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Abstract

This supplementary material contains the proofs of some results of the main article. It
also describes some topological properties of the space E endowed with the distance d
in the case of interacting particles in R¢, as introduced in Section 2.4 of the main article.
All numbering and references in this supplementary material begin with the letter S, the
other references referring to the main article.
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14 1. Proofs of Section 2.3 about the Kolmogorov backward equation

15 1.1. Proof of Theorem 1
16 On the one hand, forany x € E, ¢t > 0and A € &,

Po(X € Ay > 1) = By [Bully en Ty (V")0)]
=Ex [Ety0,, 1,1>t|Y(0))]
=Ex lYt(O)eA Ex(171>t |Y(0))]

[ t (0)
— Ex IY(O)GA e—[) aYy, )du]
t

=B [1yeae b G<Yu>d“]. (1.1)
7 On the other hand, by construction of the process

Ex[IX,EA|‘FT|]1T1$[ = Ql‘—Tl(XTpA)lT]St
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2 F. LAVANCIER ET AL.

where Fr, ={F e F: Fn{r <t} € F, YVt >0}.Then

Po(X; € A, 11 < 1) =By [Ex[1x,ealFr 117, <]
= Ex [QI—TI(XTl ’ A)lrlg]
=E, [Ex [Qtf‘rl (XT] s A)lq—] <t |T] s Y(O)]]

_E, / K(Yi?),dy)Qt_ﬁ@,A)lm]
LSy

eE
= E, |Eq[ / K(Yi?),de,Tl(y,A)lf.le(O)J]
L yeE

=Ex / / K, dy)0r-y (v, Aa @) "(Y”(‘O))duds]
LJ/O yeE
t S
= / / 015, AB, [K (Y0, dy) are h o] g
0 E

t s
~ [ [ 0t a2 [K ) atroge K e a5 )
0 E

The result then follows gathering (1.1) and (1.2).

1.2. Proof of Proposition 1

The proof is made up from Lemmas 1, 2 and 3, the approach being similar to [FellerFeller1971].
In Lemma 1 we built a solution Q; «(x, A) of (2.5) for any x € E and A € &, while Lemmas 2
and 3 will imply the unicity of the solution.

Lemma 1. Forallx € E and A € &, the functiont € Ry — Q; «(x, A) is a solution of (2.5).

Proof. We will proceed as in the proof of Theorem 1. First
Pr(X, € A, Tyt > 1,71 > 1) = By(X, € A1y > 1) = B [1y,cpe b @@du]

Secondly, if the process jumps once before ¢ (at time 71) and is in A at time ¢ with at most p + 1
jumps, the process has at most p jumps after the time 7;. By construction of the process, the
law of X; given 11 < 400 and X7, is the same as the one of X,_, given Xo = X,,. We then
obtain

Ex [IXtEAlTl <t<Tp+1 |-F7'1] = Qt—Tl,p(XTl > A)lTl <t-
This leads to

Px(Xt € A’ Tp+1 >t,71 < t) = Ex [Qt—‘r],p(x‘r] s A)l‘rlst]
=E, [Ex [Qt—‘r] ,p(X‘r] s A)l‘r] <t |Y(O), Tl]]

- N| / Qi—vy.p (3, A, < KXY, dy)]
yeE

=Eu[Bxl [ Qioeyp( A < KXY, dy) Y1)
yeE

t s (0)
=E*[/ / Q1 —s.p (s Mg, < KX, dy)a(xPye ho @¥u)duy
0 yeE

t s
= / / Q;-s.p(y, AJEY [K (Ys, dy) A a(Yu)du] i
0 JE
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Feller and ergodic properties of jump-move processes 3

‘We then obtain the induction formula
13 [ S
Oy pe1(x, A) = EY [IYtEA e b f'(Yu)d“] +/ /Qt_s,p(y,A)Eﬁ [K (Y, dy) a(Yy)e b "(Y")d“] ds.
0o JE

This leads by monotone convergence to

t t s
Or.olx, A) = B} [1y,eA e b “<Yu>d“] + /0 / Qi —s.0(y, A)EY [K(Ys,dy) a(Yy)e b a(mdu] ds.
E

Lemma 2. Q; . is called the minimal solution of (2.5) in the sense that for any non-negative
solution Q; of (2.5), we have Q; > Q¢ .

Proof. Let Q, be a non-negative solution of (2.5). Then foranyx € Eand A € £
01, A) = Q1 (. A) = BY [ty eqeh o0,

We then proceed by induction. If Q; > Q; ,, then
t t S
0u(x,4) = EY [ty,caeh w00t 4 / / 01, AEL [K (¥, dy) a¥e™ b 09| g5
o JE

t 4 s
> B [1y,cqe” h @0d] 4 / / 01y p (s MEL [K (Y, dy) apge™ ke8] g
0 E
= Q1 pui (6, A),

Finally Q;(x, A) > Q; ,(x, A) for every p > 1 and the result follows by letting p go to infinity.
Lemma 3. The minimal solution Q; « is stochastic, i.e. Q; (x,E) = 1.

Proof. Recall that @ is bounded by ¢* > 0. It is then enough to show by induction that
0 p(x,E) > 1—(1—e ") forany p > 1. First

01,106, E) =B [y epe™ b atdn| S [k atdn] 5 g (eme't) =emar,
Then notice that
Pu(ri <) = Ez [1 —e*fot "(Y")d“] <l-e @7,
We then obtain by induction
01y 5. E) = B [tyepe b w0 [ t [ €t B [K i) aroge K e ] as
> B [en b o] +/t (1= ey gy [/ K (¥, dy) a(¥y)e™ b Wu)d“] ds
0 E
> EY [e—/o’ “’(Yu)du] + /t (1 (1 - e—“*’)l’) EY [a/(YS)e_fOS Wu”“] ds
0

—Pu(r > 1)+ (1 (- e*“*’)P) P.(1) < 1)

=1-(1-e "HPP(r; <) >1—-(1—e P,
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P By bringing together the last three lemmas it does not take long to prove Proposition
w« 1. By Lemma 1, Q;  is a solution of (2.5). We now prove the unicity. Let Q; be a
ss non-negative sub-stochastic solution of (2.5). Lemma 2 entails Q;(x, A) > O (x,A) and
s Qi(x, E\A) > O 0(x, E\A) for every A € £. We get then

120/(x,E)=0:x,A)+Q:(x, E\A) 2 Q1 co(x, A) + Q1 o (x, E\A) = Ot (X, E) = 1
« by Lemma 3 so Q;(x, A) = Q; «(x, A) forevery A € £.

s 1.3. Proof of Proposition 2

49 We first show that Q; (0 is a solution of (2.5). Letn > 0, x € E,, and p > n. If there is no
so jump before 7, then

Pi(X: € A,y >, Vs € [0,f] n(Xs) < p) =Px(X;y € A, 11 > 1).
51 By construction of the process, if the first jump before ¢ is a death,
Py(X; € A, Vs € [0,¢] n(X,) < p| Fr,, adeath occurs at 7)1, <; = Qr—,,(p)( Xy, A)lr <1,
sz and if the first jump before 7 is a birth,
Po(X; € A, Vs € [0,t] n(Xy) < p | Fr,, abirth occurs at 7)1+, <; = Qs ,(p)(Xry, Alg < 1psn.
5 Following the same computations as in the proof of Theorem 1, we obtain
O, A) = E;, [IY, eA€” k Q(Y“)du]

t S
+ f / Q1o AVEY |[B(X) K (¥, dy) & b @009 ds1,,.,
0 En+l

t s
[ i A [0 K iy e ] s
0 En—l

s« and Oy («)(x, A) satisfies (2.5) by continuity of the probability. The proof is then complete
ss thanks to the unicity of the solution to (2.5).

56 2. Proofs of Section 3.1 about Feller properties

sz 2.1. Proof of Proposition 3

58 Both results of the proposition are based on the following calculation, for any f € My (E):

01 f(0) = ) = B | e b 00| — )+ B [F (X121 ]
= 0! 1) = f0)+ B [ 7r) (&7 @009 1) | 4B [ (X01n,21]

ss  The last two terms goes uniformly to O when ¢ — 0. Indeed,

BY [£00) (e B o0 1) |+ By [FOD o || 1wt 4 1F1BaNs 2 D

= 1S lleet + L FNlEY [ (1 - b ooan) |
< 20" 1]|flo-
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Feller and ergodic properties of jump-move processes 5

So we obtain directly the second point of the proposition. For the first point remark that when
f € Cp(E), by continuity of f oY and the dominated convergence theorem, lim;_,o Qf flx) =

J ().
2.2. Proof of Theorem 2 (part 1)

The proof of the Feller continuous property of (X;);>¢ is based on the following Lemma 4
that exploits the Feller continuous property of QY , and on Lemma 5 which in addition makes
use of the Feller continuous property of the jump kernel K.

Lemma 4. Assume that for any t > 0, QY C,(E) € Cp(E). Then for any p > 1, fi,.. fp €
Cp(E) and 0 < t; < -+ < tp the function x EY [fl(Y,1 fp(Y,p)] is continuous.

Furthermore, for any f € Cp(E) the function x — EY [ f(Y,)e” k “(Y“)d”] is continuous.

Proof. To prove the first statement, we proceed first by induction on p > 1. Since x
EY [fl(Ytl ] Q Jf1(x), the property is satisfied for p = 1 because QY Cp(E) C Cp(E) for
any ¢t > 0 by assumptlon Suppose now that the property is true for some p > 1. Let
fi, ... ,fp+1 €eCp(E)and0 <t <--- < tp+l- Then

EY [A() .. foa ()] =EX [EY (A .. forr () [Yas -0 Y7, )]
=EL [AW) - foV)EY (fra (Ve )IY:,) ]

=B A fp )0 o fri (V)]

The function f), X Q};H—z,, fp+1 1s continuous by assumption so we can apply the induction
hypothesis.

Regarding the second statement of the lemma, let us take f € Cp(E) and ¢ > 0. We have

- 1)’< f ¢
AT B 1 (Y»Z ( / a(mdu)
k=0
_Vv & 1) y
=) BV O000) - aly)] du
k=0
which is valid because f x a* is bounded. For any u; > 0,...,u; > 0, the function

x € Ew- E’; [ f@aly,) ... aly,, )] is continuous by the first part of the proof and this
expression is bounded uniformly in x by || f|le X (@*)* € L([0,£]%). Again, by normal
convergence, we obtain the expected result.

Lemma 5. Assume that Qf Cp(E) C Cp(E) for any t > 0 and that K C,(E) C Cp(E). Let
t > 0. Then for any k > 1, for any bounded measurable function ¢ on E X R such that ¢(., u)
is continuous for any u < t, the function x — Ex[o(X1,, Ti)11, <:] is continuous.
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6 F. LAVANCIER ET AL.

Proof. We shall proceed by induction. For k = 1,

EX [SD(XT] s Tl )lT] St] = Ex [lTl <t EX [SD(XT] 5 Tl )|Y(0)’ Tl]]

:]Ex[/ K(Y(?),dz)go(z, T)l7, <]
E
t ! )
:]EX[// K", dz)e(z, tl)a(yt(lm)e_/ol a0 b gy |
E JO
t

= / Ezc/ [H(Ytl > tl)a(Ytl )67 [()rl Q(Yu)du] dtl
0

where H(x,u) = fE K(x,dz)¢(z,u). Since 7 — ¢(z,11) belongs to Cp(E) for every 1
the Feller continuous property of K entails the continuity of x — H(x, ) for every #;
Consequently the function

INIA
~

x = Eg [H(Ytl 1 )Q’(Ytl )e_ ./Otl a(Yy) du]
is continuous for every #; by Lemma 4. The functions H and « being bounded, the dominated

convergence theorem yields the continuity of x — E,[¢(X7,, T1)17,<,], proving the statement
for k£ = 1. Assume now that the property holds for k > 1. We compute similarly

Ex[@(X1,» Ter)1t <] = B [Bc [ / K@y . d2e(z, Tz, <o Fr, Y]
E

t—Ty -
= Ex[Bx,, [/ / K(Yr, d2)p(z, 7+ Ta(Yo)e™ b o0de) |
¢ 0 E
= Ex [¢(XTk’ Tk)lTkﬁt]’

where
t—u -
$(x,u) = EY [/ / K(Yr,d2)@(z, T + u)a(Ye)e™ b @¥du gr]
0 E

t—u B}
= / EY [H(Y,, T+ wa(Yo)e b @] gz,
0

By Lemma 4, x — EX[H(Y,, T +u)a(Y;)e™ I “(Y“)d“] is continuous for each u, 7, so @(., u) is
continuous for every u < t. We then obtain the result applying the induction hypothesis.

We are now in position to prove the first part of Theorem 2 about the Feller continuous
property of (X;);>0. We compute for ¢ > 0, x € E and f € Cp(E)

0:f(0) = > B[ f(X) Ly, ]
k=0

= BY [f (e h 2009 4 3 B [f(X) 7 <i<, ]
k>1

=g, D+ ) Bl FX gy -1 ]
k>1
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o where y(x,1) = EX[f(Y,)e™ I @) du] We get from Lemma 4 that i (., ) belongs to Cp,(E) for

97

every ¢t > 0. Then

Ex[f XUz, 1107 20] = Bx (g <0 f ) ) B [y 113 | P, YOI
_ T (k)
= B [frp e h " oWiDduy @.1)

t-Ty.
= BL[BY,, [f(-pe™h " o00%) 17, 2.2)
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= EX [lﬁ(XTk, r- Tk)lTk Sl],

so Lemma 5 entails that x +— E,[y(Xr,,t — Tk)1r1, <] is continuous for every k > 1. The

domination

where N*t ~ P(a*t) (by (2.3)) allows us to conclude that x — Q; f(x) is continuous.

|Ex [ (X1, t = Tl <i1| < | fllePx(Tic < 1)
< I fllP(N; > k)

2.3. Proof of Theorem 2 (part 2)

Our aim is to prove the Feller property of (X;);>0 assuming that for every ¢ > 0, Q?CO(E ) C
Co(E) and that K Co(E) C Co(E). We follow the same steps as for the proof of Theorem 2
(part 1), by first inspecting the consequences of Q}/CO(E ) € Cp(E) in Lemma 6 and second the
additional effect of K Cy(E) C Cy(E) in Lemma 7.

Lemma 6. Suppose that for every t > 0, QfCO(E) C Co(E). Then

(). for any f € Co(E), lim;—o |QF f — flle = 0,

(ii). for anyt > 0, supp,c(o QY Cy(E) c Co(E),

(iii). for any f € Co(E) the function x — EY [f(Y;)e™ k @) du) is continuous.

Proof. By continuity of (Y;);>0, 1in(1) fo(x) = f(x) for every f € Co(E) and every x € E.
>
As proved in [Revuz and YorRevuz and Yor1991], this is equivalent when Qf Co(E) c Cy(E)

to lim,—0 [|QY f — flle = 0, which proves the first statement of the lemma.

Concerning the second property, let € > 0 and f € Cy(E). Fix n(f) > 0 such that for every
s < (), 10Y f = fllo < € and s(x) € [0, ] satisfying SUPPye[0,¢] QY f(x) = Qf(x)f(x). Then

we have

Y Y
0 127 s(x)/ )t f(x) £ max Qﬂf(x) <
122stofut k=0,...,2n ~ 3%

supp

s€[0,t

] oY f(x).
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116 So

supp Oy f@) - max 0} bS] <

sel0,e] KTV

supp Q fx) = Q 2">(xj/tjt fx)

s€[0,¢]

?(x)f(x) Q L2"v<x)/r S

Y Y

LZ"s(x)/tJt (Q 3 LGsm/m f&) = fx)
s(x)

= ||Q‘( )— 2"€(x)/tjtf ](.”DO

<e

17 whenever 127" < n(f). This leads to lim;,—,c || SUPPsef0,¢] fo—maxk:() ,,,,, on Q{,z-nfﬂoo =0.
18 Since maxg=o, . 2» Q{;zfn f € Co(E) for f € Cy(E) by assumption and Cy(E) is a closed subset
19 of Mp(E) for |||, we deduce that supp,c(g ;1 QY f € Cy(E).

120 We finally prove the third point of the lemma in a similar way as in the proof of Lemma
121 4. First we show by induction on p > 1 that for anyt >0and 0 < uy £--- <up <tand
122 f € Co(E) the function x — ]Ef: [f(Yt)a(Yul). .. p)] is in Co(E). Indeed for p = 1

Ey [f(YDa¥u)] = Ex [@(¥u)Ex [fXDIFu |] = Ex [@Wu)Q) . fXu)] = 0F (@ x O, ) &)

e and Q) (axQ)_, f) € Co(E) by assumption. For the induction step we just write

BY [f()a(y). . ey, )] = B [a(y) . a0, )Ly, f X )Y,

12¢ that is in Co(E) by assumption and the induction hypothesis. We then obtain the continuity of
125 the function |
x o BY [ (Ve b ot du)

126 similarly as in the proof of Lemma 4.

12z Lemma 7. Assume that for every t > 0, QfC()(E) C Co(E) and that K Co(E) C Co(E). Let
2s  t > 0. Then for every k > 1 and all g € Co(E), x — Ex[8(X1, )11, <¢] vanishes at infinity.

120 Proof. Let us prove the result by induction. For k =1,
t s
[Ex[e(Xr)1n <] = ) / Ex[Kg(Vo)a(Ys)e™ h @] g
0

t
<o / E, [K|gl(Yo)] ds
0
<a't SUPPse[0,7] QZ]K|8|(X)

o Since K Co(E) € Co(E), the function K|g| belongs to Co(E), sO SUpp,e(, /] QYK|g| € Co(E)
131 by Lemma 6. This entails in particular that x — E,[g(X7, )17, <;] vanishes at infinity. Let now
12k > 1 and assume that x — E,[g(Xr, )17, <,]) vanishes at infinity. We compute similarly

t=T .
EX [g(XTk+1 )lTk+1 St] = EX [E)Y(Tk ['/0' / K(Y_ﬁ dZ)g(Z)a/(Ys)e_ ‘/0 W(Yu)du] lTkSt]
E
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Feller and ergodic properties of jump-move processes 9

and
t
B8t ]| < BBy | [ Klel0dsltr ]

t
- 0Byl /0 0¥ Klgl(Xr) dslz ]
< Cl'*tEx [Suppselo,t] Q§K|g|(XTk)1TkSt] .

Since suppgeo ¢ QYK|g| € Co(E), the result follows from the induction hypothesis.

In order to prove Theorem 2 (part 2), first remark that x — Q,f(x) is continuous for
f € Co(E) and any ¢ > 0. This follows by the same arguments as in the proof of Theorem 2
(part 1) taking f € Co(E). Indeed, using the same notation as in the proof of Lemma 5, we obtain
that the function H(., u) belongs to Co(E) for any u < ¢ by the assumption K Co(E) € Co(E)
and Lemma 6 (item 3.). The conclusion of Lemma 5 then follows by the same proof, using
Lemma 6 instead of Lemma 4. Similarly, the proof of Theorem 2 (part 1) with the same
substitution entails that Q; f € Cy(E).

The strong continuity of Q, follows by Proposition 3 and the first statement of Lemma 6.

It remains to prove that x — Q; f(x) vanishes at infinity. By the same decomposition of
Q. f as in the proof of Theorem 2 (part 1), we obtain using in particular (2.2) that for any j > 1

J
100 F()] < O IF1() + Y Bxlsuppye o,y OF IFI(Xr)lm <] + [ FlBON] 2 /) (2.3)
k=1

where N} ~ P(a*t). Let & > 0. First, QY | f| € Co(E) by assumption, so that QY | f|(x) < &/3
for x outside a compact set. Second, since lim;_., P(N; > j) = 0, there exists jo > 1 such that
|| fllP(N; > j) < /3. Third, Lemma 7 entails that for every k < j, the function

x > B [suppgeqo.) OF I f1(X1) 17 <]

vanishes at infinity because supp,eg ;| QY|f| € Co(E) by Lemma 6. It is therefore bounded
by €/ jo for x outside a compact set. Combining these three results in (2.3) concludes the proof.
3. Proof of Theorem 3 about the infinitesimal generator

Let fe LY, x € Eand h > 0. We decompose %(th(x) - f(x)) as

1 1 h
F @0 = £0) = - (BX [ rorpem B o00d| - £ 4 By [F(X)Tn 1] + Ba [f X)Ly, 22] )

_p [ﬂmh— FO 4 700,

where

, h
+ %Eﬁ [f(Yh) (e_ﬁ’ -] +/ () du)]
0

1 1
+ 7By [f(Xi)In,=1 ] + 7 Ex [fXi)In,>2] . (B.D)

h
T = -1 [ﬂm /0 (¥, du
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10 F. LAVANCIER ET AL.

To prove the theorem, we thus need to show that for any f € Lg
supp [T(x) + a/(x) f (x) — @)K f(x)] — 0.
xeE h\,0

Following (3.1), we denote T'(x) = T}(x) + T2(x) + T3(x) + T4(x) and we shall prove that

supp |71 (x) + a(x) f(x)] — O, 3.2
xephpll() () f( )lh\o (3.2)
supp |72 (x)| — O, 33
xepEpI 2(x)] Ny (3.3)
supp |T3(x) — a(x)K f(x)] — 0, (3.4)
xeE N0
supp |74(x)| — 0. 3.5
Xepgl 4(x)] Py (3.5)

For (3.2), we compute for 2 > Oand x € E,

1 h
1)+ a0/ (0) = a0 6) ~ 7B [ﬂm /0 a(Y) du]

1 h
= /0 Ey [a)f() - @), f(Y)a(Y,)] du

1 rh 1 rh
a /0 By [a@)f() = fY)a()] du+ /0 Ey [f(a() = Q) fYu)a(¥)] du

1 1
= /0 (f x @ =0}, (f x @) (x)dv + /0 BY [a0in) (£ = Qhof) (i) av.
So,

1 1
i +afwl < [ 101, %) = Fxalledvra’ [0l f - o,

that does not depend on x € E and converges to zero when 4 ™\, 0 by the dominated convergence
theorem, the fact that f € Lg and the assumption a X f € Lg. This proves (3.2).

Now for f € L} andx € E
h 2 *\2
( Ji a(mdu> ]an_wh
0 2

that does not depend on x € E and converges to zero when 4 ™\ 0, proving (3.3).
For (3.4), we have for any f € LY,

I flloo —y
T < —E
|T2(x)| < T

1
T3(x) = ZEX [f(Xh)1T|Sh1T2>h—T|]
1

= EEX f Y,(ll,)ﬂ)lrlgh]?x (72 >h—1 |-7:71,Y(1))]
- %Ex [ITIShng,I [f(Yh—Tl)e_ p G(Yu)du”
_ %Ex 7IT|ShE))’(Tl [f ¥, )]] + %Ex [IT]ShEirl [f(yh_ﬁ) (e’ [ et 1)“ |

(3.6)
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s The second term above converges uniformly to O when A ™\, 0 because
1 h-1
‘ZEX |1 nBY, | fWnor) (e b7 T a0ae 1) |

ha* o *
< #Pm <) < @) fllh.

16 Let us now consider the first term in (3.6) and prove that it converges uniformly to a(x)K f(x).

1 1
B [LrenBY (0] | = B Lo [BX . [f0ame)] PO, ]|
A
= 5B [Tz /E E; [f(YhT,>]K(Y£?>,dz)]
o
= B [Tz /E ol fK (Yiﬁ”,dz)]

1 [r" :
=B | [ [ Qs (10.dz) ar®e B e ds]
LJ0 E

1 hv
=EY [ / / O - fK Yy, dz) a(¥yy e~ ) du dv}
0 E
1
= E§ ['/0' -/E‘ QZ(l_V)f(Z)K Yy, dz) a(Ypy) dV]

1 hv
[ ] G FOK Gty vy (47 e 1) dv] :
0 E

1 hv
/ / a(Y,)du dv]
o Jo

< @I flleo s

+EY

167 On one hand,

1 hv
B [ [ Ol FK ot (e 87 w03 1) 0| < a2t

s which tends uniformly to O when 4 N\, 0. And on the other hand,

1
E; [ /0 /E QZ(l_v)f(z)K(th,dz)a(th)dV] - a(0)K f(x)

| 1

- /0 B o) KOJ ) f (i) = @i K £V || v + /0 [ o) Kf (Vi) = @K (]| dv
1 1

<a' /0 IKQl = K flloodv + /0 Q@ x K)0x) = (@ x K )] dv

1 1
<o’ /0 llgiu,v)f—fnmdﬁfo 105 (@ X Kf) = (@ x K Dlles d,

169 converges to O when 4 Y\, 0 by the dominated convergence theorem and the fact that f € Lg
i andaXKf € LOY. The latter is implied by the fact that by assumption g := K f € LY, implying
m @ xg € LY. This proves (3.4).

172 To complete the proof, it remains to remark that (3.5) follows from the following, using
s (2.3),

[FAIES

|T4(x)] < p

12
P (N, >2) < —”f”""z(“ s

o (h).
N0
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12 F. LAVANCIER ET AL.

4. Topological results for systems of interacting particles in R?

We detail the topological properties of the state space E for systems of interacting particles
in W c R?, introduced in Section 2.4. Remember that in this setting £ = U;l"’:OE,, where
E, = m,(W") with 7,,((x1, . ..,x,)) = {x1, ..., X, }, and we have equipped the space E with the
distance d; defined for x = {x1,...,Xu0} and y = {y1,..., Yy} in £ such that n(x) < n(y)
by

1 n(x)
di(x,y) = promy <0?§2y) ;(lei —Yowll A D+ () - n(x))> ;
with d(x, @) = 1 and where S, denotes the set of permutations of {1,...,n}.

We verify in this section that if W is a closed subset of R? (possibly W = R9), then
(E,dp) is a locally compact and complete set, strengthening results already obtained in
[Schuhmacher and XiaSchuhmacher and Xia2008]. We also show that n(.) and m,(.) are
continuous under this topology, as claimed in Section 2.4. We continue with the proof
of Proposition 4, which clarifies the meaning of converging sequences in (E,d;), and of
Proposition 5 that describes the compact sets of E,, and E, along with some useful corollaries.
We finally show that the Hausdorff distance is not appropriate in our setting, not the least
because it does not make n(.) continuous.

In the following, we will often use in a equal way the spaces (R"d, ||.||) and ((Rd)", ||.||n)

where
] n
xlln = = > lbxell
n <
i=1

Indeed, introducing the natural bijection ¢, : z € R™ > (z1, ...,z € (RY)" we observe that
for any z € R", ||z||/n < |[¥n(D)lln < |Izll/n by the Cauchy-Schwarz inequality. The norms
being equivalent, we henceforth abusively confuse z and y,,(z). Similarly, any function from
R to R? can be seen as a function from (R%)" to R¢ and we will confuse the two points of
view.

We start in the following lemmas with the continuity of n(.) and m,(.). We will use the
following straightforward property, for all x,y € E,

In(y) — n()|
n(x) vV n(y)

Lemma 8. The function n(.) : (E,d;) — (N, |.|) is continuous.

di(x,y) 2 4.1

Proof. Take x € E and a sequence (x'P)),>¢ such that d;(x'P),x) — 0 as p — co. Assume
that the sequence (n(xP)) p>0 isnot bounded. We then may define a subsequence (n(x? /))) P20
such that n(x(?")) — oo, and by (4.1) we obtain

In(x) = n(xP))]

di(x,xP)y > -
i ) n(x) VvV n(x(PY) pr—w

k)

which is a contradiction. The sequence (n(x(”)))pzo is therefore bounded by some M > 0,
which gives again by (4.1)
In(xP) = n(x)| < (M V n(x)) di(x?, x) — 0,
p—)OO

that is
n(x?) — n(x).
p—
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Lemma 9. The projection rt,, : (W™, ||.||,) — (Eyn, d1) is continuous.

Proof. Letx,y € W". Then

1 . 1 ¢
di(my(x), mu(y)) = ; <01'_21$nn Zl:(”xl _yO'(i)” A 1)) < ; z;(”xl _yiH A< ||)C —)’||n-
= =

From Lemma 9 we deduce that (E, d) is a locally compact space.
Corollary 1. Let W a closed subset of R?. Then (E, d,) is a locally compact space.

Proof. First recall that di(x,@) = 1 so {@} is a compact neighborhood of @. Now take
x ={x1,...,xn} € E, with n > 1. The space W" is locally compact so there exists K ¢ W"
a compact neighborhood of (xi,...,x,). Now set K = m,(K). Then, x € K and K is a
compact set by Lemma 9. We show that there is an open set containing x which is included
in K. By definition there exists € € (0, %) such that By, ((x1,...,x,),e) N W" C K, where
By, ((x1,...,xp), &) is the open ball centred at (x, . ..,x,) with radius & for the norm ||.||,,.
If z € B4, (x, &) N E,, there exists o € S, such that

1 n
=D i = zowll < e,
i=1

50 2 = 1y ((Zo(1)s - - - » Zo))) AN (Zor(1)s - - -5 Zom) € B, (X1, . .., Xp), &) N W, To sum up,
Ba,(x,&) N Ep C 7ty (B, (X1, ..., x0),€) N W") C K,

so K is a compact neighborhood of x in E,, and so in E.

A further consequence of Lemma 9 is the following result, that will turn to be useful when
considering the Feller continuous property of a process on E.

Corollary 2. If f € Cp(E) then foranyn > 1, f o, € Cp(W").

Proof. Foranyn > 1 and f € Cp(E), the function f o m,, is well-defined on W", continuous
as the composition of two continuous functions and bounded by || f|| .

Let us now prove that (E, d1) is a complete space.

Proposition 1. Suppose that W is closed. Then (E, dy) is a complete space and for any n > 1,
(En, dy) is also complete.

Proof. Let (x(P)) p>0 be a Cauchy sequence in (E, dy). First, we show that the sequence
(n(xP) p=>0 1s constant for p large enough. Fix & € (0, 1). There exists g > 0 such that for any
p > q,di(xP), x@) < g s0by (4.1)

[n(xP) = n(xD)| < ((xP) v n(x D)) & < (n(xP)) + n(xD)) g,

implying that (1 — &) n(x'P) < (1 + &) n(x'?) and n(x'P) < n(x'P)(1 +€)/(1 — &). This entails
that the sequence (n(xP)) p>0 is bounded by some Ny > 0. Now take € € (0,1) and p; > 0
such that for any p > py, di(xP, xPV) < £/Ny. Write n = n(xP") for short. Then by (4.1)
one has for any p > p

|n(x(ﬂ)) _ n| < (n(x(ﬂ)) Vv n) dl(x(ﬂ)’x(m)) <Ny dl(x(ﬁ),x(m)) <e<l,
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14 F. LAVANCIER ET AL.

which implies that n(x?)) = n for all p > p;.
Second, we may fix p, > 0 such that d;(x'?,x(9)) < & for any p,q > p». Finally let
po = max(p1, p2), so that for all p,q > po,

dl(x(p) (q)) -~ min Z ”x(p) @ | <

n oes, Yo

(Po) _ (p) oll/n < & forany p > po. The

In particular for ¢ = py, this leads to ming,cs, 2o, |1x;
minimum over o is reached for some o, , € S, so that we may deﬁne the sequence (£7)) > p,

in W by £P) = (x'P X (n) satisfying |£P) —x(P0)||,, < gforall p > pg. Then for

Topp (D7 K
p.q = po, |8 = 2@||, < 2e. This proves that the sequence (£P)),, p, is a Cauchy sequence
in the finite dimensional vector space ((R9)", ||.||,,), implying its convergence to some £ € W"
because W is a closed set. Finally for p > pg

dy (X7, 71, (2)) = d1 (7, (RP), m(R)) < I8P = ]|, < 26,

which proves that (x() p>0 converges to m,(£) in E, and so (E, dy) is complete.
Finally for any n > 1, (E,, d;) is also complete as a closed subset of (E, d;) by continuity
of n(.).

4.1. Proof of Proposition 4

Let x € E and set n = n(x). By Lemma 8, if x?) converges to x as p — oo, i.e.
di(x?,x) — 0, then n(x'?) tends to n, which means that there exists po > 1 such that
n(x'P)) = n for all p > po. From the definition of dy, for any p > pg there exists a permutation
op € S, satisfying

1 n
P )= 4
dy (P x) = -~ E_l(llxz s D SIAD.

Assume that there exists i € {1,...,n} such that limsup,,_,, [lx; — x(cf)(i)H > 0. We then may
)2

fix n > 0 and a subsequence (¢(p))p>p,, both depending on 7, such that for every p > po,

lbxi - X((f:{;)))(l)” 1. This implies d;(x¢P), x) > (7 A 1)/n and lim SUP,, 00 di(xP) x) >0
(P)

which is a contradiction. Finally, forevery i =1,...,n, limsup,_, |lx; — X g i)

|| = 0, proving
the result.
4.2. Proof of Proposition 5 and corollaries

In order to prove this proposition, we first recall the following definitions and results (see
e.g. [BourbakiBourbakil966]):

* A finite subset L of a metric space (X, d) is called an e—net, for £ > 0, if the following
property is satisfied :
VxeX, dlelL, st.dx,l) <es.

* A metric space (X, d) is said to be totally bounded if it contains an e—net for any & > 0.

e Let (X, d) a metric space. Then (X, d) is compact if and only if (X, d) is totally bounded
and complete.
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Feller and ergodic properties of jump-move processes 15
To prove the first statement of the proposition, let A be a closed subset of (E},, d1). We start
by assuming that we may fix € € (0, 1/n) and w € W such that

VR>0, 3x={x1,....,x,} €A, lmlflx {llxx = w||} > R + ne, 4.2)
<kzn

and we show that A is not a compact set because it does not contain any e—net. Take
L= {l(l), e, l(N)} a finite subset of A and let us define

Ry = max max {||I = w]|}.
07 SisN 15k5n{” k I}

By (4.2) we may define x € A and 1 < j < n such that
llx; —wl|l = max {|lxx —wl|l} > Ro +ne.
1<k<n

This leads forall o € S, and 1 <i < Nto

(@)
o)

) 0
()

Il = Lol 2 [l = wil =l _W”):”xj_W”_”l —wl > ne

andforany 1 <i < N

n

. 1 .
@Oy _ = : _ @)
dix, 1) = ;negt;(nxk 1A 1)
> L min (I = 19,11 A1)
- n ocesS, J a(j)
ne
>—=¢
n

Therefore L cannot be an e—net and A cannot be a compact set.
Let us now prove the converse. Fix w € W and assume that there exists a positive R such
that for all x € A,
max {|lxx —w||} < R.
1<k<n

Under this assumption, A is a subset of
1 n
Ci={xeEn~ > I —wl<R).
k=1

Let us show that C is a compact set. To this end we define w = (w,...,w) € W" and
write Bj j, (W, R) for the closed ball of radius R and center w for the norm ||.||,, on the finite
dimensional vector space (R4)". The closed set l_?”_”n(w, R) N W" is then a compact set of
W™ and by continuity of the projection m,,, we get that x,, (I§||_||n w,R)N W") is a compact
set of E,. Let us prove that m, (BH_”n(w, R)N W") = C to conclude the proof. First, if
x ={x1,...,x,} € Cthen X = (x1,...,x,) € B, (W,R) N W" and m,(X) = x. Second, if
x =m,(®) with £ = (x1,...,x,) € B)),,(w,R) N W", then

1 n
=D = wl =11t =Wl < R
k=1

which proves the claim. The set C is then compact and so is A because it is a closed set.
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16 F. LAVANCIER ET AL.

Let us finally prove the second statement of Proposition 5 by contradiction. Let A be a
compact subset of E and suppose that P = {p > 0, AN E, # @} is infinite. Then we can
construct a sequence (yp,)pep With y, € AN E,. But A is a compact set so there exists a
subsequence (y,),7 e Which converges to some y € E when p’ — oco. But by Lemma 8,
n(yp) = p’ — n(y) as p’ — oo which is absurd, concluding the proof.

We end this section with two corollaries of Proposition 5.

Corollary 3. If W is a compact set, then (E,, dy) is a compact set for any n > 1.

Proof. W is a compact set of R¥ so it is bounded, i.e. we may fix a non-negative R such
that ||w|| < R forany w € W. Letw € W and x € E,,. Then

max {|[xx —w||} < max |[xi|| +||w|| < 2R.
1<k<n 1<k<n

E,, is therefore a compact set by the first statement of Proposition 5.
Corollary 4. If f € Co(E) then for anyn > 1, f o m, € Co(W").

Proof. Take f € Co(E) and & > 0. There exists a compact set B C E such thatif x ¢ B then
| f(x)] < €. In this case B,, := BN E, is a compact set because E, is closed so by Proposition 5
there exists w € W and R > Osuch that forany x = {x1,...,x,} € B,, maxXj<x<, |[xx—w| < R.
Then for any z ¢ By, (w, R/n) we get | f o m,(2)| < €.

4.3. The Hausdorff distance is not appropriate

For systems of particles in R¢, we have equipped E with the distance d; defined in (2.7).
A common alternative distance between random sets is the Hausdorff distance defined for

x={x1,...,xptand y = {y1,..., yuy} in E by

dg(x = max{ max min ||x; —y; max min ||x; — yi|lt.
H(EY) {lsiSn(x)ISan(y)” ! y]”’ISJ'Sn(y)lSiSn(x)” ! y,ll}

Yet we show in this section that this distance does not make the function n(.) continuous, which
has serious consequences on the structure of C,(E) with this topology. In particular, we show
that a simple uniform death kernel is not even Feller continuous in this setting.

As a preliminary, for the Hausdorff distance to be a proper distance, we must focus on simple
point configurations only. We therefore consider for any n > 1

an{(x1,...,xn)€R", i+j] = xi;txj},

E=|]E.
n>0

where E, = 7,(W,) and 7, is the same projection function as in Section 2.4 but defined on
W,,. Then we have

and the state space is

Lemma 10. The Hausdor{f distance dy is a proper distance function on E.

Proof. Symmetry is obvious and triangle inequality is well known for dg. We only prove
the identity of indiscernibles. Letx = {x1,...,xp} and y = {y1,..., yuy} in E satisfying
dyg(x,y) = 0. This implies

min |[x; —y;|| =0
lgjgn(y)”l y;”
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Feller and ergodic properties of jump-move processes 17

for any i € {I1,...,n(x)}, leading for any i € {1, ...,n(x)} to the existence of j € {1,...,n(y)}
such that x; = y;. Since x and y are simple, we deduce that n(y) > n(x). We obtain similarly
n(x) > n(y) and then n(x) = n(y). We then may define a permutation o € S,, such that for all
i € {1,...,n(x)}, X; = yq) which means that x = y in E.

We now verify that n(.) is not continuous for this topology.
Lemma 11. Assume that W # @. Then the function n(.) is not continuous on (E,dg).

Proof. Assume without loss of generality that 0 € W. Let k > 1 and y € R? such
that ||y|| = 1/k. Take k large enough so that y € W. Then |n({0,y}) —n({0})| = 1 and
dy ({0,y},{0}) =1/k — 0 as k — oo, proving the result.

This result reveals a singularity caused by the distance dy. As a consequence, a simple
uniform death kernel is not even Feller continuous, as proved in the following lemma.

Lemma 12. Assume that W # @ and consider for f € My(E) the kernel
1 x)
Kf(x)= — ).
f@ =5 Zl foe\x)

Then KCp(E) is not included in Cp(E), i.e. K is not Feller continuous.

Proof. Consider the function f(x) = maxXj<;<n(x)Xi,1 A 1 where x; 1 is the first coordinate
of x; € W. This function is bounded and satisfies for any x, y € E,

|lf) = fI <| max x;1— max y;il, 4.3)

1<i<n(x) 1<j<n(y) !

for any x,y € E. Let us show that the latter bound is lower than dg(x, y). Let Zy =
argmax; ¢; <, (x)Xi,1 and Jo = argmax;;,y)y;,1- This follows from the fact that for any
ip € Zy and jy € Jo,

dg(x,y) > max min |lx; —y;[| > m<in(y) Ilxi, = yjll =

min |x;,1 = yj1l = X, = Yol
1<i<n(x) 1<j<n(y) 1<j<n i<n(y) © J R

1<j<n

Soby (4.3) | f(x) — f(¥)| < dg(x,y), proving that f € C,(E).

Assume without loss of generality that0 € W. Leta € W, a # 0, and ax = (1/k,0,...,0) €
R? with k large enough to ensure ax € W. Consider the sequence x*) = {0, a, a;} and let
x = {0, a} so that dy(x®, x) = 1/k tends to 0 as k — co. On the one hand,

1 1/k 1/k 2
KF@®) = 3 17 (0. axh + f (aah + £ (0,apy) = OHLDY@rar 20

and on the other hand,

Kf = 5 (70D + flahy = 2

whereby K f ¢ Cp(E).
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18 F. LAVANCIER ET AL.

5. Proof of Proposition 6

First we show that if (Z,ln),zo is a Feller continuous process on W for every n > 1 then
(Yy):>0 is a Feller continuous process on E. Indeed, let x € E and a sequence (x(p))pzo
converging to x. By Proposition 4 we may fix pg > 1 such that n(x(”) = n(x) := n for

any p > po and a sequence of permutations o, of {1,...,n} such that forany 1 <i < n,

(p)
Ko i)

equivariance property of (Z,ln), >0 (that allows us to arbitrarily choose the ordering of its initial
value), the continuity of its transition kernel, and Corollary 2, that

— x; as p — oo. We then obtain for any f € Cp(E) and p > py, using the permutation

E (f(Yz) | Yo = x(p)) -E <f(Y,|n) Yo = x(p))

=B (fomz"1Z) =6 D)

op(1) op(n)

S E (f o Ta(ZMNZ)" = (x1, .. ,x,,))

p—o

=E(f(Y)[Yo=x).

Second, let us prove that if (Z,‘")tzo is a Feller process on W' for every n > 1 then (¥;):>0
is a Feller process on E. Let f € Co(E). We start by the strong continuity. Take £ > 0. By the
second statement of Proposition 5 there exists ng > 0 such that n(x) > no = [f(x)| < §. So
forany x € E,

|0 £(x) = £ < |QF F&) = £O| vy <no + Bx [ F XD Lnoysng + £ Lngxysng

< 2 Jor" 10 = o[ trer, + -
< Z; B (fGrn(ZI")1 2" = (1)) = FOrn(@are x| Liess, + 5

1o
< 207" (fomn) = fomalle+ 3.
n=1
By Corollary 4, for any n = 1, . . ., ny, there exists #,, > 0 such that
ZIn &
te (O’In) S ”Qt (foﬂn)_foﬂnlloo <z .
2n0

So for any ¢ € (0,t(g)) where t(g) = 1min tn, we get [|QY f — fllo < &, which proves the
<n<ng

strong continuity of QY at 0.

It remains to show that Q?’CO(E) C Co(E). Continuity follows from above. Take now
f € Co(E) and fix ¢ > 0 and B C E a compact set such that x ¢ B = |f(x)| < 5. By
Proposition 5 there exists ng > 0 such that x € B = n(x) < ng. Also by Corollary 4 we can fix

foranyn =1,...,n9acompactset A, of W" suchthatz ¢ A, = )Qtz‘" (fo ﬂn)(z)) < £/(2nyg).
Then, A = U::O=1 7, (Ay) is a compact set of E and for any x ¢ {@} UA U B

10} F < DL10F"(f o mar, ... vl +3 < o
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6. Proof of Theorem 5

We recall and complete notations introduced in Section 4.1 of the main article regarding the
coupling between X and 5. The coupled process is C = (X’,n"), where from Theorem 4, X’
and i have the same distributions as X and 5. We denote by T; and ¢; the jump times of X
and 7. Similarly we denote by 7% and ¢’; the jump times of X’ and r’. To prove Theorem 5, we

. . J J : . .
start with the following lemma where so := inf{¢ > #;, n, = 0} is the time of the first return of
n in the state 0 and Sg := inf{¢r > T\, X, = @} is the time of the first return of (X;);>¢ in the
state @.

Lemma 13. Suppose that 0 is an ergodic state for the simple process n, that is Ey(sg) < oo.
Then tlim 0:(9D, A) exists for all A € £. Suppose moreover that for all n > 0, E, (sg) < co.
Then, tlim Q:(x, A) exists forall x € E, A € &, and is independent of x.

Proof. Let $¢ := inf{t > 1], C, € E x {0}}. Using the first statement of Theorem 4, we
can prove that Pg 0)(So > #) = Po(so > t). Similarly, by the second statement of this theorem,
P.0)(Sg > 1) = Pg(Sp > 1) where S := inf{t > T/, C, € {@} x N}. We thus have

Pg(Sg > 1) = Pg.0)(Sg > 1) < Pig.0) (30 > 1) = Po(s0 > 1),

where the inequality comes from Proposition 7.
By the assumptions of Lemma 13, this implies that S < co Py — a.s. and that

(o]

Eg(Sg) = / Py(Sg > ) dt < / Po(sg > t)dt < oo,
0 0

proving that @ is an ergodic state for the process (X;);>0. Note moreover that Sy has a
density with respect to the Lebesgue measure, that we denote by pg. This comes from the
fact that 7; has a density for any j, so does T;, whereby given a Lebesgue null set I € B(R),
Py(Sg € 1) < Z;";l Pa(T; € I)=0.

We have the following equation

t
Qt(®9 A) = PQ)()(t € As S@ > t) +/ PQ(XI € A’ S@ € dS)
0
t
=Pgy(X, € A, Sg > 1) +/ Py(X, € A|Sg = s)ug(s) ds
0

t
= P@(Xt € A,S@ > 1) +/ Qt—s(@, A)/Jg(s) ds.
0

This is a renewal equation and we may apply the renewal theorem given in [FellerFeller1971,
Chapter XI]. To this end, denote by Z(¢) = Q,(9D, A), £(t) = Pg(X; € A,Sg > t) and F{I} =
Py(S@ € I). Remark that Z is bounded, £ is non-negative, bounded by 1 and directly Riemann
integrable on R, because it is dominated by the monotone integrable function ¢ +— Pg(Sg > ).
Moreover, 0 < Eg(Sg) < oo and since Sg has a density, F' is not arithmetic. Then, by the
renewal theorem, we obtain:

1 o 1 o0
01D, 4) = 2(t) — m/() E(u) du = M/o Py(Xu € A, Sg > u) du  (6.1)

which proves the first statement of Lemma 13.
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a5 Let now turn to the second part of Lemma 13. Let x € E,,. By the arguments as in the
s beginning of the proof, we get that S < oo, P, —a.s. and that E,(Sg) < E,(so) < co. We
a7 have

Q:(x, A) = Px(X; € A)

t
=Py(X; € A,Sg > 1) +/ Py(X; € A|Sg = s)ug(s) ds
0
t
=P,(X; € A,Sg > 1) +/ Pp(X;—s € A)ug(s) ds
0

t
=P(X; € A,Sg > 1) +/ 01—s(@, Aug(s) ds.
0

The first term tends to 0 as + — oo because it is dominated by P,(Sg > f) and we know that
P,(Sg < o0) = 1. For the second term, for all s > 0, we have by (6.1)

1 (<)
-s(@,A)1 —_— Py(Xy € A, du.
Q0. M09 =2 g | ol € 4,50 > w du

—00

Moreover |Q;—s(@D, A)1jo,/1($)ug(s)| < ug(s) which is integrable. So by the dominated
convergence theorem,

1 (o)
Q(x,A)—>—/ Py(X, € A, Sg > u) du
s Be(So) Jo 7 0

s which is independent of x.

389 We are now in position to prove Theorem 5. The conditions (4.6) or (4.7) of [Karlin and McGregorKarlin and McGregor1957]
s imply the assumptions made in Lemma 13. We then deduce that pu(A) = lim;—e Qs (x, A)

st exists forall x € E and A € &, and is independent of x. It is a probability measure because for

s anyt > 0andx € E, Qs(x,.) is a probability measure.

393 Let us prove that u is an invariant measure. The previous convergence reads

[ oo = [ foma. (62)

w4 where f =14 with A € £. It is not difficult to extend it to any step function and by limiting
ss arguments to any f € M} (E). By the Markov property, forallz,s >, x € E and A € &,

Ors(x, A) = /E Q:(y, A) Qs (x, dy).

Letting s tend to co, we obtain that the left hand side converges to u(A), while for the right
hand side, we may apply (6.2) to f = Q;(., A) € MZ(E) to finally obtain

J(A) = /E 0,0y, Apu(dy).

a%6 Finally, if v is a probability measure on E, such that for any A € £

v(A) = /E 0:(y, A)v(dy),
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then as Q;(x, A) < 1, taking t — oo, we get by the dominated convergence theorem

v(A) = / u(Av(dy) = pu(A).
E
Hence u is the unique invariant probability measure.
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