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The supplementary material contains an auxiliary lemma and the proofs of
all theoretical results in the main paper. We also provide some simulations to
support our asymptotic results.

Appendix A. An auxiliary lemma

Lemma A.1. Let f be an increasing integrable function on (0,1), 5> 1 and

st= [ Fuydus s [ F@dut (610550,
then s (t) is decreasing on (0,1).

Proof. We directly prove it by definition. Let 0 < t; <9 < 1, then
s (t2) — s (1)

—1=8) [ Fu)du+[(B—1)ta— B f (t2) — [(5— L)t — B] £ (t2)

t1

== (30 [ F @t (3= 1) 6af (8) ~ af (1)) = B1S () — £ ()]

=B =Dt [f )= Q)]+ B-1)(t2—t) f(t) - (5—1)/:f(u)du
= Bf (t2) = f (t1)]
=[(B=1)ta =Bl [f (t2) = F(t)] + (B—1) [(ta — 1) f (1)) —

. f(u) du} <0.

t1
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Appendix B. Proof of main results

B.1. Proof of results in Section 3.1

B.1.1. Proof of Theorem 3.1 For v € (1/5,1), let

)= Il ha) = [ G s (w)d,

then
2p,G,e(7) = elp(7) + ka(7),

we only need to analyze [, and kg separately.
By the definition of h., we make the following direct calculation to obtain the

explicit expression:

, f0<u<r , f0<u<r
i = —{7 . (B.I)

By, ifr<u<l1

hy (u) = H,_(u) = {

%—F’y, ifr<u<l1 a
For the first term [,,(7y), when p > 1, i.e., 1 < ¢ < 0o, we have
b (7) = Iyl = [F77 + 8997 (1 = 7))/ =y [7 4 87 (1 — 7).

Obviously l,(v) is a smooth function. Differentiate to [, (), we obtain its first

derivative:
() =[r+ A1 —7)]Y g [r 4 80 (1 — T)]l/Q‘I%. (B.2)
Thus
" (1—p9)? . 1g-2 [ _
lp(’Y):W[T‘Fﬁ (1—1)] I (q 1—1) < 0.

This implies that [, () is a strictly concave function. In addition, we have

1-p7  q(F-1)—(B"-1)

z;,(1)=1+q(5_1)= TG-D <0, (B.3)
and g2
LB = 5T [(g—1)p7—qp" +1] > 0. (B.4)
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Now we turn to the function kg (7). Continuity and Concavity of kg () will
be checked subsequently. Indeed, according to (B.1), we have

ko () = /01 G (w)h (u)du = fy/OT Gt (u) du + By /T1 Gt (u)du. (B.5)

By the integrability of G~! and the absolute continuity of integration on G~!,
we obtain kg(7y) is continuous. We emphasize here that no extra assumptions
on the continuity of G~! are put on this theorem, hence including distributions
whose cdf contains flat parts, with connection to the jump discontinuity, where
kc(7y) is not differentiable. However, it is easy to check that kg () always has
left and right derivatives on (1/4,1). Specifically,

T

() = [ 67 @ du+9G7 (7 - b (- 1)

Similarly,

kg_(fy)—/OTG‘l (u) du+/3/: G (wydu—~y'G (). (BT)

Here G~ (77) is replaced by G=! (1) due to left continuity of G=!. Now it is
sufficient to show that both k¢, (7) and ki_(v) are decreasing. Since the proof
simply rests on the monotonicity of G=1 (7+) or G~ (77), we assume that G~1
is continuous for simplicity. Hence, k¢, (7) = kg_(7) = k(7). Noting that 7 is
a strictly increasing function of +, by Lemma A.1 we obtain that

) = [ 6 @ [ 6 @ ()7 =167 )

is a decreasing function of 7.

Therefore continuity and strict concavity of z, ¢ . (7) is attained by the above
arguments. In addition, z, ¢ (7) has left and right derivatives and together with
Eqgs. (B.3), (B.4), (B.6), (B.7), denoted by 2;, ;.. (7) and z,, 5 . (7) respectively.
Then we have

e A =103+ 5| [ 67 du—67 0] >0,
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and

Zpae (1) =1,(1)+ /01 Gt (u)du— G (1) <0.

Thus the maximum point must lie in the open interval (1/43,1), and

7" =argmax zpg. (7) = sup {Z;),G,sf (7) = 0} :
ve[41] ve(%.1)

Regarding the second conclusion, on the one hand, it is easy to verify that
FyGern € Wyae. Therefore, by definition, we have e,(F, g c+) < WCEN 6.
On the other hand, by Proposition 1, we have the opposite

1 1
ea(FoGey) = max /O Frd o (u)hy(u)du > /0 Frd o (u)ha (u)du.

v€l5.1]

While the right side of the above inequality is indeed z, ¢ -(7*), form which we
complete the proof. O

B.1.2. Proof of Theorem 3.2 When p =1, g = oo,

By, ifg<y<l
1, ify=1

L(v) = 1hyllee = {

Having obtained the continuity and concavity of kg(vy) on (1/3,1), the same

properties hold for z; ¢ - (7) quite obviously, because {1 (7) is linear on (1/53,1). As

pointed out above Theorem 3.2, we simply need to consider SUD (1 1) 1,Gee (),
ﬂ ’

thus the discontinuity of 21 ¢ () on v = 1 is negligible. Moreover, we have

1
Naer (1/B) =B+ {/0 Gt (w)du— G (0M)] >0,
and
1
Zi,G,s— (I7) =B+ /0 Gl (u)du— G (1) = B + pg — ess Supg -

Consequently, if ess supg < pg + €8, then 2y 5. () is always positive on

(1/5,1), and

VVC]:_'JZKVLG’E = sup z1g:(7) = 1;1{1_ 2166 (y) =B+ ue-
WE(%J) 7
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It follows that for any sequence 7, € (0,1) such that 7,, — 1, or equivalently,
¥(1) = 1,
nlg& ?1,Ge (’Y(Tn)) = WCEZ)}LG’Sa

which implies that for any given ¢ > 0, when n becomes large enough, we have
21.6..(7(T)) > WCE162 —§.

Now, Proposition 2 entails that

1
ea(Fn,G,zs) = ea(FG,e,w(frn)) > /0 Fa’lsﬂ(m))(u)hv(m)(u)du = ZI,G,E(V(Tn))'

Then the end of the proof of assertion (i) is an opposite inequality eq(Fn. ) <
WCEW16< by definition. If ess supg > pig + €3, then 21 ge— (17) < 0, which
indicates that v* € (1/8,1). The subsequent proof is essentially the same as
that of Theorem 3.1 and is omitted here.

O

B.1.3. Proof of Proposition 4 The conclusion for the situation when G is
degenerate is obvious due to assertion (i) in Theorem 3.1. Now if G is non-
degenerate and a > 1/2, ug is strictly less than e,(G) according to equation
(12) in [1], which yields our conclusion under ess supg < pg + Se. While under
ess supg > g+ fe, we know form assertion (ii) in Theorem 3.2 that there exists
~v* < 1 such that

1
WCEM 62 = 21 o .(v) = /0 G Hu)hy-(u)du + Bev* < ea(G) + e,

where the last inequality uses Proposition 1. Hence we complete the proof. [

B.1.4. Proof of Theorem 3.3 By Theorem 3.2, we know there exists a
unique maximum value point v* € (1/5,1). Denote by +* the corresponding
maximizer, i.e. 7% = (8 —1/9*)/(8 — 1) or see Eq.(3.1) Under the assumption
that G™! is continuous, 2 g is differentiable. Viewing 7 as pivot, we rewrite

Zae (V7)) as

e O =B +aa+ (- D[ [ 67 @du—GT (-] - a7 ().
(B.8)



6 Y. Hu et al

By substituting 7o = G (¢/3/2) into Eq.(B.8), we obtain

e ) = 20/2 4 pa + (01 [ [ 67 @) du— 67 ) (1 =) >0
Taking 3 large enough, then we have 7 € (G(253/2),1). Thus
WCE 9 = 21 g () = G (779)
— et eB+(B—1) [/TiG_l(u)du—G_l (™) (1= 7]
—ug+sﬁ+ﬁ~0(/;G‘1 (u) du)
~no+ep+8-0( [

G(eB/2)
= pg +ef+ O(ﬁEG [Y]l{YXB/?}} )’

G (u) du)

where the second and third equalities are simple transformations of 21 ¢ . (y(7*)) =
0. Note that SE¢ [Yﬂ{y>€5/2}] = o(1) due to E¢[(Y*)?] < oo, which completes
the proof. O

B.1.5. Proof of Example 3.1 It is easy to verify that G™!(7) = 1/y/1—7
and ' G~ (u)du = 2¢/T— 7, 50

Hee () =eB+2+(B-1)A -1/ =1 -1
Setting it to zero, we obtain

2(3—1)
2+eB)+V(EB+22+4(B 1)

Let a =2(8 — 1), b=¢f + 2, we have

WCEM 0 = G7H(17) =

a
WCEM 0 = ——
@ —b+ Vb + 2a

=5 (VT 2a+0)

:S(lﬂ/ui—g)

_ (Eﬁ;2)(2+ (6(5;21;2 +0(1/8))

=ef+2+1/e+o(1).
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Before giving the concrete proof of Theorems 3.4-3.7, we provide a sketch
of our strategy. As indicated in the proof of Example 1 ( Eq.(B.24) below), we
know that the maximizer v* ~ 1/p when G is a degenerate distribution function.
From this point of intuition, we wish to maintain this asymptotic behavior of the
maximizer by imposing some additional conditions on the reference distribution
(. Technically, we describe in as much detail as possible the rate at which ~*
tends to 1/p through tedious but elementary asymptotic expansion. Ultimately,
this asymptotic maximizer is carried into the optimized function to acquire the
result after simplification. In this process, we constantly and flexibly use the
Taylor expansion and test for the range of maximizer by Eq. (3.1). The detailed
proofs are as follows.

B.1.6. Proof of Theorem 3.4 For convenience, denote A (1) := 21 . (7(7)).
The maximizer 7* is the unique zero point of A on (0,1). Next, we rewrite A(7)
by the following steps.

1 e
/ G_l(u)du = / SL‘dG(I) = EG [Yﬂ{y>071(7)}]
T G~1(7)

/OOO P (Y]l{Y>G*1(T)} > t) dt

=/ P(Y >ty >G(r)dt

[ee]

which implies that

[e.¢]

A(r)=eB+ pg+(B—1) /G o, GO =G ), (B.9)
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Before evaluating 7*, we need the following two limits:

i e C@dr H_G—(x)f
=00 G(z)x =00 G (x)x + G(x)
, —27 9 L(x)
= lim
a—oo —fr=OL(x) + 21=OL/ (z) + =9 L(x)
1
—_ 9_71, (B.lo)
and
) 0o __ zG(x)
Ih_)n;@x( ) G(t)dt — 9_1>
_C(z) — Ca) _ G
= g
6
= lim ? <9 — 1x_9L(x) + 7 f 1 (—Qx_e_lL(x) + x_el/(x)))

_ : 3—0711/ o
_9_19;13201" L'(xz)=0. (B.11)

Actually, Eq. (B.11) is stronger than Eq. (B.10), and both of them are special
cases of Karamata’s Theorem (Proposition 1.5.10 in [2]). We use the different

two equations flexibly for different purposes.

In the following, we obtain that

R +(/e, =2
¢ () = e+ 70 + oY), where ¢ = Ha +¢f , (B.12)
s e =0C/0-1), <2
and only give the proof when 6 < 2. In fact, let ¢; be a real number such that
c1 < ¢, and 71 = G(ef + ¢1%7%). Substituting Eq. 71 into Eq. (B.9), together
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with Eq. (B.10), we obtain

A(r) = eB + pa + B/:l( oy~ G ) + o)

= 2o ) 4o (B )1 - 7)) - >

= ’ 2B af B af ) OLEB ) — a0 o (867 (n)(1 - )
—0 02—0 _

= (1 e ) (14 s 80) T (o) — e + o5 0)

=g’ <g€if —c + 0(1)> — 00,

which means 71 < 7%, or equivalently, (G=1(7*)/8 —¢) 8%~ > ¢; when j is large
enough. Taking cy > ¢, we can similarly obtain the opposite inequality. Then
let 5 — oo:

—1( % —1( %
c1 < liminf G () —¢ | g%t < limsup G () —e| g0 < e
B—o0 ﬁ ﬁ

B—r00

Finally, letting ¢; 1 ¢, ¢3 | ¢, we complete the proof of Eq. (B.12). Note that
Eq. (B.12) is actually the conclusion when 6 = 2. When 6 < 2, together with
Eq. (B.11) and the assumption 6 > 3/2, we obtain

0 —

WCEMGe =G7H*) = e + g + B - G(t)dt + o(1)

—eB+ o+ oG (- )

! GQ*)G1(7*)(/@001@*)@”“ - ) o
;0_21_9 (1 + 05*15179 n 0(5176)) (1 n 05716179 n 0(6179))—9

(C+0(B772) + (e + o(1))o(1) + o(1)

45179
=ef + pa + mﬁQ_e +o(1),

=ef + pe +

where the fourth equality holds due to the fact that ¢ — L(x) = o(x~2), which
is a conclusion from the assumption lim, .o 2> 7L/ () = 0. We thus complete
the proof. O
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B.1.7. Proof of Theorem 3.5 For convenience, denote w (1) := z, . (7(7)).

Therefore, the maximizer 7* satisfies

7" = sup {w(r)>0}.
7€(0,1)

Simplifying the result in Eq. (B.7) and combining it with Eq. (B.2), we find
that

w(r)=e{[r+87 (-] =)+ pr (-] =+ (8- 1))}
+pg+ G + (8- 1) [/Tlal(u)du—c;l (r)(-7)].
First we prove that
L= = s +dp P 4o (571071, (B.13)

or equivalently,
[(1—7%) 3 — 58P — 4, (B.14)

where s = p — 1, d = e 1qs> YIAG, and AG = ess supg —fig. To do so, we
take d; such that d; > d, and let 7 =1 — s~ — dlﬁfl/pfl. Now substituting

Ty into w (7), we obtain

w(m) =[B! (s + dlﬁfl/p) — st —dy g 4 1] 1a
+eq [t B (L—7) ] 587+ i 4 (B 1))
_ sq—lﬁq [511—1(8 + dlﬁ_l/p) _ Sﬁ_l o dlﬁ_l/p_l + 1] 1/g—1 [1 . (B B 1)—1}
1
g+ G )+ (=D [ [ 67 @ du=G () (1= 7)]

:ZA1+A2—A3+A4—|—A5. (B15)

Before analyzing the five terms above, an elementary observation is g—1—p~! =
g+q¢ ' —2 >0, and further 3177 = o (6‘1/1”), which is significant for our
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calculation when ignoring higher order infinitesimal. For the first term Ay,

1/
A= e[ (s + dig7YP) — 55— dypm e 1]

= esl/apgl/v {1 +dysTIgTVP g Iplme g g g7t gml/Pa /e

1/

= 551/6151/1)[1 +d15—1ﬁ—1/p+0(5—1/p)} 1

= esl/apl/p {1 T disTlgTlgP 4 O(ﬁ—l/p)}

=es I8P 4 eqig s 4o (1). (B.16)

For Ay, we notice that 7+ $7(1 —7) > 1, so Ay < sqfl[sﬁfl I dlﬁ,l/p,l "
(8 —1)7'], which implies
Az =o0(1). (B.17)

For As, similar to the analysis of A;, we have
Ay =eq [ro+ 81 (1= 1) ] o8 + 1B+ (B— 1))
:gq—lﬁqsl/q—lB(q—l)(l/q—l) [1 + dlsﬁ—l/p T o(ﬁ_l/P)} 1/q—1
[3,6”1 LYy = 1)71}
—eq1g9s/a1 gla—D(1/a-1) [1 +disBVP(1/q—1) + O(ﬁfl/p)}
(P8 + g1 4 o571
—eq 11 Lg /a1 gla-D)(1/a-1) [p + 1% (1/g—1) B YP 4 dy371/7 4 0(5—1/19)}

—eq L gV/Pst/a-1 [p —dysBYP £ dy gYP 4 0(6—1/;;)}

1/pgl/q
:756 S edig sV fedig sV 4o (1)
q(p—1)
=P — edyg sV 4 edig s F o (1) (B.18)

For A4 and As, due to the left continuity of G—1, we obtain

Aj=-AG+G (1) -G (R)=-AG +o(1). (B.19)
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and

As = (B—1) (/1 G (u) du— G () (1 Tg))

<SA-m)(B-1)(GH1) -G (m))
= (s+0(1))o(1) =o0(1). (B.20)

Adding up equation Egs. (B.16), (B.17), (B.18), (B.19), (B.20), we obtain
w(m) =edig 's¥172 —AG +0(1) =¢(dy —d)g sV 2+ 0(1). (B21)

Thus, when 3 is large enough, we have w(73) > 0, in other words, 1 — 7% <
sB~Y +diB~YP1 or equivalently,

[(1—77)8—s] 87 < du.
Similarly, for any ds < d, we have

[(1=77) 8 =] Y7 = do.
Together with the two equations above and let 8 — oc:

dy < liminf[(1 —7%) 8 — s] BYP < limsup [(1 — 7*) § — s] B/7 < d;.
B—o0 B—00
Finally, letting ds 1 d and d; | d, we complete the proof for Eq. (B.14). Next
substituting Eq. (B.15) into z, ¢ (7), we have

1
(1T—7)B+71*
B 1
C pHdBTr o (B7P)
1+ ;‘fﬁ*l/P + 0 (B~1/P)

_ p,1 . dp—Qﬁfl/p +o (ﬁ*l/iﬂ) ) (B.22)

*

’y:

Similar to Ay,

[T* 4B (1 . T*”l/q _ Sl/qﬁl/p _i_dqflsl/qfl —|—0(1).
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Due to Eq. (B.22),
peT" =p g +o(1).

Recall Eq. (B.20), we have
31 [0 W= (3= 16 () (-7 4 o)
=(¢ ) - W)B-D -7
+GT)B-1D 1 =7 +o(1)
=o(1) (s+o(1))+G (1) (s+0(1)) +o(1)
=G (1) +0(1).

Together with the above equations and Eq. (B.22), we obtain

(B—=1)7" /1 Gt u)du=q'G7 (1) +0o(1). (B.23)
Combining Egs. (B.22) and (B.23), we have
e (1) =7 [ 4 59 (1= )] 4 per + (3= 1)y [ G )

= [1 /p—dp~2371/P 4 0(,6‘1/”)] [sl/wl/ﬁ +dg YT 4 (1)}

+p e +q G (1) +o(1)
:sp—151/q51/p + Edp_lsl/q (q—ls—l _p—l) +p_1MG n q_lG_l (1) +o(1)

=ep LYY 4 p g + G (1) + 0 (1),

which completes the proof of this theorem.

B.1.8. Proof of Example 1 The result WCEZVLG*E = ¢f8 4+ ¢ is obvious.
Hence we consider p > 1. When G(2) = 1,54}, according to Eq. (B.5),

ka(v) = y1wo + By(1 — T)wo = 20y + (B — 1)y(1 — 7)] = wo.
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Regarding [,,, we obtain

:7{ 4 ﬁ_ q(ﬁ—l/y)}l/q
BT B0 g
=1

= ( v(v) )1/q. (B.24)

Notice that k() is a constant, so we only need to maximize [,(7), or equiva-

lently, v(7y). By the first order condition, we obtain

.1 (ﬁq - 1)
== )
NGRS
and we can verify that v*(1/5,1). Then substituting it into Eq. (B.24), we
obtain

=7 ﬁq+

ﬂ—/)}

y _;) [ﬁq (- p(qu__f))r/q
—5)

) ]
_o\ V4
:p_l(p—l)l/qﬁl/p (1—1— p-l ) <1+1_B2 q)

1+

i(
(s

51
p1— 08 p—1
0

B.1.9. Proof of Theorem 3.6 As explained after Theorem 3.6, only item
(ii) would be checked. Since both 2z, and 2% . are strictly concave on [1/f],
we only need to show that 2% () > zpae(y ) for all v € (1/3,1). Equivalently,
we need to prove that for all ﬂ >1,g>1and 7 € (0,1), it holds that

(r+ 511 =) <14+ (F=1)(1 =)V
Let 2 = (1 — 1)/ € (0, 1), the above inequality is transformed to

1+ (B2 < (1+(8—1)x)?.
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noticing that the above two functions are equal at g = 1, we differentiate to £
to obtain the desired result. 0

B.2. Proof of Section 3.2

B.2.1. Proof of Theorem 3.7 First, we need to calculate [h,],. Let

1
&= argmin/ |hy (u) — x|'du = argmin{ﬂz -+ 1 =7)|8y— x\q}.
TzER 0 T€ER

Obviously & € [, 7], hence we let f(z) =7 (x — )T+ (1 —7) (By — x)%, take
the derivative and make it equal to 0,

fr@) =qr(@—9)""—q(l-7)(By - &) =0. (B.25)
We obtain 7 (2 — )" (87 — &) = (1 — 7) (87 — 2)%, which gives
f@=m(B-1)@E=-n"" =B =) @E-9""

Rewrite Eq. (B.25) as

£—n (1—7)& (1—7>q1
—~ = = =.a,
py—2 T fy—1

which implies & = (“f—i) v, and further

foy= By UV
(1) 1 (B )i

a+1
Substituting Eq. (B.26) into Eq. (B.25), we obtain

(B—=1)7. (B.26)

(L= @Fr=1E-1" "
[(By =1+ (=]

f(#) =

Finally, we obtain

Y (By = 1)* (1 =)’ ]1“’, (B.27)

By =1+ (1 =7)

where s = p — 1 > 0. Next, we only need to solve MaX e[1 1] [hy],- Let g(v) =

Y(By=1)*(1—)°
(By=1)"+(1=7)""

b, = £ (&) = (5= |

Note that ¢ is a nonnegative function on [1/3,1] with ¢ (1) =
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g (1/5) =0, so it must attain its maximum on (1/4, 1). Differentiate to it:

Br-1)" 1=y
By =1+ (1 =)
B G Y € el e

BT
where w (7) := (7 — )P (1 — py) + (1 — )P (pBy — 1). We claim that w () has
only one zero point on (1/4,1), denoted by ~*, which also means

g () = [(By =D (1 =p7) + (1= 7P (pBy = 1)

7" = argmin [, ], .
€]

The proof of WCEMro = ¢, (F, . 5.+) is totally similar to that of Theorem 3.1
according to Proposition 3. Consequently, we need to analyze the behavior of
~* and divide this problem into three situations.

We first take p = 2 into account as a special and important case. At this time,

w) =By—1*1-29)+ 1 - (287 1)

(8292 =28y +1) (1= 29) + (v =2y +1) (287 - 1)

B2 =28y +1—-28°° + 487" — 2y =7 + 2y — 14+ 237" — 487° + 28y
(B=1)7"(B+1—-287).

Immediately, we obtain v* = (5 4 1)/2/5. And substituting this into Eq. (B.27)

we see 12
() ()] _s-1
(B-=1)7 2B

Thus the conclusion when p = 2 is obtained.

[h'Y*]q =Vbe-1

Before analyzing the situation when p # 2, an elementary and necessary
observation is as follows:

w(l/p)=(1—=1/p)"(B—1)>0. (B.28)

Next we consider p > 2. Let k be a number between p+2/p—2 and p— 1, taking
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[ large enough, we have

w(l/p+ 5 8 (Bfp+ 8 = 1) + (1= 1/p— 5~ (B+pB' " 1)
(L =) (L= 1P B L pB (- 1)
Loy
ip o (5] +a-1yprsn+oEIn+o (5]
== ij_f +(1=1/p)"B+0(1)+0 ().

Note that whenp > 2, p—rx>landp—rk—-1<1—-2/p<1,s0as f— o0,
w(l/p+p7") <. (B.29)
Together with Eqgs. (B.28) and (B.29) , we have
Y=1/p+0(7").

Furthermore,

L=\ pn Blq+0 (") ! _ 1yt
(ﬁv*—1> ’ [B/p—HO(B“)] S

which implies

- ’7* Pl _ 1-p\ __ —K
Due to Eq. (B.27), we finally obtain

*

[he], = (8- 1) [(1/19 +0 (87N (1/q+0 (5_“))1/9’} [1 + ((5173 1)p_1)} o

- W 1+0(E™)] [1L+0(B™)] 1+0(57)]

(5 _ 1)1/p —K
= g 0 (877)

(6_1)1/17 2—p—1
= g Fo (B,

which completes the proof of p > 2.
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When p < 2, the same arguments can be applied but are more tedious. First,
we should determine the speed of convergence v* — 1/p, i.e.,

v =p L mpP 4 PP o(B20P)), (B.30)

where m = (p — 1)?/p, n = —(p — 1)? (1 + 1/p(p — 1)). The proof of the above
equation is totally similar to Eq. (B.14). Now we have to substitute Eq. (B.30)
into Eq. (B.27), before doing so, we need the following second-order Taylor

expansion. For real number A,
(1+2)) =14 Xz + A\ — 1)z?/2 + o(2?). (B.31)
Then
(7*)1/p _ (p—l +mIBl—p Jrn62(1—p) + O(Bg(l_p)))l/p
= p—l/p(l + mpﬁl—p + npﬁ%l—p) + 0(52(1—p)))1/p
= p—l/p(l + mﬁl—p + n52(1—p) _ (qu)—l .p2m252(1—p) + 0(52(1—1))))

= p (14 mB P+ B2 (n — (29) ' pm?) + 0(82177)),  (B.32)
where the third equation uses Eq. (B.31). Similarly,
(1=7")Y7 = g7 (1 = mp' = — B0 (n 4 (2p) "' qm?) +o(82177)). (B.33)
And again,
[ N e
(21) G
— 1 — mpBP — npp2i-p) 4 o(p20-P) \P7
g1 < p p )

1+ mpBt=P + npB20-p) + o(52(1-p)) — p3-1
—(p =178 (1= mp(p— ) B+ o(57))
(1emit s 0(3))
(p— 177157 (1= mpB'? + o(5'7) )
(1= mp(p = 1B + 0(8'7))
—(p— 1) B (1= mp?B' 7 + 0(8'7)).
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Furthermore,

—1/p

1+ ﬁlﬁ*l)p_ll U (p— 1P — g — 1 0D 4 (00 ]

=1—(p— 1P 'p 1B P+ mp(p — 1)1 2P

+(p+ )(p -1 (2) 20 o (507)
(B.34)

where we use Eq. (B.31) again. Then together with Egs. (B.27), (B.32), (B.33),

(B.34), we obtain
1 — ~* p—1
ela =6 = D) (=) 1 (50 ]

_(B-p [1 -t <—m2 _pm?  qm?

—1/p

— plirgl/a pBr-1 g p

+ (p + 1);];92— 1)1’1) ﬁg(l_p) +o (BZ(I—p))]

(8-l p—1 ' ((p—-D*' (p-1*
— plrgt/a [1 Tt < » p

L) p 1)) 3e0-P) | (52<1p>)] 7

2p?

which completes the proof.

Appendix C. Additional simulations

In this section, some examples of the worst-case value of expectiles are cal-
culated and the efficiency of our approximation at an extreme level is explored.
Specifically, we let the level o vary from 0.9 to 0.99, and the corresponding
lies in [9,99]. Then two aspects are taken into account: one is the behavior
of WCE&M with « tending to 1 for various ambiguity sets M, the other is the
difference between precise and approximate values of WCEQA. The following
simulations all demonstrate our theoretical results.
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C.1. A simulation study on Theorem 3.3

We illustrate the worst-case value of expectile WCE!Y1¢< in Theorem 3.3 for
the reference distribution G satisfying the condition E“[(Y*)?] < oo, which
includes the standard normal distribution N(0,1) and the Pareto distribution
Pa(1, 3) with density function 3:1:_4Il{z>1}. In addition to the precise and approx-
imate values of WCEKVLG*E, the expectile of reference distribution G is also drawn
on the chart. In addition, to balance the computability and aesthetics of the
results, we choose € to be 0.1 and 0.2, respectively. From Figure C.1, we see that
the worst-case value of expectile has a dramatic increase near a = 1, although the
expectile of reference distribution grows much slower, which indicates potential
extreme risk due to the ambiguity of distribution. It is worth mentioning that
both simulations and theoretical results reveal that the trend of WCE!t¢«
as a — 1 is independent of a particular reference distribution whenever the
condition in Theorem 3.3 is satisfied. Finally, our approximation is obviously of
good efficiency, implying the correctness of our results, especially in the case of

a normal distribution.

(a) Approximate and Precise Values (b) Approximate and Precise Values

of VVCEZVLN(U'”’O'1 and Expectile of of VVCEZVI’P’l(l’?’)’o'2 and Expectile of
N(0,1). Pa(1,3).

Normal, p=1 Pareto, p=1
Precise

— Approximate
Pareto(1,3)

0500 0525 050 0575 0500 0525 0850 0575
o

Ficure C.1: WCEY"¢= through level o € [0.9,0.99]: (a). G is the standard normal
distribution N'(0,1) and ¢ = 0.1. (b). G is the Pareto distribution Pa(1,3) and
¢ = 0.2. The precise value (red line), approximate value (green line) in Theorem 3.3

and expectile of reference distribution G (blue line) are presented.
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C.2. A simulation study on Theorem 3.4

We first introduce two important examples of heavy-tailed distributions that
will be used later. One is the generalized Pareto distribution with two parameters

o and &, whose survival function is
_ —-1/¢ .
Gi(z) = (1 + &> =2 V€L (x), &> 0, with L;(z) = (x—l I é) .
g o

Here we assume that 1/2 < ¢ < 2/3. It is not difficult to verify that all conditions
in Theorem 3.4 are satisfied with { = (0/5)1/5 and 0 = 1/£. We simply denote
this distribution as GPD(o, £). Moreover, its expectation ug, is o/(1 —£).

The other is Fréchet distribution with one parameter 6, whose survival func-
tion is

Go(r) =1- e = 27 0Ly(x), x >0, with Ly(z) = 27 (1 — e*x’g) .

We impose the parameter 6 satisfies 3/2 < 6 < 2 so that the conditions in
Theorem 3.4 are again satisfied with ( = 1. Similarly, we denote this distribution
as Frechet(f). We can check its expectation g, is I'(1 — 1/6).

In Figure C.2, we illustrate the worst-case value of expectile WCE}Y1¢= in a
similar way as Section C.1, but the distributions GPD(1,5/9) and Frechet(1.6)
are considered as the reference distributions. Another difference here is that we
choose € to be 1 in both cases to support our theoretical results. As we mentioned
before, the general trends of WCEZVLG'E with @ — 1 are again independent
of specific reference distributions, just the same as Theorem 3.4 showing that

the main term is e;?-, which has nothing to do with G. The difference is

CEI—Q
6—-1

the reference distribution G, rather than simply the constant pg in Theorem

3279 that relies heavily on

that when 6 < 2, there is a diverging quantity

3.3. Another phenomenon worth noting is that WCEKVLG*E still has much more
rapid growth than the expectile of the reference distribution, even though G has
much heavier tails than before, reflecting the extensive extreme risk caused by
ambiguity. Overall, the simulations provide strong evidence for the efficiency of

our approximation with extra expansion.

C.3. Simulation of Theorem 3.5

Due to the limitations of our technology, Theorem 3.5 simply concentrates on
the situations when p > 1 and G71(1) < oo, where the latter is a strong assump-
tion. Therefore, we choose G to be the most common bounded distribution: Beta
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distribution with two parameters ¢, and v, denoted by Beta(11,1). Figure C.3
shows higher accuracy for different p and G than previous results when G=1(1) is
unbounded. Especially when o > 0.975, the two lines representing the exact and
approximate values for WCEZVP*G'E almost coincide. Of course, the distribution
G and index € we chose are to make the results more aesthetic.

(a) Approximate and Precise Values (b) Approximate and Precise Values

of WCEZVI’GPD(I‘S/QH and Expectile of of VVCEZVI’F”m’“it(l'6)’1 and Expectile of
GPD(1,5/9). Frechet(1.6).

p=1, GPD(1,5/9) p=1, Frechet(1.6)

— Approximate — Approximate
GPD(1,59) Freche(1.6)

0500 0525 0550 0575 0500 0525 0850 0575
o o

FIGURE C.2: WCEX* ¢ through level a € [0.9,0.99]: (a). G is the generalized Pareto
distribution GPD(1,5/9) and € = 1. (b) G is the Fréchet distribution with parameter
6 = 1.6 and ¢ is set to 1. Precise value (red line), approximate value (green line), and
expectile of reference distribution G (blue line) are presented.

C.4. A simulation study on Theorem 3.6

We perform simulations on Theorem 3.6. Here we assume that p = 0 and
o = 1 for the sake of simplicity. We choose different values of p: 4, 3, 1.5,
1.2, situations both when p > 2 and p < 2 are included. From the above two
panels in Figure C.4, we see the efficiency of the one-term expansion in Theorem
3.6. (ii) behaves better as p increases, which is consistent with our portrayal
for the residual term, i.e. o (B%p 7%) In Figure 4(c), we illustrate the precise
and approximate value for WCEQ/““J. Noting that when p = 1.5, the first
correction item nlpfiqfé(ﬁ — 1)%6 1=P is not o(1), it indicates the necessity for
the extra expansions in Theorem 3.6. (iii). At last, [ 272+ tonds to infinity,
when p = 1.2. Even though Theorem 3.6. (iii) shows that the residual term is
o( TR *2) | Figure 4(d) reveals that the error does not converge.

In Figure C.5, we demonstrate the difference between approximate and precise
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(a) Approximate and Precise Values of (b) Approximate and Precise Values of
WCEWLs,BEm(s,z),Oﬁ WCEW3,Bem(2,3),1
a . o .

p=15, Beta(3,2) p=3, Beta(2,3)

0.9500 0525 0950 0575 0500 0525 0.950 0875
o

FIGURE C.3: WCE?"%< through level a € [0.9,0.99]: (a). G is Beta distribution
Beta(3,2) and € = 0.5, p=1.5. (b) G is the Beta distribution Beta(2,3) and ¢ is set to
1. Precise (red line), and approximate (green line) values in Theorem 3.5 are presented.

values of VVCEQAP’O’1 for 1.3,1.25,1.2,1.15,1.1. It appears that the error term
becomes increasingly uncontrollable as p approaches 1, hence it seems that there

does not appear to be a unified approximation when p — 1.
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(a) Approximate and Precise Values of (b) Approximate and Precise Values of

WCELY'*01 WCELY#01
(e «
p=4 p=3
s
. /
d //
/// — A
= A
/ - / /
| )
_— ///
0900 0925 0950 0975 0.900 0925 0.950 0675
.

(¢) Approximate and Precise Values of (d) Approximate and Precise Values of

Mi.s,0,1 Mi.2,0,1
WCE, ™ WCE, ’
p=15 = p=12 /
Procise ,
— approximate R —— |

_— I

0900 0925 0.850 0575 0500 0825 050 0575
o

FiGURE C.4: WCEM»01 for p = 4,3,1.5,1.2 with varying level a € [0.9,0.99]. Both
precise (red line) and approximate (green line) values in Theorem 3.6 are presented.
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— 13
—— 125
— 12
— 1.15
— 11

F’///

0.900 0.925 0.950 0.975
o

Ficure C.5: Difference between approximate and precise values of VVCEQ’IP’O'1 for p =
1.3,1.25,1.2,1.15,1.1 and varying levels « € [0.9,0.99]
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