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A. Method to obtain the unknown solid harmonics present in ( )EO Re  flow field 

 At ( )EO Re , the velocity and pressure fields are expressed in terms of the following 

solid harmonics using the Lamb solution: 
( )ERe

n
p , 

( )ERe

n
Φ , 

( )ERe

n
χ ,

( )
1
ERe

n
p− − , 

( )
1

ERe

n− −Φ  and 
( )

1
ERe

n
χ− − . 

These solid harmonics are contain the following unknown coefficients: 
( )ERe

n
A , 

( )ERe

n
B , 

( )ERe

n
C , 

( )
1
ERe

n
A− − , 

( )
1
ERe

n
B− − , 

( )
1
ERe

n
C− − , 

( )ˆ ERe

n
A , 

( )ˆ ERe

n
B , 

( )ˆ ERe

n
C , 

( )
1

ˆ ERe

n
A− − , 

( )
1

ˆ ERe

n
B− −  and 

( )
1

ˆ ERe

n
C− − . These can be obtained 

by invoking the boundary conditions given in equation (2.14). However, to facilitate the 

application of orthogonality property of surface harmonics, we represent the boundary 

conditions at ( )EO Re  in the following form (Haber & Hetsroni 1971; Happel & Brenner 

1981; Brenner 1964; Bandopadhyay et al. 2016)    
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  (A1) 

where the notation [ ]
1r=

ξ  represents the determination of the quantity ξξξξ  at 1r = . The 

hydrodynamic traction vector at ( )EO Re  can be written as (Leal 2007) 
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where superscript T  represents the transpose of respective tensors.  

Before expressing the electric traction vector, we represent the electric field in spherical 

coordinate as 
r r

E E Eθ θ φ φ= + +E e e e . Now, the electrical traction vector inside and outside 

the drop 
( )( ),

EE Re

i e
T  at ( )EO Re  are given as (Im & Kang 2003)  
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Our first task is to represent different expressions present in equation (A1) in terms of solid 

harmonics in the following form (Happel & Brenner 1981; Hetsroni & Haber 1970) 
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Next we express 
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the following form (Hetsroni & Haber 1970) 
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where the terms 
( ) ( ) ( ) ( ) ( ) ( ) ( )
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( )
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n mh  can be easily 

evaluated from the known electric potential at ( )EO Re . Next, we substitute the expressions 

from equations (A4) and (A5) in the equation (A1) and obtain the six independent linear 

algebraic equations. By solving those six equations, we obtain the coefficients  
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Rest of the coefficients 
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B. Method to obtain the unknown solid harmonics present in ( )O Ca  flow field 

 Determination of ( )O Ca  velocity and pressure fields are much involved than the 

( )EO Re  calculations. We first express the boundary conditions in the following form (Haber 

& Hetsroni 1971; Brenner 1964; Chaffey & Brenner 1967) 
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where n  represents the outward unit normal to the drop surface which can be obtained by 

solving leading order problem. In equation (B1), the notation ( )
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1
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 
 ξ  is used to 

express the ( )O Ca  contribution of the term ξξξξ  which is evaluated at the deformed drop 

surface ( )1
Ca

r Caf= + . Here ( )Ca
f  represents the correction in drop shape from sphericity 

which can be obtained by solving leading order problem. To evaluate the ( )O Ca  

contribution of each term we use the Taylor series expansion about 1r =  in the following 

form (Haber & Hetsroni 1971; Ajayi 1978; Xu & Homsy 2006) 
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Using this method the boundary conditions in equation (B1) can be simplified to the 

following form (Haber & Hetsroni 1971; Brenner 1964)   
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where the terms 1 6T T−  can be easily obtained using following relations (Haber & Hetsroni 

1971) 
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T T m T m P

f

f

φ φ

=

=

=

=

=

=

  ∂ ∂
 −   ∂ ∂  

    ∂ ∂   ∇× × −     ∂ ∂    

+ ∇× × − ∇
= + =

+ ∇× ∇ × −

+∇ ∇× × −


∑

u u

T T
e e

e e

e T T

e T T

ɶ

ɶ

ɶ

τ τ
,














 
 
 

  
  
  
  
  
  
  
   (B4) 
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( ) ( )( )
( )

( ) ( )

( ) ( ) ( )( )

( ) ( )( )

( ) ( ) ( )( )
( ) ( )( )

0 0

4

15 5, , 5, , ,

1
0 0

1

0 0

1
4

6 6, , 6, , , 1
1

·
ˆcos sin ,

·

·

ˆcos sin · ·

·

Ca i e
r

Ca Ca

rn m n m n m

n
Ca

e i
r

Ca

e i
r

Ca Ca Ca

n m n m n m r e i r
n

r

f
r rT T m T m P

f

f

T T m T m P f

φ φ

φ φ

=

=

=

=

=
=

   ∂ ∂
  ∇× −   ∂ ∂  = + =   
 +∇ ∇× −
  

∇ ∇× −

= + = + ∇× − ∇

− ∇×

∑

∑

u u
e

u u

T T

e

e

ɶ

ɶ

ɶτ τ

( )
( ) ( )0 0

1

,

Ca e i

r

f
r r

=









  
  
  
  
  
  
    ∂ ∂   −     ∂ ∂    

T T

 

  (B5) 

where the operator ∇ɶ  is given by 
1

.
sin

θ φθ θ φ

∂ ∂
∇ ≡ +

∂ ∂
e eɶ  In equation (B5), the terms 

( )0

,i eτ  

and 
( )0

,i eT  represent the stress tensors and the traction vector, respectively which are of the 

form 

 
( ) ( ) ( ) ( ) ( )0 00 0

,

0

, ,, ,, · .
H E

ii e ie e re i eiM= =+ T eτ τττ  (B6) 

( )0

,

H

i eτ  represents the hydrodynamic stress tensor and 
( )0

,

E

i eτ  represents the Maxwell stress 

tensor at the leading order and are given by  

 

( ) ( ) ( ) ( )( ){ }
( ) ( ) ( ) ( )( )
( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( )

0 0 0

0

0

0

2
0 0 0 0

2
0 0 0

0

0

0

,

,

1
,

2

1
.

2

T

i i i

T

e

H

i

H

e

T
E

i i i i

T
E

e e e e

e e

S

p

p

λ
 

=    
= 


  = − 

− + ∇ + ∇

 − + ∇ +

 


  = −  

∇


 

 



E E E I

E E E I

I u u

I u u

τ

τ

τ

τ

 (B7) 

Next we represent the left side terms of equation (B3) in terms of solid spherical harmonics 

by following similar method as given in equations (A4)-(A5) by substituting the superscript 

E
Re  by Ca . After that one can easily obtain the coefficients  

( )ERe

n
A , 

( )ERe

n
B , 

( )ERe

n
C , 

( )
1
ERe

n
A− − , 

( )
1
ERe

n
B− −  and 

( )
1
ERe

n
C− −  in the following general form 
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( )

( )
( ) ( ) ( ) ( )( ) ( )( ){ }
( ) ( ) ( ) ( )( )

( ) ( )

( )
( )

( )

( )

( ) ( )( ) ( )

( ) ( ) ( )( )

( )

2

, 1, ,

2, , 3, , 4, , , ,

,

, 1, ,

,

, , 5, , 6, ,

,

1,

4 1 1 2 1 2 1
2 3

2 2 1
,

2 1 1

,
2 2 3

2
,

1 1 2

Ca

n m n m

e Ca i Ca

n m n m n m n m n m
Ca

n m

Ca

Ca n m n m

n m

e Ca i Ca

n m n m n m n mCa

n m

Ca

n m

n n n T
n

n T n T T M g g
A

n n

A T
B

n n

M h h n T T
C

n n n n

A

β λ λ

λ

λ

− −

 − − + − + + +
 +
 + + + + − + −  = −

+ +

= − +
+

− − + −
=

+ − + +

= −

( ) ( )( ) ( ) ( ) ( )

( )( ) ( )( ) ( )

( ) ( ) ( ) ( )( )
( )( )( )

( )

( ) ( ) ( ) ( )

( ) ( ){ }

2

, 1, ,

2

2, , 3, ,

4, , , ,

2

, 1, , 3, , 4, ,

2

2, ,

1,

4 1 2 2 1 1 2 1

2 2 1 2 2 1 4 1

2 1 2 1
,

1 1 2 1

4 1 1 2 1

2 1 2 1

Ca

n m n m

n m n m

e Ca i Ca

n m n m n m

Ca

n m n m n m n m

n m
Ca

n m

n n n n T

n n n n T n T

n T M n g g

n n

n n T n T T

n n n T M g
B

λ β λ

λ λ

λ

λ β λ λ

λ

− −

 − + + + − −
 
 − + − + + − −
 
 − − + − −  

+ + +

− + − − + −

+ − − + +
= −

( ) ( )( )
( ) ( )( )

( )

( ) ( )( ) ( )

( ){ }

, ,

, , 5, , 6, ,

1, 2 2

,
2 1 2 1 1

1
.

3 2 1

e Ca i Ca

n m n m

e Ca i Ca

n m n m n m n mCa

n m

g

n n

M h h n T T
C

n n n n

λ

λ

λ
− −























  

   −    
+ + + 


− + − − 

= 
+ + + − 

 (B8) 

The determination of the coefficients 
( ) ( ) ( ) ( ) ( )
, , , 1, 1,

ˆ ˆ ˆˆ ˆ, , , ,
Ca Ca Ca Ca

n m n m n m n m n m

Ca
A B C A B− − − −  and 

( )
1,

ˆ
n

a

m

C
C− −  requires the 

substitution of 
( ) ( ) ( ) ( )
, , , ,, , ,
Ca i Ca i Ca e Ca

n m n m n m n mg h gβ ,
( )
,

e Ca

n mh  and 1, , 6, ,n m n m
T T−  by 

( ) ( ) ( ) ( )
, , , ,

ˆˆ ˆ ˆ, , , ,
Ca i Ca i Ca e Ca

n m n m n m n mg h gβ  

( )
,

ˆe Ca

n mh  and 1, , 6, ,
ˆ ˆ

n m n mT T− , respectively in equation (B8).  The terms 
( )
,

Ca

n mβ  and 
( )
,

ˆ Ca

n mβ  present in 

equation (B8)c are given by 

 

( )
( ) ( ) ( ) ( )

( )
( ) ( )

1,0 1,1

,

1,1

,

,

0 2

ˆ
ˆ

0 2.

Ca Ca Ca Ca

Ca dz dx

n m

Ca Ca

Ca dy

n m

U U

n

U

n

β β
β

β
β

 = − = −
= 

∀ ≥ 


 = − 
=  

∀ ≥ 

 (B9) 

 The terms 
( ) ( ) ( )
, , ,

ˆ, ,
e Ca e Ca e Ca

n m n m n mg g h  and 
( )
,

ˆe Ca

n mh  which are present in equation (B8) are obtained 

from the ( )O Ca  electric field as  
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( ) ( ) ( ) ( ) ( ){ }( )
( ) ( ) ( ) ( ) ( ){ }( )

( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )

4

, , ,
10

4

, , ,
10

4

, , ,
10

, , ,

0

ˆcos sin ,

ˆcos sin ,

ˆcos sin · ,

ˆcos sin

i Ca i Ca E Ca

n m n m n m i
rn

e Ca e Ca E Ca

n m n m n m e
rn

i Ca i Ca E Ca

n m n m n m i
rn

e Ca e Ca

n m n m n m

n

g m g m P

g m g m P

h m h m P

h m h m P

φ φ

φ φ

φ φ

φ φ

==

==

==

=

 + = ⋅∇× × 

 + = ⋅∇× × 

 + = ∇× 

 + 

∑

∑

∑

r T

rr T

T

r

r

( )( )
4

1

· ,
E Ca

e
r=











= ∇×


∑ r T

 (B10) 

where 
( )

,

E Ca

i eT  represents the ( )O Ca  electric traction vector of the following form 

 ( )

( )( ) ( )

( ) ( )

( ) ( )

( )

( )( ) ( )

( ) ( )

( ) ( )

2 22 2

, ,

, , , ,

, , , ,

1 1

2 2

, .

Ca Ca Ca Ca

i r i e r e

E Ca Ca Ca E Ca Ca Ca

i i r i e e r e

Ca Ca Ca Ca

i r i e r e

E E

S E E E E

E E E E

θ θ

φ φ

   
− −   

   
= =   

   
   
      

E E

T T  (B11) 
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