV that 6 > ﬁ
The definition of PPV is linear in TPy and can thus be formulated as

1 1
oo =0 (g g70) ~ o (G 70): ©
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o o |_M * 9-| ’ ’

Because PPVy is linear in TPy with slope a = 1/| M - 6] and intercept b = 0, its
expectation is

9.2. Expectation

_ 1 o_ 1 _ P
E[PPVQ]_E[XQ <|_M-9]’0>} = 07 7 E[TPy] +0= —.

9.3. Optimal baselines
The baselines are determined by the extreme values of the expectation of PPV y:

P

i E[PPVy]) = —,
96[1%511}4),1]([ oD M
P

E[PPVy]) = —,
ee[m%n,]]( [ oD M

because the expectation does not depend on 6. Hence, the optimization values 6,

and O« are simply all allowed values for 6:

1
Omin = Omax € [ﬁ’ 1} .

*

Consequently, the discrete versions 6 . and 6y,

all allowed discrete values:

of these optimizers are in the set of

=0

*
9 max

min

€ ©"\ {0}.

10. Negative Predictive Value

The Negative Predictive Value NPV is the performance measure that indicates the
fraction of all negatively predicted observations that are, in fact, negative. Hence,
it shows how cautious the model is in assigning negative predictions. A large value
means the model is cautious in predicting observations negatively, while a small value
means the opposite.

10.1. Definition and distribution

The Negative Predictive Value is commonly defined as
TNy
TNy +FNg’
With the help of Eq. (B3) and (B4), this definition can be rewritten as
P —TPy
M- |M-0]

NPV, =

NPVy=1-
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Note that this performance measure is only defined whenever | M - 8] < M, otherwise
the denominator is zero. Therefore, we assume specifically for NPV that 6 < 1 - ﬁ
The definition of NPV is linear in TPy and can thus be formulated as

NPV, = X ! 1 P ! 1 P
0~ Q(M—LM-H]’ _M—|_M-9'|>~fX"<M—LM-9'|’ _M—LM-G])’
&)

with range:

(R) 1 P
Yo © R<X9 <M—LM-9T1_M—LM-91>>'

9 10.2. Expectation

Since NPVy is linear in TPy with slope a = 1/(M — |[M - 6]) and intercept b =
1-P/(M - | M - 6)), its expectation is given by

1 P
NPVl =2 | (=g 1 =)

) 1 P P

Tl 'E[TP"]”_—M—LM-Q] =1-

—

10 10.3. Optimal baselines

The extreme values of the expectation of NPV, determine the baselines. They are
given by

P
i E[NPVy])=1- —,
QE[O,EIII}(ZM))( [ oD M
P
E[NPVy]) =1- —,
ee[O,Iln—al)/((ZM))( [ oD M

because the expectation does not depend on 8. Consequently, the optimization values
Omin and O« are all allowed values for 6:

1
Omin = Omax € [0, 1- w) .

This also means the discrete forms ¢ . and 6, of the optimizers are in the set of all
allowed discrete values:

Q:nin = Ofnax €0 \ {1}
101 11. False Discovery Rate

w2 The False Discovery Rate FDRy is the performance measure that looks at the fraction
ws Of positively predicted observations that are actually negative. Therefore, it can be
s Seen as the counterpart to the Positive Predictive Value that we discuss in Sec. 9.
s Consequently, a small value means the model is cautious in predicting observations as
1s positive, while a large value means the opposite.
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11.1. Definition and distribution

The False Discovery Rate is commonly defined as

FP
FDR) = ———2— =1 - PPV,,.
TPy + FPy
With the help of Eq. (8), this definition can be rewritten as
TPy
M- 61

FDRy =1

Note that this performance measure is only defined whenever | M - 8] > 0, otherwise
the denominator is zero. Therefore, we assume specifically for FDRy that 8 > ﬁ
The definition of FDRy is linear in TPy and can thus be formulated as

1 1
FDRQ = Xg <—m, 1) ~ er <_W, 1) ’

|_M * 6" ’ ’

Since FDRy is linear in TPy with slope a = —1/| M - 6] and intercept b = 1, its
expectation is given by

with range:

E[FDRg]z]E[X,g(— ! 1)]2— ! -E[TP9]+1=1—%.

M- 6] LM - 0]

11.3. Optimal baselines

The extreme values of the expectation of FDRy determine the baselines. Its range is
given by

P

i E[FDRg])=1- —,
ae(1r/r(%rz\l4),1]( [ oD M
P

max E[FDRy])=1- —,
06(1/(2M),1]( [ oD M

because the expectation does not depend on 8. Consequently, the optimization values
Omin and O« are all allowed values for 6:

1
Omin = Omax € (w, 1} .

*ax Of the optimizers are in the set of all

This also means the discrete forms anin and 6
allowed discrete values:
0*

min

=95 €0\ {0}
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12. False Omission Rate

The False Omission Rate FOR ¢ is the performance measure that considers the fraction
of observations that are predicted negative but are in fact positive. Hence, it can
be seen as the counterpart to the Negative Predictive Value introduced in Sec. 10.
Consequently, a small value means the model is cautious in negatively predicting
observations, while a large value means the opposite.

12.1. Definition and distribution
The False Omission Rate is commonly defined as

FNy
FORy = ——.
"~ TNy + FNy
With the aid of Eq. (B3), this can be reformulated to
P-TP
FORg= ——
M- |M-0]

Note that this performance measure is only defined whenever | M - 8] < M, otherwise
the denominator is zero. Therefore, we assume specifically for FORg that 6 < 1 - ﬁ
Now, FORy is linear in TPy and can therefore be written as

1 P 1 P
FORo = Xo <_M—LM-9TM—LM-9]) " <_M—LM-91’M—LM~91>’

with range:

(R) 1 P
FORo € R<X9 <_M—LM-91’M—LM-91>>'

12.2. Expectation

Because FORy is linear in TPy with slope a = —1/(M — |[M - 6]) and intercept
b=P/(M—|M -80)), its expectation is

1
E[FORQ]:E[XB <_M—LM-91’M—SW-91>]
QL 1 E[TP P _F
R R vy v

12.3. Optimal baselines

The range of the expectation of FORy determines the baselines. The extreme values
are defined as

min (E[FORy]) =
0€[0,1-1/(2M))

B

max (E[FORy]) =
0e[0,1-1/(2M))

’

v X~
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because the expectation does not depend on 8. Consequently, the optimization values
Omin and 6.« are all allowed values for 6:

1
Qmin = Omax € [07 1- ﬁ) .

This also means the discrete forms ¢ . and 6,,, of the optimizers are in the set of all
allowed discrete values:

9*

min

= Opax € O°\ {1}.
13. Fg score

The Fp score F(éB) was introduced by Chinchor (1992). It is the weighted harmonic
average between the True Positive Rate (TPRy) and the Positive Predictive Value
(PPVy). These two performance measures are discussed extensively in Sec. 5 and 9.
The Fjg score balances predicting the actual positive observations correctly (TPRg)
and being cautious in predicting observations as positive (PPVy). The factor § > 0
indicates how much more TPRy is weighted compared to PPV .

13.1. Definition and distribution

The Fg score is commonly defined as

1+

D B
PPVg TPRy

B) _
F, =

By using the definitions of TPRy and PPV in Eq. (3) and (7), F(gﬁ) can be formulated
in terms of the base measures:

FB _ (1+5%) - TPy
0  B2.P+TPy+FPy

Eq. (B1) and (B2) allow us to write the formulation above in terms of only TPy:

6 _ (1+p%) TPy
o  B2.P+|M-0]

Note that P > 0 and | M - 8] > 0, otherwise TPRy or PPV is not defined, and hence,
F(f) is not defined. Now, F(Hﬁ) is linear in TPy and can be formulated as

®B) _ 1+ﬁ2
%= ()

with range:

B ® 1+ 2 >)
FH ER(XH(IB—Z-P+|_M-9-|’O .
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13.2. Expectation

Because F((;B) is linear in TPy with slope a = (1 + 8%)/(B8*P + | M - 6]) and intercept
b = 0, its expectation is given by

2 2
1+8 o)] O__1+5 E[TPy] +0

B _ L
E[Fg]—E[Xg(IB—Z.P_‘_LM.Q], ey rairen
[ M-01-P-(1+5%)
S M-(B2-P+|M-6])
_(1+pH-P-0o
CB2-P+M-0*

(10)

13.3. Optimal baselines

To determine the extreme values of the expectation of F(f), and therefore the baselines,
the derivative of the function f : [0, 1] — [0, 1] defined as

(1+8%-P-t
@) = 2'3—
B2-P+M-t

is calculated. First note that E[F(gﬂ) |1 = f(IM-0]1/M). The derivative is given by

df@ _ p+p>- P
dt (B2 -P+M-1)*

It is strictly positive for all ¢ in its domain; thus, f is strictly increasing in ¢. This means
E[F(ég) ] given in Eq. (10) is non-decreasing in both 6 and 6*. This is because the term
LM - 8]/M is non-decreasing in §. Hence, the extreme values of the expectation of
F® are its border values:

0
min (E[F]) = min <<1+/3> P-IM 91>: (1+f)-P
O€[1/Q2M),1] 4 oe[1/em) 1] \ M(B?- P+ | M -0)]) M@ P+

1+8%-P-|M-0 1+8%)-P
max (EF?]): max 1+89) L 1 _d+8) .
0e[1/2M),1] oe[1/eM), 1] \ M(B%-P+|M -6]) B2-P+M

Consequently, the optimization values O, and 8p,« for the extreme values are given
by

Omin € arg min (E[F(Hﬁ)]) — argmin <2L—1> I
0e[1/2M),1] oc[1/em),1] \B* - P+|M - 6] [mm)

gmax € argmax (E[F(ég)]> = argmax <2|-—-|> — [2 ] | 1
0el1/@M),1] gelljem,1] \B? - P+|M - 0] [1-51] ifM>1,
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respectively. Following this reasoning, the discrete forms 6°. and 6y, are given
by
0" 1
0. € argmin {E[F(’B*)]} = argmin {—} = {—},
e 0 €0*\{0} 0 6* €0\ {0} BZ-P+M-6* M
9*
0> . € argmax {E[F('E?]} = arg max {—} ={1}.
T gecon\ {0} 0 grconfoy \B2-P+M 60"

14. Youden’s J Statistic

The Youden’s J Statistic Jg, Youden’s Index, or (Bookmaker) Informedness was intro-
duced by Youden (1950) to capture the performance of a diagnostic test as a single
statistic. It incorporates both the True Positive and True Negative rates, discussed in
Sec. 5 and 6, respectively. Youden’s J Statistic shows how well the model can correctly
predict both the positive as well as the negative observations.

14.1. Definition and distribution

The Youden’s J Statistic is commonly defined as
Jo =TPRy + TNRy — 1.

By using Eq. (4) and (5), which provide the definitions of TPRy and TNRy in terms
of TPy, the definition of J4 can be reformulated as

_ M -TPg—P-|M-6]

To P (M —P)

Because TPRy needs P > 0, and TNRy needs N > 0, we have both these assumptions
for Jg. Consequently, M > 1. Now, Jg4 is linear in TPy and can therefore be written

as
I, =X M LM - 6] M M - 6]
o=Xo\pa—py m-p) P \par-py M-pP)

with range:

(®) M LM - 6]
lo € R(Xg (P(M—P)’_M—P>)'

14.2. Expectation

Since Jg is linear in TPy with slope a = M /(P (M — P)) and intercept b = —| M -
01/(M — P), its expectation is given by

0.

_ M IM-01\|lowy M M -6]
E[Je]_E[XQ(P(M—P)’_M—P)] par—p SRl = —p =
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14.3. Optimal baselines
The extreme values of the expectation of J¢ determine the baselines. They are given
by

in (E[Jg]) =0,
agfg,ll]( [JoD)

E[Jg]) =0,
gren[%ﬁ]( oD

because the expected value does not depend on #. Consequently, the optimization
values 6yi, and O« can be any value in the domain of 6:
Omin = Omax € [O’ 1]-

*

This also holds for the discrete forms 6” . and 6},

0. =0 €O

min max

of the optimizers:

15. Markedness

The Markedness MKy or deltaP is a performance measure mostly used in linguistics
and social sciences. It combines both the Positive Predictive Value and the Negative
Predictive Value. These two measures are discussed in Sec. 9 and 10. The Markedness
indicates how cautious the model is in predicting observations as positive and also how
cautious it is in predicting them as negative.

15.1. Definition and distribution
Markedness is commonly defined as

MKy = PPVy + NPVy — 1.

This definition of MKy can be reformulated in terms of TPy by using Eq. (8)
and (9):
M -TPy—P-|M-0]

LM - 01(M — M -67)
Note that MKy is only defined for M > 1 and 6 € [1/(2M), 1—-1/(2M)), otherwise the
denominator becomes zero. The assumption M > 1 automatically follows from the
assumptions P > 0 and N > 0, which hold for PPV, and NPV 4, respectively. In other
words, at least one observation predicted positive and at least one predicted negative;
thus, M > 1. Now, MKy is linear in TPy and can therefore be written as

M P
MKy = X (LM.Q](M—LM-H])’_M—LM~91>

MK,

M P
~ o (LM-HKM—LM-HD’_M—LM-@])’

with range:

MK (R)'R X M P
¢ c ( 9(LM-(ﬂ(M—LM-GD’_M—LM-@]))'
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15.2. Expectation

By using slope a = M/(|M - 81(M — | M - 6])) and intercept b = —P/(M — | M - 6]),
the expectation of MKy can be calculated:

M P
E[MKy] =E[X9 (LM.Q](M_LM,H‘I)’_M_LM.QW)]

@ M E[TPy] - — & =
"M -601(M - [M - 6]) N M- M

0.

15.3. Optimal baselines

The extreme values of the expectation of MKy determine the baselines. Its range is
given by:

(E[MKy]) =0,
(E[MKy]) =0,

min
0e[1/2M),1-1/2M))

max
0e[l/2M),1-1/2M))

since the expected value does not depend on 6. Therefore, the optimization values
Omin and O« are in the set of allowed values for 6:

Omin = Omax €

1 | 1
2M’° 2M )

This also means the discrete forms 67 . and 67,
min

allowed discrete values:

of the optimizers are in the set of the

Onin = Omax

min

€@\ {0,1}.

16. Accuracy

The Accuracy Accy is the performance measure that assesses how good the model
is in correctly predicting the observations without distinguishing between positive or
negative observations.

16.1. Definition and distribution

The Accuracy is commonly defined as

TPy + TNy

Accy = 7

By using Eq. (B4), this can be restated as

2-TPg+M—-P—|M-6]

Accy = i

Note that it is linear in TPy and can therefore be written as

ACCg=X9<2 M—P—|_M-9-|>~fxg<£ M—P—|_M-9'|>’ (11

M’ M M’ M
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with range:

ACCg (Ié)R<X9 <£,M_P_|'M.0-|>> .
M M

16.2. Expectation

Since Accy is linear in TPy with slope a = 2/M and intercept b = (M —P—|M-61)/M,
its expectation can be derived:

2 M-P-|M-6 2 M-P—-|M-6
E[Accy] =]E[X9 <M’ ML ]>] D o -E[TPy] + ML |
_ (M- M-O)M-P)+|M-61-P_(-6)YM-P)+6"-P

16.3. Optimal baselines

The range of the expectation of Accg directly determines the baselines. To determine
the extreme values of Accy, the derivative of the function f : [0, 1] — [0, 1] defined
as

(1—1)(M-P)+P -t

f= -

is calculated. First, note that E[Accg] = f(LM - 8]/M). The derivative is given
by

df(y 2P-M
dd M

It does not depend on ¢, but whether the derivative is positive or negative depends on
P and M. Whenever P > %, then f is strictly increasing for all ¢ in its domain. If
P < % then f is strictly decreasing. When P = % f is constant. Consequently,
the same holds for E[Accg] given in Eq. (12). This is because the term |M - §]/M
is non-decreasing in 6. Thus, the extreme values of the expectation of Accy are given

by
P . M
= fP< P P
min (E[Accg]) =M , 1 Z =min{—,1-—%,
0¢[0,1] 1_M if P> > M M
1-L ifp< P P
max (E[Accg]) =4 p M 1 1\2/1 :max{—,l——}.
6<(0.1] P ifpy M MM
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This means that the optimization values 6, € [0, 1] and O € [0, 1] for these

extreme values

respectively. Consequently, the discrete versions ¢, .

are given by

gmin € arg min (E[ACCQ]) =
6€(0,1]

Omax € argmax (E[Accg]) =
6€[0,1]

optimizers are given by

respectively.

0; ., € argmin {E[Accy+]}
6*cO*

*
Qmax
0*cO*

€ argmax {E[Accg-]} =

[1-57.1] ifP<X
[0,1] iftp=24
[Oﬁ) 1fP>%,
[0, 757) ifP<X
[0,1] itp=24
[1-5.1] ifP>Y4,

. M
{1} lfP<7
=10 ifp=4
: M

{O} 1fP>T’

. M

{O} lfP<7
e ifP=1%4

. M

{1} lfP>7,

17. Balanced Accuracy

(13)

(14)

€ O and 67, € OF of the

max

(15)

(16)

The Balanced Accuracy BAccg is the mean of the True Positive Rate and True Negative
Rate, which are discussed in Sec. 5 and 6. It determines how good the model is in
correctly predicting the positive observations and in correctly predicting the negative
observations on average.

17.1. Definition and distribution

The Balanced Accuracy is commonly defined as

1
BAccqy = 3 (TPRy + TNRy).

By using Eq. (4) and (5), this can be reformulated as

1
BAccy = 3

LM -61-TPq

M - TPy

M-P—|M-0]

TPy
+1
P M-P

>_

2P (M - P)

2(M - P)

Note that P > 0 and N > 0 should hold, otherwise TPRy or TNRy is not defined.
Consequently, M > 1. Note that BAccy is linear in TPy and can therefore be written

as

BACCQ = Xg (

M M-P—|M-0]

M

M-P-|M-0]

2P(M-P)" 2(M-P)

2P (M - P)’

)i

2(M-P)

).
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with range:

BACCg([é)R(Xg( M M_P_LM'Q]».

2P(M -P)  2(M-P)

17.2. Expectation
BAccy is linear in TPy with slope a = M /(2P (M — P)) and intercept b = (M — P —
LM - 6])/(2(M — P)), so its expectation can be derived:

M M—P—LM-H])]
2P(M -P) 2(M-P)
) M M-P—-|M-6] 1

spad—p APl =G "1

E[BAccy] = E [Xg (

17.3. Optimal baselines

The baselines are directly determined by the ranges of the expectation of BAccgy. Since
the expectation is constant, its extreme values are the same:

in (E[BA =
92[%{11]([ ccol)

’

N = N =

max (E[BAccy]) =
6€[0,1]

This means that the optimization values 6, € [0, 1] and O € [0, 1] for these
extreme values are simply
Omin € argmin (E[BAccy]) = [0, 1],
0€[0,1]
Omax € argmax (E[BAccg]) = [0, 1],
0€[0,1]

respectively. Consequently, the discrete versions 67 . € ©" and 6;,, € ©" of the
optimizers are given by

0r, € argmin {E[Accy+]} = ©F,
0*cO*

Ormax € argmax {E[Accy-]} = ©F,
0*cO*

respectively.

18. Matthews Correlation Coeflicient

The Matthews Correlation Coefficient MCCqy was established by Matthews (1975).
However, its definition is identical to that of the Yule phi coefficient, which was
introduced by Yule (1912). The performance measure can be seen as the correlation
coefficient between the actual and predicted classes. Hence, it is one of the few
measures that lies in [—1, 1] instead of [0, 1].
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18.1. Definition and distribution
The Matthews Correlation Coefficient is commonly defined as
TPy - TNg — FNy - FPy
V(TPg + FPg)(TPg + FNg)(TNy + FPy)(TNg + FNg)

MCCy =

By using Eq. (B2) and (B4), this definition can be reformulated as

M-TPy—P-|M 0]
VIM 01 P(M-P)(M—[M-0])

MCCy = (17)

To ensure the denominator is non-zero, the assumptions P > 0, N > 0, P := |[M - 6] >
0,and N := M — | M - 6] > 0 must hold. If one of these assumptions is violated, then
the denominator in Eq. (17) is zero, and MCCy is not defined. Therefore, we have for
MCCy that ﬁ <6<1- ﬁ and M > 1. Next, to improve readability we introduce
the variable C(M, P, ) to replace the denominator in Eq. (17):

C(M,P,0):=+/|[M-0]-P(M-P)(M— M -0]).

The definition of MCCy is linear in TPy and can thus be formulated as

~ M —P-|M-01\ M —P-|M 0]
MCCo = Xq <C(M,P, 6) C(M,P,0) ) Fxo <C(M, P,0) C(M,P,0) )

with range:

(R) M —-P-|M-0]
MCCo € R<X9 (C(M,P,H)’ C(M.P.0) >>

18.2. Expectation

MCCy is linear in TPy with slope a = M/C(M, P, 0) and intercept b = —P - | M -
01/C(M, P, 0), so its expectation can be derived from Eq. (1):

E[MCCH]zE[L)( M —P'[M-é)])}(l) M P-|M-0]

, J L E[TPy] - e
C(M,P,0)’ C(M,P,0) C(M, P, 0) C(M, P,0)
=0.

18.3. Optimal baselines

The baselines are directly determined by the ranges of the expectation of MCCy. Since
the expectation is constant, its extreme values are the same:

min (E[MCCy]) =0,
0e[1/2M),1-1/2M))

max (E[MCCy]) =0.
0e[1/2M),1-1/2M))
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This means that the optimization values Oy, and 6. for these extreme values are
simply:
1 1
Omin = Omax € m,l_ﬁ s

*

respectively. Consequently, the discrete versions 6. and 6}, of the optimizers are
given by:
0*

min

=0 €0O°\ {0, 1}.

19. Cohen’s Kappa

Cohen’s kappa kg is a less straightforward performance measure than the other
measures discussed in this research. It is used to quantify the inter-rater reliability for
two raters of categorical observations (Kvélseth, 1989). In our case, we compare the
first rater, which is the DD classifier, with the perfect rater, which assigns the true label
to each observation.

19.1. Definition and distribution
Although there are several definitions for Cohen’s kappa, here we choose the follow-
ing:

ry - p?

Kg = ————,
Y]

with P¢ the Accuracy Accy as defined in Sec. 16 and P¢ the probability that the shuffle
approach assigns the true label by chance. These two values can be expressed in terms
of the base measures as follows:

TPy + TN
Pg = Accy = —oer 0 9,
M
po _ (TPg + FPg) - P+ (TNg + FNy) (M — P)
e M2 .

By using Eq. (11), (B1), (B2), (B3) and (B4) the above can be rewritten as
_2-TPg+M—-P~—|M-6]

= M ,

| M-01-P+(M~—|M-6])(M~-P)

= e .

Note that for k¢ to be well-defined, we need 1 — Pg # 0. In other words,

P

P¢

[M-60]-P+(M~—|M-0)(M-P)+ M.
This simplifies to

M-01, P
M 2P-M’

(18)
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The left-hand side is by definition in the interval [0, 1]. For the right-hand side to be
in that interval, we first need P/(2P — M) > 0. Since P > 0, that means 2P — M > 0;
hence, P > % Secondly, P/(2P—-M) < 1. Since we know P > %, we obtain P > M.
This inequality reduces to P = M, because P is always at most M. Whenever P = M,
then Eq. (18) becomes

LM - 6]
M

# 1.

To summarize, when P < M, then all § € [0, 1] are allowed in k¢, but when P = M,
then < 1-1/2M).

Now, by using P¢ and P? in the definition of Cohen’s kappa, we obtain:

_ 2-M-TPg-2-|M-6]-P
T PM-|M-0)+(M~-P)|M-6]

Ko

To improve readability, we introduce the variables a,, and b,, defined as

B oM
o= P (M- M-0)+ (M- P) M- 0]
. 2-|M-6]-P

CPM-|M-0)+M-P)[M-0]

Hence, kg is linear in TPy and can be written as

kg = Xg (akg’ bl(g) ~ fXg (aKy’ bky) >
with range:

Ko (é) R (Xg (a,(g,b,(g)) .

19.2. Expectation
As Cohen’s kappa is linear in TPy, its expectation can be derived:
@
El[kg] = E [Xo (axy, bry)| = axy - E[TPg] + by,
B 2-|M-0]-P 2-|M-0]-P
S PM—|M-0)+M—-P)[M-0] P(M~-|M-0])+(M—-P)|M-6]
=0.
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19.3. Optimal baselines
The baselines are directly determined by the ranges of the expectation of kg. Since

the expectation is constant, its extreme values are the same:
minge[o’]](E[Kg])ZO ifP<M
mingeo,1-1/2m)) (E[kg]) =0 if P=M,

maxgefo,1] (E[kg]) =0 ifP<M
maxgepo,1-1/em) (E[kg]) =0 if P =M.

This means that the optimization values O, and 6. for these extreme values are
simply all allowed values:

Oumin = Omax € [0, 1] itP <M
gminZQmaxe[O,l—ﬁ] ifP=M,

respectively. Consequently, the discrete versions 6 . and 67, of the optimizers are
given by

0" =0 €O ifP <M
07 = Oha €O\ {1} if P =M.

20. Fowlkes-Mallows Index

The Fowlkes-Mallows Index FMg or G-mean 1 was introduced by (Fowlkes and
Mallows, 1983) as a way to calculate the similarity between two clusterings. It is
the geometric average between the True Positive Rate (TPRy) and Positive Predictive
Value (PPVy), which are discussed in Sec. 5 and 9, respectively. It balances correctly
predicting the actual positive observations (TPRy) and being cautious in predicting
observations as positive (PPVy).

20.1. Definition and distribution

The Fowlkes-Mallows Index is commonly defined as

FMgy = VTPRy - PPVy.

By using the definitions of TPRy and PPVy in terms of TPy in Eq. (4) and (8),
respectively, we obtain:

TP,
JPM-6]

Since TPRy is only defined when P > 0 and PPV only when P := | M - 6] > 0, also
FMy has these assumptions. Therefore, 6 > LM The definition of FMy is linear in

FMy =
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TPy and can thus be formulated as

1 1
FMp = Xg | —-,0] ~ fx, | ——.0],
o H(JP-[M-@] > Ix (w/P-LM-Q] )

with range:

(R) 1
FM R — .0 .
" ( (wo.LM.m ))

20.2. Expectation
1

Because FMy is linear in TPy with slope a = ————
P M-0]

and intercept b = 0, its

expectation is

1 0 1 P-|M-0]
E[FMy| =E | X9 | ——=.0 || &= ——=-E|[TP 0=
-2 (o )| # 0¥
o P
- JEE

20.3. Optimal baselines

The extreme values of the expectation of FMy determine the baselines. They are given
by:

VP |M-0 P
min  (E[FMy]) = min <#> = £,
c[1/2M),1] 0e[1/2M),1] M M
VP |M-0 P
max (E[FMg])=  max <#) =] —,
0c[1/2M),1] 0e[1/2M),1] M M

because the expectation is a non-decreasing function in 6. Note that the minimum and
maximum are equal when M = 1. Consequently, the optimizers i, and 6. for the
extreme values are determined by:

Omin € argmin (E[FMg]) = argmin
0e[1/2M),1] 0e[1/2M),1]

<\/m> {{? i) ifM =1

M if M > 1,

Omax € argmax (E[FMy]) = argmax

0c[1/2M),1] 0c[1/2M),1] M

(ﬁfﬁfﬁ>=“ﬁd] ity =1
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*

respectively. The discrete forms 6" . and ;.

of these are given by:

* . . 6 - P 1
Oin € argmin {E[FMy-]} = argmin =1
0*€0*\{0} 6*€0*\{0} M M

0% - P
Omax € argmax {E[FMy:]} = arg max ={1}.
60"\ {0} 0*€0*\ {0} M

196 21. G-mean 2

197 The G-mean 2 Gg) was established by (Kubat et al., 1998). This performance measure
s 1S the geometric average between the True Positive Rate (TPRy) and True Negative
10 Rate (TNRy), which we discuss in Sec. 5 and 6, respectively. Hence, it balances
20 correctly predicting the positive observations and correctly predicting the negative
201 Observations.

22 21.1. Definition and distribution

The G-mean 2 is defined as

G = YTPRg - TNRy.

Since TPRy needs the assumption P > 0 and TNRy needs N := M — P > 0, we have
these restrictions also for G(;). Consequently, M > 1. Now, by using the definitions of
TPRy and TNRy in terms of TPy in, respectively, Eq. (4) and (5), we obtain:

GO — TPy - (M — P — | M - 6]) + TP?,
Y P(M - P) ‘

2s This function is not a linear function of TPy, and hence, we cannot write it in the form
24 Xg(a,b) =a-TPg+ b for some variables a, b € R.

2s  21.2. Expectation

Since G(;) is not linear in TPy, we cannot easily use the expectation of TPy to determine

that for Gg). However, we can determine the second moment of G(;):
2] M-P-|M-0] 1
E ( <2>) - "E[TPy] + ——— - E[TP>
[ Go P(M - P) [ "]+P(M—P) [TPo]
M-P-|M-0] |M-0] 1 )
= . -P+———— - (Var|[TP E[TP
P(M—P) P rar—p  (VarlTPel +E[TRoI%)
IM-01M-|M-0DPM-P)  (IM-0] p 2
_(M—P—LM-01)~LMo9]+ M2(M-1) M
- M (M — P) P(M - P)
M-0]-(M-|M - M
WM MM M
MM — 1) M—1

26 Of course, since the distribution of TPy is known, the expectation of Gg) can always
27 be numerically calculated.
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21.3. Optimal baselines

We can show for the G(Hz) that the performance upper bound for the DD baseline is given
by 0.5 by taking the inequality of the geometric mean and the arithmetic mean:

E[G2] =g | [ Fe TNe| 1 p1TPe TNy
0 P N 2 P N
LG4 LA -3 ILLLA (S PR E
S 2 P N |72 T2

Another helpful lower bound on the performance of the DD can be derived when
labeling randomly M — P observations positive. If a 0 is selected s.t. 6" = %,
then:

fTP -0+ TP2 1 VP - (M - P)
() _ 6 6| _ . _
E[Gg*zM—P] =E P(M—P) - P-(M—P) E[TPH] M

It can be observed that when P = M — P, the lower and upper bounds are 0.5.
This implies that the maximum expectation can be achieved by randomly predicting
50

Since the function ¢ : R — Ry given by ¢(x) = x? is a convex function, we have by
Jensen’s inequality that:

E[GP)? <E [(0(92))2] =0 (1-0) %

This means that

(2><\/* g M
E[Gy'] <40 (1 -6 .

Therefore, whenever 8* € {0, 1}, then E[Gg)] < 0. Since Gg) > 0, it must hold that

E[G(Hz)] = 0. Hence, the set {0, 1} contains minimizers for E[G(Hz)]. The continuous
version of this set is the interval [0,1/2M)) U [1 — 1/(2M), 1]. To show that this
interval contains the only possible values for the minimizers, consider the definition
for the expectation of Gg):

8 [G2] - KM =P = (M 010 b
[0] kd;m\/ P(M-P) (TPy = k)

where D(TPy) is the domain of TPy, i.e. the set of values k such that P(TPy = k) > 0.
Now, let @ be such that 1/(2M) < 8 < 1—1/(2M). Furthermore, consider the summand
S;{e) corresponding to k = min{P, [M - 8]} € D(TPy):

0 JYMOL p(TPy = P)  if P < |M - 6]

k=min{P,|[M-07} — . ;
min{ P, | 1} LMPH] -P(TPQZLM'H]) it P > |_M-9-|,
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which is strictly positive in both cases. Hence, there is at least one term in the
summation in the definition of E [Gg) ] that is larger than O; thus, the expectation is

strictly positive for 1/(2M) < 6 < 1 —1/(2M). Consequently, the minimization values
Omin € [0, 1] are:

1
Omin € arg min (E[G(z)]> = [0, —> U
M edio ¢ M

1
1-—,1].
2M ]
Following this reasoning, the discrete form 6° . € ©" is given by:

0*

min

€ arg min {E[Gg)]} = {0, 1}.
6*cO*

22. Prevalence Threshold (PT)

A relatively new performance measure named Prevalence Threshold (PT g) was intro-
duced by (Balayla, 2020). We could not find many articles that use this measure, but
it is included for completeness. However, this performance measure has an inherent
problem that eliminates the possibility of determining all statistics.

22.1. Definition and distribution
The Prevalence Threshold PTg is commonly defined as

VIPRg - FPRy — FPRy

PTy =
TPRy — FPRy

By using the definitions of TPR ¢ and FPR ¢ in terms of TPy (see Equations (4) and (6)),
we obtain:

VP - (M —P)-TPg - (LM - 6] = TPy) — P(LM - 6] — TPy)

PTy =
0 M-TPy—P-|M-0]

(19)

It is clear that this performance measure is not a linear function of TPy, therefore we
cannot easily calculate its expectation. However, there are more fundamental problems
with PTy.

22.2. Division by zero

Eq. (19) shows that PTy is a problematic measure. When is the denominator zero?
This happens when TPy = (|M - 8]/M) - P. In this case, the fraction is undefined,
as the denominator is zero. Furthermore, also the numerator is zero in that case. The
number of true positives TPy can attain the value (|(M - 8]1/M) - P = 6* - P whenever
the latter is also an integer. For example, this always happens for 6* € {0, 1}. Buteven
when 6* € ©* \ {0, 1}, PTy is still only safe to use when M and P are coprime, i.e.
when the only positive integer that is a divisor of both of them is 1. Otherwise, there
are always values of 8* € ®* \ {0, 1} that cause 6” - P to be an integer and therefore
PTy to be undefined when TPy attains that value.
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One solution would be to say PTy := ¢, ¢ € [0, 1], whenever both the numerator
and denominator are zero. However, this ¢ is arbitrary and directly influences the
optimization of the expectation. This makes the optimal parameter values dependent
on ¢, which is beyond the scope of this chapter. Thus, no statistics are derived for the
Prevalence Threshold PTy.

23. Threat Score (TS) / Critical Success Index (CSI)

The Threat Score (Palmer and Allen, 1949) TSy or Critical Success Index (Schaefer,
1990) is a performance measure that is used for evaluation of forecasting binary weather
events: it either happens in a specific location or it does not. It was already used in
1884 to evaluate the prediction of tornadoes (Schaefer, 1990). The Threat Score is
the ratio of successful event forecasts (TPy) to the total number of positive predictions
(TPy + FPy) and the number of events that were missed (FNy).

23.1. Definition and distribution
The Threat Score is thus defined as
TPy
~ TP, + FP, + EN,
By using Eq. (B2) and (B3), this definition can be reformulated as
TPy
TP+ |M-0]-TPy
Note that TSy is well-defined whenever P > 0. The definition of TSy is not

linear in TPy, and so there are no a,b € R such that we can write the definition
as Xg (a, b).

TSy

TSy

23.2. Expectation
Because TSy is not linear in TPy, determining the expectation is less straightforward
than for other performance measures. The definition of the expectation is

k

E[TS¢] = Z . P(TPy = k).
piet, PHIM-0] -k

Unfortunately, we cannot explicitly solve this sum, but it can be calculated numeri-
cally.

23.3. Optimal baselines

Although no explicit formula can be given for the expectation, we can calculate its
extreme values and the corresponding optimizers.

Minimal Baseline Firstly, we show that 8, € [O, ﬁ) constitutes a minimum and
that there are no 6 outside this interval also yielding this minimum. To this end,

k
E[TSy,. ] = ——— P(TSq,. =k)=0,
keD(ZSlemm) P+0-k%
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because D(TSgy,_. ) = {0}. This is the lowest possible value since TS is a non- negatlve

'min

performance measure; hence, E[TSg] > 0 for any 6 € [0, 1]. Now, let 8’ > W’ then
there exists a k” > 0 such that P(TPg- = k”) > 0. Consequently, E[TSy-] > 0 and this
means the interval [0, ﬁ) contains the only values that constitute the minimum. In

summary,

in (E[TS 0,
Hg%g,l]]([ ol) =

Omin € argmin (E[TSy]) = [ )
min 0[0,1] 2M

Since 67 . is the discretization of Opn, it corresponds to 0. More precisely:

0 Eargmln{E[TSm]} {0}.

Maximal baseline Secondly, to determine the maximum of E[TSy] and the corre-
sponding parameter f;,«, we determine an upper bound for the expectation, show that
this value is attained for a specific interval, and that there is no 6 outside this interval
also yielding this value. To do this, assume that |[M - 8] > 0. This makes sense,
because |M - §] = 0 implies 6 < 1/(2M) and such a 6 would yield the minimum O.
Now,

k
E[TS¢] = — . P(TPy=k)
ke, )P+ |M-0]-k
k 1
—— . P(TPy = k) = k-P(TPy = k)
keDZ(TlP )P+ M- 0] - | M - 0] kel;%)
_E[TPy] 1y P
M- M
Next, let Omax € [1 — 1/(2M), 1], then
ZP] k P P
E[TSq,,.] = — .P(TPy,, = k)= ———— -P(TPy_ =P)= —,
k:M_(M_P)P+M—k P+M-P M

because P(TPy,,, = P) = 1. Hence, the upper bound is attained for O, € [1 —
1/(2M), 1], and thus, 6.« iS a maximizer.

Now, specifically for P = 1, we show that the interval of maximizers is actually
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[1/2M), 1]. Thus, let6 € [1/2M),1 —1/(2M)), then 0 < [ M - 0] < M and

min{1,|M-07} k
E[TSQ] ) k:max{O,LMZ-(ﬂ—(M—l)} I+ |‘M ' 9] —k ‘ P(TPH ) k)
= e PP =0 Ty PP
1 M-1
_ LMI- 57 B(TPo =)= LMl- e <(1)((LAA44-91)—1)> ) %
M1

s which is exactly the upper bound E[TSg, .| = P/M for P = 1.

Next, to show that the maximizers are only in [1 — 1/(2M), 1] for P > 1, assume there
isad < 1-— 537 that also yields the maximum. Hence, there is a k" € D(TPg/) with
O<k’<P such that P(TPy, = k’). This means

k
E[TSy] = Z , \P(TPy = k)
keD(TPy/) P+ M0~k
K P(TPy = k') + Z k P(TPy = k)
= R . 9 = o . 9 =
P+(M-01-k cepio oy P LM 07—k
k/

SPr M- 01-P-D
k
P+|M-07-P

(TP = k')+

P(TPy = k)
keD(TPy )\ {k'}
M- 071 +1 keD(TPy )\ {k'} LM - 071

k' k

— - P(TPy = k') + ’
(M- 0] keD(TP )\ {k’} LM - 0]
1

M-

P(TPy = k') +

P(TPy = k)

< -P(TPgr = k)

P
k-P(TPy =k) = "R
-| k ED(TPgl )
Hence, there is a strict inequality E[TSe/] < M and this means 8’ is not a maximizer of
the expectation. Consequently, the maximizers are only in the interval [1 —1/(2M), 1]
for P > 1. In summary,

Omax € argmax (E[TSy])

P
M’
LM ifP=1
0€[0,1] -

ifP>1.
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Since 6

ax 18 the discretization of 8y,,x, we obtain:

. @\ {0} ifP=1
0 € E[TSp«|} =
max ag%;?aa*-x{ [ 0 ]} {1} ifP>1.
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