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Abstract
The principles of replication, randomization and local control as put forward by R.A. Fisher a century ago are all well known and adhered to in most experiments. In some applications, however, lack of randomization is still practiced. One particular area where this is common is on-farm experimentation. Hence, revisiting these important principles seems useful. In this paper, we particularly consider the use of uniformity trial data to empirically assess the validity of experimental designs in terms of the estimation of error and empirical Type 1 error rates. We compare classical designs such as the completely randomized design and the randomized complete block design to systematic designs. Moreover, following a suggestion in Fisher’s 1925 book, we propose a design optimized for a positional covariate of the plots. These designs are compared to two systematic designs. In addition to simple linear models, we consider a specific kind of spatial model for analysis systematic designs. Our results show that properly randomized designs yield valid inferences, whereas with systematic designs there is a risk of biased estimates of error. The design optimized for the positional covariate, while entailing some mild restriction on randomization, still provided valid inferences. In conclusion, our recommendation is to always use properly randomized designs. 
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Introduction
In agricultural field experimentation, the principles of replication, randomization and local control (blocking) (Fisher, 1925, 1926, 1935) are well established and accepted (subsequently, we will mostly be referring to the latest editions of Fisher’s 1925 and 1935 books, which appeared in 1971 and 1973, respectively). These principles are valid in on-farm experimentation as well (Piepho et al., 2011), however, use of systematic designs, e.g. layouts in which several replicates are used, each of which has the exact same ordering of treatments, is quite common in this context (Leithold and Traphan, 2006; Brenning et al., 2008; GRDC, 2021; Jin et al., 2021; Roques et al., 2022). Typically, in replicated on-farm experiments several unrandomized replicates are arranged in the same row of plots. In precision farming, where experiments are often conducted on-farm, the objective is to obtain local estimates of optimum input rates for variable rate technology, systematic designs are preferred (Pringle et al., 2004; Alesso et al., 2021; Cao et al., 2024). Here, the systematic design usually extends across a larger rectangular grid of plots. A further example worth mentioning is long-term trials. Frequently, such trials are not even replicated. Where they are replicated in blocks, the arrangement of treatments is often systematic. One such trial was considered in Macholdt et al. (2019a,b), where replicates were arranged as a rectangular grid of plots, with one treatment factor varying systematically along the rows and second treatment factor varying systematically along the columns. In Germany, such systematic designs have a history that goes back to Mitscherlich (1919, 1925), who proposed a method of analysis that uses a sliding window of complete blocks over a single range of contiguous plots to make spatial adjustments (von Lochow and Schuster, 1961). This method was extended in two dimensions by von Boguslawski (1942) (also see Piepho and Vo-Thanh, 2020). Systematic designs were also popular in Great Britain prior to Fisher’s idea of randomization, and from the get-go the introduction of that idea raised controversial debates regarding the relative merits of systematic and randomized designs (Pearce, 1991), with perhaps the most articulate discussions occurring between Fisher and W. S. Gosset (“Student”) (Yates, 1939; Picard, 1980; Speed, 1991). In agricultural field experiments, “Student” clearly favoured systematic arrangements. Interestingly, he was much more open to the idea of randomization in the context of studies involving humans, as exemplified in his critical examination of the 1930 Lanarkshire Milk Experiment (Senn, 2023).
Systematic designs have been criticized because they do not permit a valid estimate of error, making statistical inference problematic (Yates, 1939; Fisher, 1973, p. 267). Conversely, proponents of systematic designs for on-farm trials have emphasized the practical advantages of systematic arrangements in an on-farm environment, such as a reduced likelihood of inadvertent application of treatments on the wrong plots. Moreover, especially in a precision farming context, where high-resolution georeferenced data is available per plot, spatial methods of analysis have become popular (Brenning et al., 2008), and there often appears to be an implicit assumption that spatial analysis can account for the lack of proper randomization. With both randomized and systematic designs currently being used side by side in on-farm experiments, it seems useful to go back to basics and provide a re-assessment of the relative merits of these two approaches.
The purpose of this paper, therefore, is to compare the randomized and systematic design approaches, focussing on their empirical performance in a way that hopefully is appealing to researchers conducting field experiments, and on-farm experiments in particular. Our point of departure will be an illustrative example taken from Fisher’s seminal book (Fisher, 1925; 1973, § 48), which has a section on experimental design making use of uniformity trial data. Fisher’s discussion of randomization will be contrasted to Mitscherlich’s systematic design approach, making use of recent results in Piepho and Vo-Thanh (2020). We discuss different approaches to optimal experimental design, contrasting designs allowing a randomization-based approach to analysis on the one hand and model-based designs on the other. Subsequently, we use the wheat uniformity trial data of Mercer and Hall (1911, Table V) to compare the empirical performance of randomized and systematic designs in terms of Type 1 error rate control and precision of treatment comparisons. Our approach here is a pragmatic one, where we do not insist on availability of a strictly valid randomization theory for an approach to both design and analysis, but resort to empirical evidence based on uniformity trial data (Williams and Piepho, 2018, 2019), hoping that this perspective will be most convincing to researchers having to make a design choice. The main intention here is to remind readers of the important principles of experimental design and how uniformity trial data can be used as an empirical tool to verify the validity of statistical inferences, especially when a contemplated design approach involves restrictions on randomization. Our focus is on the importance of assessing the extent of bias of estimates of error in design schemes involving a restriction on randomization, i.e. the trade-off between field control and validity. 

Designs and models
A brief review of the Mercer & Hall example in Fisher (1925)
Fisher (1973, p. 264) uses weights of mangold roots from a single range of 20 row plots (“strips”; we will subsequently refer to these as plots for simplicity) by Mercer and Hall (1911, Table II) to illustrate various design options as well as the analysis of variance (ANOVA). The field layout of the mangold uniformity trial comprised a 20 × 10 grid of plots, each one two-hundredth of an acre, comprising three drills and having a fixed length of 30.25 feet (9.22 m). The yields on the ten plots in a row were added up to obtain the data reported in Table II of Mercer and Hall (1911). It is these data that Fisher (1973, p. 264) used. The data are reproduced in Table 1. Fisher uses these data to introduce the completely randomized design (CRD) and the randomized complete block design (RCBD), considering the case of an experiment with five treatments, labelled A, B, C, D and E, and four replicates. In addition, he considers a design in systematic order, given in Figure 1, noting that (Fisher, 1973, p. 266-267)

“owing to the marked fertility gradient exhibited by the yields in the present example, such an arrangement would have produced smaller errors in the totals of the five treatments. With such an arrangement, however, we have no guarantee that an estimate of the standard error derived from the discrepancies between parallel plots is really representative of the differences produced between the different treatments, consequently no such estimate of the standard error can be trusted, and no valid test of significance is possible.” 

Fisher (1973, p. 267) also proposed using the position number of plots within blocks (Table 1) as a covariate in an analysis of covariance (ANCOVA, another one of Fisher’s seminal contributions; Cochran, 1980; Senn, 2023) in order to correct for the fertility gradient. For the RCBD, adding this covariate reduces the mean standard error of a difference (S.E.D.) from 62.7 to 49.7, indicating a linear trend within each of the four blocks. There is also some heterogeneity in the individual S.E.D.s, which range from 48.7 to 50.9. It may be noted in this regard that the systematic design (SYS) in Figure 1 has the same mean (= 3) of the position numbers for each of the five treatments. If we go against Fisher’s advice and conduct an ANOVA for this design as if it were an RCBD, we find an S.E.D. of 67.8. Adding the covariate, this drops to 50.4. Notably, the S.E.D. is the same for all treatment comparisons on account of the constant position number mean for all treatments.
Mitscherlich (1919) proposed a systematic design (MIT), which for the example of Table 1 can be represented as shown in Figure 2. As a side note it may be remarked that Mitscherlich wrote his little book to instruct farmers in both the execution and statistical analysis of experiments. Frequently throughout the book he explains what a farmer would need to do in each and every step. Hence, this is literally a very early book about on-farm experimentation.
Fisher surely would have disapproved of this systematic design for the same reason that he rejected the systematic design in Figure 1 (Fisher, 1971, § 27). It may be conjectured that he preferred the systematic design (SYS) in Figure 1 for illustrating his point about the problems with systematic designs because the average position number is the same for each treatment. This pattern for the position number provides an implicit correction for a linear fertility gradient, whereas for the systematic design (MIT) in Figure 2, treatments and position numbers are fully confounded, precluding a classical ANCOVA when a block effect is included. Also see Picard (1980) and Speed (1991) for an account of the exchange between “Student” and Fisher on systematic vs. randomized designs, in particular the discussion of the “Half-Drill Strip Method” or “Sandwich Design” with the systematic arrangement AB BA AB BA, which bears similarities to the SYS design in Figure 1. 
Mitscherlich (1919) proposed an arithmetic method to adjust observed plot values for fertility differences. His key idea is best illustrated in reference to Figure 2 using plot numbers 1 to 20 as listed in Table 1 (The plots in Figure 2 are assumed to be numbered 1 to 20 from left to right). The first five plots on the left comprise the complete set of five treatments and hence may be regarded as a complete block. The average yield on these five plots with numbers 1 to 5 may, therefore, be used to correct plot yields for any fertility gradient occurring across the full range of plots. Mitscherlich (1919) proposed to correct all plots in the same sliding block in this way. By contrast, von Lochow and Schuster (1961), rather than using this average yield for all plots in that block, applied the correction only to the central plot number 3 with treatment C. One may now shift the imaginary block, considered as a sliding window – or sliding block, one plot to the right, so that it comprises the five plots with numbers 2 to 6 with the treatment sequence BCDEA, which again is the complete set of treatments. The average yield of these five plots can then be used to correct yield on all five plots (Mitscherlich 1919) or just the central plot number 4 with treatment D (von Lochow and Schuster 1961). The process can be continued across the whole range of plots, each time shifting the sliding window one plot to the right. Special treatment is needed for the two border plots on each side of the range, the easiest option being to ignore these in the final analysis. Details of the arithmetic approach will not concern us here but can be found in Mitscherlich (1919, 1925) and in von Lochow and Schuster (1961). It may be added here that Mitscherlich’s key idea for local error control using sliding blocks is very similar to Fisher’s idea of blocking, and it also has similarities with the idea of nearest neighbour analysis (Wilkinson et al., 1983; Piepho et al., 2008).  
Mitscherlich did not propose a model underlying his analytical method. His arithmetic approach does suggest, however, that a model with block effects corresponding to his sliding window of five plots can be devised (Piepho and Vo-Thanh, 2020). Noting that each plot is covered by five sliding blocks (v blocks in general when there are v treatments), five different block effects can be assigned to each plot. A linear model for the k-th plot can be written as 
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where is the response on the k-th plot,  is an intercept,  is the effect of the j-th sliding block,  is the set of indices j of the  sliding blocks assigned to the k-th plot,   is  the index of the treatment assigned to the k-th plot,  is the corresponding treatment effect, and  is a residual error, assumed to be identically normally distributed, . If we assume block effects to be independently normally distributed, , the model induces a spatial variance-covariance structure where the covariance between two plots drops linearly up to a distance of  intermittent plots, after which the covariance is zero (Piepho and Vo-Thanh, 2020). This is because the number of sliding block effects shared between two plots k and k' equals , and hence the covariance is . For brevity, we will henceforth refer to this specific spatial variance-covariance structure induced by the model in eq. (1) as linear variance, but should point out that this model is not identical to the linear variance (LV) model in Williams (1986) and Piepho and Williams (2010). The main difference lies in the overlap of sliding blocks in the linear variance model used here, whereas the LV model has non-overlapping blocks and effectively has no covariance among plots in different blocks. Analysing the data in Table 1 for the systematic MIT design using the model in eq. (1), we find ,  and a mean S.E.D. of 33.5.
To reiterate, it may be interjected here that Fisher probably would have criticized this kind of analysis of Mitscherlich’s design on the following grounds (Fisher, 1973, p. 271): 

“To sum up: systematic arrangements should be avoided, since with these it is usually possible to estimate the experimental error in several different ways, giving widely different results, each way depending on some one set of assumptions as to the distribution of natural fertility, which may or may not be justified.” 

Instead, he probably would have advocated the merits of good blocking combined with properly restricted randomization (Fisher, 1973, p. 272): 

“In a well-planned experiment certain restrictions may be imposed upon the random arrangement of the plots in such a way that the experimental error may still be accurately estimated, while the greater part of the influence of soil heterogeneity may be eliminated.”

Indeed, the CRD and RCBD provide valid analysis based on randomization theory, in which the plot values can, in fact, be regarded as fixed quantities and randomness is induced solely by the randomization process (Fisher, 1971, § 21; Welch, 1937; Pitman, 1938; Hinkelmann and Kempthorne, 1994, § 6; Calinski and Kageyama, 2000) [Strictly speaking, Fisher’s key argument ignores the problem of measurement error and sampling error (Hohlschuh, 1980).] Exact analysis based on the randomization distribution can be approximated by analysis based on a linear model assuming normality and homogeneity of variance, and this approximation is the standard approach to analysis. Fisher (1971, § 21.1) made the strong point that the exact (‘non-parametric’) analysis based on the randomization distribution should be used only as a check when the validity of the approximation is in question (also see Rosenberger, 2026, and Supplementary Material S1). In contrast to ANOVA for CRD and RCBD, there is no theory under unweighted randomization for ANCOVA [but see Cox (1956) and Roux (1982) on weighted randomization; also see Kempthorne (1977)] and certainly no randomization theory at all for analysis of Mitscherlich’s systematic arrangement according to the spatial model in eq. (1). 

Some design considerations
Interestingly, if we use a model-based approach to design generation, the spatial model in eq. (1) leads to the systematic design in Figure 2 (Piepho and Vo-Thanh, 2020). This may be illustrated using the design package OPTEX (Piepho, 2015) (see Supplementary Material S5). The reason that the systematic design is optimal under the linear variance model is that with this configuration the average covariance of an internal plot with a treatment A with the two nearest plots with another treatment B to the right and to the left is the same for every internal plot and treatment pair under the model in eq. (1). It should be stressed, however, that there obviously is very limited randomization for this design. Every time a model-based design package were to be re-run with this model, a systematic layout as in Figure 2 would result, the only variation being a permutation of the five treatment labels. In the same vein, there is no randomization theory to justify analysis of data arising from a systematic design by the model in eq. (1). Also, there is no guarantee that the model in eq. (1) will be the best fitting spatial model for any given dataset. The purpose of the empirical analysis described in the next section is to investigate the statistical properties of such a design-cum-analysis approach and compare it to other options.
A further model-based design option is to include the positional covariate into the model used for design generation. One such design, assuming an ANCOVA model with fixed effects for treatments, blocks and covariate, is given in Table 1 (column labelled ‘COV’). It may be noted that the design has equal averages for position numbers for all treatments. This translates into a constant S.E.D. of 49.9 for the data in Table 1, if the usual ANCOVA model is used for analysis, which is our recommended approach. On the idea of balancing covariates in randomized experiments, including reviews of different approaches to design generation as well as to statistical analysis see Hu et al. (2014) and Harshaw et al. (2024).

Empirical comparison
Uniformity trial data
To empirically compare the designs reviewed in the previous section, we use the wheat uniformity trial data of Mercer and Hall (1911; Table V), comprising a 20  25 rectangular grid of plots. The size of a plot was 8 feet × 10.82 feet (2.44 m  3.30 m). The trait is grain weight in lbs. The data is also available in the ‘agridat’ package, along with several other interesting uniformity trial datasets (Wright, 2025). We use the individual 500 plots of the rectangular grid to overlay different designs comprising 20 plots in a single row. Thus, there are six possible selections of 20 consecutive plots per row, allowing for 6  20 trial areas comprising 20 plots. Three further uniformity trial datasets, also available in the ‘agridat’ package, are analysed in the Supplementary Material S2, S3 and S4 and results briefly summarized in the main text.

Evaluation of designs using the uniformity trial data
For the design approaches discussed in ‘Designs and models’, we generate designs which are overlaid to the grid of plots in the uniformity trial data. Specifically, we extract one range of 20 contiguous plots at a time. For a row of the grid, we let a sliding window of 20 plots move through the row. This way, for a grid with 25 columns we can extract 6 ranges per row. For each extracted range, we overlay newly generated designs and run analyses of the uniformity trial data according to the respective design, using the models described in ‘Designs and models.’ For each analysis, we record the p-value of the F-test of the global null hypothesis of no treatment effects, as well as of the pairwise p-values. Based on the observed p-values we calculate the empirical Type 1 error rate at the nominal rate of  = 5%. For valid inferences, we want the empirical to be close to the nominal Type 1 error rate.
Moreover, for each pairwise comparison, we assess both the model-based predicted variance of a difference (PRE) and the average empirical variance of a difference (EMP), using the fact that the true difference is known to be zero throughout due to the use of uniformity data (Besag and Kempton, 1986; Baird and Mead, 1991; Müller et al., 2010). EMP and PRE are computed as follows (Besag and Kempton, 1986):
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For valid estimates of error, we need PRE to be close to EMP. It may be conjectured that spatial covariance affects precision in systematic designs, and, in particular, that treatments always appearing right next to each other in the field layout will be compared with better precision than treatments always placed farther apart. To test this conjecture, we evaluate the association of EMP with spatial distance for individual treatment pairs. For systematic designs, in which the same arrangement of treatments is used in each simulated trial, we also compare EMP to the model-based estimate (PRE) of the variance of a difference for individual pairs, i.e. 
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All designs in Table 1 were randomized using simple permutations of treatment labels A-E. For the COV design, we enumerated all 993 possible designs. Here, it was assumed that a design is represented by a permutation of position numbers for each block. Without loss of generality, the permutation of position numbers for the first block will be fixed to (1, 2, 3, 4, 5). Then assuming that for each randomized design we used a permutation of the treatment labels and align this with the sequence of position numbers in each block, a randomized design resulted. The process to obtain the 993 permutations was as follows:
(i) Set the permutation of position numbers for the first block to (1, 2, 3, 4, 5). This permutation will be used for the first block in all designs.
(ii) Generate all possible 1202 permutations for Blocks 2 and 3. For each permutation, compute the sum of the position numbers for each treatment. If this yields a permutation of (7, 8, 9, 10, 11), the design is permissible. For each treatment, the position number for Block 4 is given by 12 minus the sum of the position numbers in the first three blocks.
Note that the constraint on the sum of position numbers per treatment in (ii) is required so that it is possible to obtain the same sum for each treatment when adding the position number for the fourth block. For example, if the permutation of treatment sums in (ii) is (9, 7, 11, 10, 8), adding the permutation (3, 5, 1, 2, 4) for the fourth block yields the same treatment sum for each treatment. 
We tested each of the five types of design in Table 1. For each range of 20 plots selected from a uniformity trial, we performed 1000 randomizations for CRD and RCBD. For each design, randomization starts with a randomization of the treatment labels. For CRD, randomization proceeds by the random allocation of treatments to plots across the whole range, whereas for RCBD the random allocation was done separately for each of the four blocks. For the COV design, the second step of the randomization consisted of the random selection of one of the 993 permissible designs. In our simulations we evaluated all 993 permutations for each given range of 20 plots. For both SYS and MIT, we simulated two scenarios: (i) Always use the same order (just that in Table 1), meaning there is no randomization at all and (ii) Permute treatment labels in each new simulated trial. For SYS and MIT we considered analysis based on the linear model for an RCBD. For SYS, we additionally considered analysis based on a model for an RCBD with plot position added as covariate. For MIT, we also performed analyses based on the linear variance model in eq. (1), approximating the error degrees of freedom using the Kenward-Roger method (Kenward and Roger, 1997). There are only 120 permutations of the five treatment labels. In scenario (ii) we evaluated all 120 permutations of treatment labels for each given range of 20 plots. 

Results of empirical comparison
Results for EMP and PRE as per eqs. (2) and (3) as well as empirical Type 1 error rates of F- and t-tests are shown in Table 2, whereas results for pairwise EMP and PRE as per eqs. (4) and (5) are reported in Table 3. In addition, the Type 1 error rates of Table 2 are also displayed graphically in Figure 3, and the pairwise p-values, EMP and PRE in Figure 4. The general picture emerging from the results is that for the randomized designs CRD, RCBD as well as COV provide valid estimates of error as well as good control of the Type 1 error rate. This is not the case for the systematic designs SYS and MIT, with model-based error estimates (PRE) and Type 1 error estimates on the liberal side for SYS and on the conservative side for MIT. For MIT without permutation of treatment labels, the linear variance model in eq. (1) yields relatively good agreement between EMP and PRE on average (Table 2), but for individual comparisons there are more marked discrepancies (Table 3), and empirical Type 1 error rates are also on the conservative side (Table 2 and Table 3). 
In the Supplementary Material S2, S3 and S4 we provide analyses for a three further uniformity trial data: (i) a trial with spring barley, conducted in 2007 on Ihingerhof (University of Hohenheim, Germany) (Piepho and Williams, 2010); (ii) a wheat trial conducted in 1938 in Karnal, India (Iyer, 1942), and (iii) a rice trial, conducted in 1947 in Mudon, Burma (Khin, 1950). The results are broadly similar to those for the Mercer and Hall data, with CRD, RCBD and COV providing approximately valid estimates of error, whereas SYS and MIT prove to be invalid. All four uniformity trial datasets considered inn this paper are also available in the ’agridat’ package (Wright, 2025).

Discussion
Overall, perhaps unsurprisingly, the results in the preceding section confirm that without proper randomization, a valid estimation of error is not forthcoming, whereas proper randomization provides good agreement between nominal and empirical Type 1 error rates, as well as between model-based and empirical pairwise variances. Interestingly, despite the lack of a simple (unweighted) randomization theory (Cox, 1956; Roux, 1982), the COV design, which implicitly entails additional constraints on randomization compared to the RCBD, also does quite well empirically and is hence expected to provide valid statistical inferences. 
A very detailed assessment of the relative merits of randomized and systematic designs was provided by Yates (1939), whom we would like to cite here verbatim on the disadvantages of systematic arrangements and whose statements are corroborated by our empirical results on SYS and MIT:

“(1) There can be no assurance that the estimate of error is unbiased, however this estimate is arrived at, and the objectivity of the tests of significance is consequently lost. (2) Many different methods of estimating the error can reasonably be advocated, so that the tests of significance are not even unique. (3) The comparisons of different pairs of treatments are subject to different errors, so that even if the estimate of error is reasonably unbiased, it cannot be used to test individual differences. (4) Biases may be introduced into the treatment means, owing to the pattern of the systematic arrangement coinciding with some fertility pattern in the field, and this bias may persist over whole groups of experiments owing to the arrangement being the same in all. Competition between plots with different treatments which always fall next to one another may produce similar effects.”

Our results corroborate the first three assertions as follows. (1) The systematic MIT and SYS designs show clear discrepancies both between nominal and empirical type 1 error rates and between PRE and EMP. (2) Estimates of error and error rates for MIT differ substantially depending on the model used for analysis. (3) MIT and SYS clearly display heterogeneity of empirical pairwise error variances (EMP). The fourth assertion, even though certainly relevant in practice, was not specifically assessed here. Periodic patterns of variation in fertility that align with the placement of treatments may indeed lead to biases in estimates of treatment differences. Neighbour effects are not expected to show up in our results because we use uniformity trial data, in which there are no effects resulting from differences in treatments on neighbouring plots. 
It is particularly important to highlight the third item, also in the context of multi-environment trials. For example, it is not uncommon to have the exact same order of treatments in the first replicate of each individual trial in a series of experiments (van Santen and West, 2012). Our results for SYS and MIT without permutation of treatment labels suggest that heterogeneity among the pairwise variances is to be expected, which in turn is expected to adversely affect the probability of correctly ranking treatments in a multi-environment trial.

A further point worth emphasizing in the context of multi-environment trials was also succinctly put by Yates (1939): 

“To sum up, systematic arrangements, when used in multiple trials, do not prevent valid estimates of error and tests of significance being made for the more important types of difference. They do, however, fail to furnish estimates of the various classes of residual variation, as distinct from experimental error, and this prevents the most effective balance being struck between number of replicates in a single trial and number of trials, apart from any interest that attaches to these classes of variation.”

Our general recommendation is to use randomized designs with a blocking structure deemed to adequately capture any expected gradients. Our example only considered the RCBD, which entails full randomization of treatments within complete blocks, and the design optimized for a positional covariate (COV), which entails a restriction on randomization that ensures all treatments have the same mean for the covariate. The empirical evaluation revealed that this restriction on randomization still leads to valid standard errors and significance tests. It may be pointed out in this context that systematic designs can be regarded as restricting the randomization set to a single arrangement, and that such an extreme restriction invalidates statistical inferences. So while we do not advocate systematic designs, we believe that some limited restriction of the randomization set, as implied in our COV design, can be useful if it is expected to improve precision and if empirical evidence suggests valid estimates of error. This pragmatic view can be related to the dispute between Fisher and “Student” on the merits and demerits of systematic designs, which Speed (1991) summarized as follows:

 “Fisher felt that the estimate of error used by "Student" in this type of experiment was not valid, whilst "Student" maintained to his death that the problem was more theoretical than practical, that the gain in precision which resulted was more than offset by any theoretical lack of validity. There seems to be little doubt that "Student" was correct on this point.”

Our approach leans heavily towards Fisher, including his use of uniformity trial data to assess the validity of estimates of error, but is open to mild restrictions on randomization if there is substantive reason to expect improvements in precision. In fact, the following quote regarding a conversation with Savage on Latin squares suggests that Fisher likely would have been supportive of this pragmatic approach (Savage et al., 1962, p.88; Holschuh, 1980):

“What would you do”, I had asked, “if, drawing a Latin square at random for an experiment, you happened to draw a Knut Vik square?” Sir Ronald said he thought he would draw again and that, ideally, a theory explicitly excluding regular squares should be developed.”

Knut Vik squares, also known as knight’s move squares, display a particular pattern of the distribution of treatment replications, with plot configurations of replications of the same treatment having the pattern of knight’s moves in chess, and they constitute a specific subset of all possible Latin squares. Fisher was concerned that use of such designs would bias the estimate of error. Tedin (1931), in close collaboration with Fisher, evaluated the bias using uniformity trial data. For the Mercer and Hall (1911) uniformity trial data, we found valid estimates of error for the COV design, but no improvement in precision compared to the RCBD. For other forms of blocking, particularly with row-column designs on a rectangular grid of plots, it may be thought desirable to restrict randomization of the design in such a way that replications of each treatment are well spread out across the whole experimental area (evenness of distribution, ED) and that some degree of neighbour balance (NB) can be ensured, avoiding spatial arrangements where the same neighbour pairing occurs multiple times throughout the layout. Uniformity trial data also allow assessing the validity of inferences for such row-column design with restricted randomization ensuring NB&ED properties. Empirical results suggest that valid inferences are to be expected for NB&ED row-column designs (Williams and Piepho, 2018, 2019). For a review of such designs, see Piepho et al. (2021). Some authors suggested that designs can be optimized for a specific spatial model. Such approaches raise two issues. (i) It is hard to know at the design stage which spatial model will best fit the data when the trial is completed and so there is a risk that the design is optimized for the wrong spatial model. (ii) Optimizing a design assuming spatial covariance is expected to restrict the randomization set. Certainly, there is no backing in randomization theory for statistical analysis based on a specific form of spatial model. Here, again, it would be desirable to verify validity of estimates of error using uniformity trial data as introduced by Fisher (1925). The spatial model implied by eq. (1) provides an extreme case, where the randomization set is curtailed to systematic arrangements only, in which case inferences are invalidated, as demonstrated for the Mercer and Hall data. When the number of treatments and the number of plots are larger, spatial models may entail a larger randomization set. Nevertheless, our preference is not to use a specific spatial model for design optimization, mainly due to the first problem (i), but use good blocking with mild restriction on randomization imposed algorithmically during computer-based search ensuring NB&ED.
Analysis of a randomized experiment such as CRD, RCBD and COV in our example using a linear model and ANOVA is based on the assumption of normally distributed errors. Our results for these designs confirm approximate validity of the nominal Type 1 error rate based on the Mercer and Hall uniformity trial data on yield, implying that the normality assumption holds approximately. Much work has been done on the robustness of ANOVA techniques to departures from assumptions, with the debate and investigation starting right after the publication of SMRW in 1925 (Pearson, 1990). The general conclusion from these studies is that usually some level of robustness to departures can be expected. Here, we would merely like to point out that uniformity trial data can also be used to study robustness to departures from normality, as nicely demonstrated by Eden and Yates (1933).
In this paper we have investigated the properties of systematic and randomized designs using uniformity trial data. An alternative approach is to resort to Monte Carlo simulation (van Santen and West, 2012; Piepho et al., 2013). While such an approach provides great flexibility regarding the scenarios to investigate and the number of simulation runs, its major disadvantage is its in silico nature. We believe that uniformity trial data provide a very tangible way to assess the empirical performance design and analysis alternatives. The fact that all evidence can be based on real data, and that validity of model-based analysis can be put to the test based on real data, may be particularly convincing to researchers involved in agricultural and biological experiments. It is acknowledged that the approach is limited in that strictly speaking the assessment is valid only for the uniformity trial data considered. To counter this limitation, it is useful to select uniformity trial data as close as possible to a planned experiment and to evaluate the design-cum-analysis approach on a number of datasets. For such evaluations to be relevant and aligned with current agronomic practices, it is desirable to have access to recent uniformity trials. The ‘agridat’ package (Wright, 2025) is a great resource for uniformity trial data, but most of the trials date from the last century. Hopefully in future new uniformity trials can be initiated and the data added to this package or otherwise made publicly available.

Conclusion
Randomized field experimental designs permit a valid estimate of error (standard error of a difference) and proper control of the empirical Type 1 error rate. By contrast, systematic designs do not generally permit valid statistical inferences. This must be balanced against any potential gains expected from a systematic arrangement in any given application. Uniformity trial data provide an excellent resource for assessing validity of statistical inference under alternative arrangements and randomization structures.

Supplementary Material. The supplementary material for this article can be found at XXXX
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Table 1. Yield (weight of mangold roots; lbs) on 20 plots (“strips”) by Mercer and Hall (1911, Table II) as reported by Fisher (1973, p. 264) and five overlaid designs

	Plot
	Yield
	Design (allocation of treatments)
	Block
	Position1

	
	
	CRD
	RCBD
	SYS
	MIT
	COV
	
	

	
	
	
	
	
	
	
	
	

	1
	3504
	B
	A
	A
	A
	A
	1
	1

	2
	3430
	C
	E
	B
	B
	D
	1
	2

	3
	3376
	A
	C
	C
	C
	C
	1
	3

	4
	3334
	C
	D
	D
	D
	B
	1
	4

	5
	3253
	E
	B
	E
	E
	E
	1
	5

	6
	3314
	E
	C
	E
	A
	B
	2
	1

	7
	3287
	E
	B
	D
	B
	A
	2
	2

	8
	3361
	A
	E
	C
	C
	D
	2
	3

	9
	3404
	D
	D
	B
	D
	C
	2
	4

	10
	3366
	A
	A
	A
	E
	E
	2
	5

	11
	3416
	B
	A
	A
	A
	E
	3
	1

	12
	3291
	C
	D
	B
	B
	D
	3
	2

	13
	3244
	B
	E
	C
	C
	C
	3
	3

	14
	3210
	D
	B
	D
	D
	B
	3
	4

	15
	3168
	D
	C
	E
	E
	A
	3
	5

	16
	3195
	B
	C
	E
	A
	E
	4
	1

	17
	3330
	A
	E
	D
	B
	C
	4
	2

	18
	3118
	D
	B
	C
	C
	B
	4
	3

	19
	3029
	C
	A
	B
	D
	A
	4
	4

	20
	3085
	E
	D
	A
	E
	D
	4
	5

	
	
	
	
	
	
	
	

	Mean S.E.D.
	
	
	
	
	
	
	

	  CRD/RCBD2
	87.76c
	62.72c
	67.81c
	57.59c
	
	
	

	  + Position3
	47.25
	49.67
	50.43c
	
	49.88c
	
	

	  Model in eq. (1)
	
	
	
	33.48
	
	
	


CRD, Fisher’s completely randomized design; RCBD, Fisher’s randomized complete block design; SYS, Fisher’s systematic arrangement (see Figure 1); MIT, Mitscherlich’s systematic arrangement (see Figure 2); COV, Model-based design assuming an ANCOVA model with fixed effects for blocks, treatments and position within block; Mean S.E.D., Mean standard error of a difference
1 Position within block; used as covariate by Fisher (1973, p. 267)
2 Analysed according to randomization-based model for CRD or RCBD (also for SYS and 
   MIT)
3 Adding position number as a covariate to CRD/RCBD analysis in previous line
c S.E.D. constant for all treatment pairs
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Table 2. Empirical Type 1 error rates, empirical variance of a difference (EMP) and model-based predicted variance of a difference (PRE) using Mercer and Hall (1911, Table V) wheat uniformity data for different designs and analysis options. The response is grain yield in lbs. 
	Design / analysis options
	No. of analyses1
	Empirical Type 1 error rate (=5%)
	Empirical variance of a difference (EMP)
	
	Model-based predicted variance of a difference (PRE)

	
	
	F-test
	t-test
	Avg. 
	Min.
	Max. 
	
	Avg. 
	Min. 
	Max.

	CRD
	6×20×1000
	0.0518
	0.0503
	0.1031
	0.0003
	0.7721
	
	0.1030
	0.0144
	0.2606

	RCBD
	6×20×1000
	0.0497
	0.0491
	0.0829
	0.0001
	0.4471
	
	0.0831
	0.0060
	0.1890

	COV 
	6×20×993
	0.0449
	0.0472
	0.0867
	0.0001
	0.5065
	
	0.0878
	0.0060
	0.2326

	SYS 
	6×20
	

	  Block effect
	
	0.1000
	0.0700
	0.0947
	0.0040
	0.3064
	
	0.0792
	0.0086
	0.1592

	+Position covariate
	
	0.0917
	0.0708
	0.0947
	0.0040
	0.3064
	
	0.0794
	0.0093
	0.1736

	SYS + Permutation
	6×20×120
	

	  Block effect
	
	0.1000
	0.0700
	0.0947
	0.0040
	0.3064
	
	0.0792
	0.0086
	0.1592

	+Position covariate
	
	0.0917
	0.0708
	0.0947
	0.0040
	0.3064
	
	0.0794
	0.0093
	0.1736

	MIT 
	6×20
	

	  Block effect
	
	0.0167
	0.0233
	0.0652
	0.0043
	0.2392
	
	0.0890
	0.0139
	0.1801

	  Linear variance2
	
	0.0194
	0.0282
	0.0651
	0.0038
	0.2322
	
	0.0669
	0.0060
	0.1676

	MIT + Permutation
	6×20×120
	

	  Block effect
	
	0.0167
	0.0233
	0.0652
	0.0044
	0.2392
	
	0.0890
	0.0139
	0.1801

	  Linear variance2
	
	0.0179
	0.0274
	0.0651
	0.0038
	0.2322
	
	0.0669
	0.0060
	0.1676


CRD, Fisher’s completely randomized design; RCBD, Fisher’s randomized complete block design; COV, Model-based design assuming an ANCOVA model with fixed effects for blocks, treatments and position within block; SYS, Fisher’s systematic arrangement (see Figure 1); MIT, Mitscherlich’s systematic arrangement (see Figure 2)
1 Six sliding windows of 20 plots in each of 20 rows and 1000 randomizations (or all 933 or 120 permutations of treatment labels)
2 Model in eq. (1)

Table 3: Pairwise Empirical variance of a difference (EMP) and model-based predicted variance of a difference (PRE) for SYS and MIT designs with different analysis options. Upper figures represent EMP, middle figures in brackets represent PRE, and lower figures in square brackets represent the empirical Type 1 error rate at =5%. The response is grain yield in lbs. Details of the randomizations are given in Table 2 (second column).
	Design / analysis options
	A – B
	A – C
	A – D
	A – E
	B – C
	B – D
	B – E
	C – D
	C – E
	D – E

	SYS
	

	   Block effect
	0.0962
(0.0792)
[0.0667]
	0.0825
(0.0792)
[0.0583]
	0.1034
(0.0792)
[0.0833]
	0.1361
(0.0792)
[0.1583]
	0.0688
(0.0792)
[0.0333]
	0.1117
(0.0792)
[0.0583]
	0.1026
(0.0792)
[0.1167]
	0.0647
(0.0792)
[0.0500]
	0.0849
(0.0792)
[0.0167]
	0.0959
(0.0792)
[0.0583]

	  +Position covariate
	0.0962
(0.0794)
[0.0667]
	0.0825
(0.0794)
[0.0750]
	0.1034
(0.0794)
[0.0750]
	0.1361
(0.0794)
[0.1667]
	0.0688
(0.0794)
[0.0333]
	0.1117
(0.0794)
[0.0667]
	0.1026
(0.0794)
[0.1000]
	0.0647
(0.0794)
[0.0583]
	0.0849
(0.0794)
[0.0167]
	0.0959
(0.0794)
[0.0500]

	SYS + Permutation
	

	   Block effect
	0.0947
(0.0792)
[0.0700]
	0.0947
(0.0792)
[0.0700]
	0.0947
(0.0792)
[0.0700]
	0.0947
(0.0792)
[0.0700]
	0.0947
(0.0792)
[0.0700]
	0.0947
(0.0792)
[0.0700]
	0.0947
(0.0792)
[0.0700]
	0.0947
(0.0792)
[0.0700]
	0.0947
(0.0792)
[0.0700]
	0.0947
(0.0792)
[0.0700]

	  +Position covariate
	0.0947
(0.0794)
[0.0708]
	0.0947
(0.0794)
[0.0708]
	0.0947
(0.0794)
[0.0708]
	0.0947
(0.0794)
[0.0708]
	0.0947
(0.0794)
[0.0708]
	0.0947
(0.0794)
[0.0708]
	0.0947
(0.0794)
[0.0708]
	0.0947
(0.0794)
[0.0708]
	0.0947
(0.0794)
[0.0708]
	0.0947
(0.0794)
[0.0708]

	MIT
	

	   Block effect
	0.0563
(0.0890)
[0.0250]
	0.0642
(0.0890)
[0.0083]
	0.0806
(0.0890)
[0.0250]
	0.0658
(0.0890)
[0.0333]
	0.0521
(0.0890)
[0.0333]
	0.0642
(0.0890)
[0.0167]
	0.0742
(0.0890)
[0.0250]
	0.0577
(0.0890)
[0.0167]
	0.0681
(0.0890)
[0.0083]
	0.0691
(0.0890)
[0.0417]

	   Linear variance1
	0.0568
(0.0650)
[0.0167]
	0.0618
(0.0669)
[0.0083]
	0.0845
(0.0687)
[0.0250]
	0.0598
(0.0707)
[0.0250]
	0.0527
(0.0649)
[0.0250]
	0.0640
(0.0668)
[0.0167]
	0.0707
(0.0687)
[0.0333]
	0.0618
(0.0649)
[0.0250]
	0.0682
(0.0667)
[0.0167]
	0.0708
(0.0650)
[0.0500]

	MIT + Permutation
	

	   Block effect
	0.0652
(0.0890)
[0.0233]
	0.0652
(0.0890)
[0.0233]
	0.0652
(0.0890)
[0.0233]
	0.0652
(0.0890)
[0.0233]
	0.0652
(0.0890)
[0.0233]
	0.0652
(0.0890)
[0.0233]
	0.0652
(0.0890)
[0.0233]
	0.0652
(0.0890)
[0.0233]
	0.0655
(0.0890)
[0.0233]
	0.0654
(0.0890)
[0.0233]

	   Linear variance1
	0.0655
(0.0669)
[0.0273]
	0.0652
(0.0669)
[0.0276]
	0.0651
(0.0669)
[0.0273]
	0.0651
(0.0669)
[0.0275]
	0.0650
(0.0669)
[0.0274]
	0.0650
(0.0669)
[0.0273]
	0.0651
(0.0669)
[0.0275]
	0.0651
(0.0669)
[0.0277]
	0.0651
(0.0669)
[0.0274]
	0.0654
(0.0669)
[0.0275]


SYS, Fisher’s systematic arrangement (see Figure 1); MIT, Mitscherlich’s systematic arrangement (see Figure 2)
1 Model in eq. (1)



Figure 1. Systematic design in Fisher (1973, p. 266) (SYS).
Figure 2. Systematic design as proposed by Mitscherlich (1919) (MIT).
Figure 3. Empirical Type 1 error rates using the Mercer and Hall (1911, Table V) wheat uniformity data for different design and analysis options. The response is grain yield in lbs. Linear variance: model in eq. (1). CRD, Fisher’s completely randomized design; RCBD, Fisher’s randomized complete block design; COV, Model-based design assuming an ANCOVA model with fixed effects for blocks, treatments and position within block; SYS, Fisher’s systematic arrangement (see Figure 1); MIT, Mitscherlich’s systematic arrangement (see Figure 2); Perm, permutation of treatment labels for each design.
Figure 4. Empirical variance of a difference (EMP) and model-based predicted variance of a difference (PRE) using the Mercer and Hall (1911, Table V) wheat uniformity data for different design and analysis options. The response is grain yield in lbs. Linear variance: model in eq. (1). CRD, Fisher’s completely randomized design; RCBD, Fisher’s randomized complete block design; COV, Model-based design assuming an ANCOVA model with fixed effects for blocks, treatments and position within block; SYS, Fisher’s systematic arrangement (see Figure 1); MIT, Mitscherlich’s systematic arrangement (see Figure 2) ; Perm, permutation of treatment labels for each design.
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Empirical Type 1 Error Rate by Design Option

Dashed line marks the nominal a = 5% level
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Average Empirical vs. Model-Predicted Variance of Difference
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